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ABSTRACT
Berinde and Vetro (20L2) introduced fixed points theorems involving

implicit relations for metric spaces and ordered metric spaces. These
theorems were extended into partial metric spaces by other researchers.
Vetro and Vetro studied coincidence point and common fixed point
theorems for one pair of self-mappings satisfyirg conditions defined by
implicit relations in the settings of partial metric space. We extend these
results by Vetro and Vetro to two pairs of non-self mappings in complete
partiai metric spaces having a convex structure.
2010 Mathematics Subject Classifieation t 47HlO, b4H2S
Ke5rwords: Implicit relations, non-self mappings, common fixed points,
partial metric space.

1. Introduction and Preliminaries. Since the Banach contraction
theorem described the conditions for a contractive mapping to have a fixed
point in a complete metric spaces, researchers have proved several fixed
point theorems of the form

d(Tx,Ty) s F (d(fx,ft),a(fx,Tx),d(fi,Ty),d,(fx,Ty),d(r*,fy)), (1.1)

where f and T are self mappings in complete metric spaces. Theorems of
this form abound also for non-self mappings in metric spaces and in
generalizations of metric spaces such as the partial metric spaces.

Examples of fixed point theorems of this form include Gajii and Rakoc'evii
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[10] and Imdad and Kum,o l72l for non-serf mappings in comprete metric
spaces.

The expression (1.1) can be converted into the folrowing form:
r (a (rx, ry), d, (f7, fi), a (p,Tx), d, ( fi, Ty), d ( fx,Ty), d (Tx, fi)) < o .

Here F is a function of form F:[Rf i R, with specified properties that
ensure the presence of a fixed point in a metric space (X,d) which contains
the points r and y. when written in this way, the expression is called an
implicit relation' Fixed point theorems involving implicit relations provide
proofs for a large class of fixed point theorems written in the styre of (1.1).

In this study, we will extend a fixed point theorem involving an
implicit relation for partiar metric spaces proved by vetro and vetro [1g].
These researchers proved their theorem for a pair of serf mappings. Here
we generalize this theorem so that it applies for two pairs of non-self
mappings in a metrically convex partial metric space.

we now introduce explanations which will be of use in this paper.
Definition 1.1 (l1bl). A partiar metric on q, non-empty set x is a mapping
p = XxX -+ [0,""), such that for all x, y, z e X
(P0): 0 < p(x,x) Sp(x,y),
(P1): x = y if and only if p(x,x)= p(x,y) = p(y,y),
(P2): P@,y1=p(y,x) and
(P3): p@,y)< ,rx,z) +p(z,y)- p(z,z) .

The pair (X,p) is said to be a partial metric space.
From Definition 1.1, we deduce the following:

P@, y1 = 0 implies xc = y.
If p(x,y)=0, then p@,x)=O because 0 < p@,x) S p@1) from (p0). Similarly,
p(x,y)=O implies p(y,g=O because 0 S p(y,y)< p@,y1. Hence, p(x,y)=g
implies p@,x)=p(x,y):p(y,i=0. From (p1) this means thatx=y.
From (P3), we infer that

p@, y) ap(x, z) + p(2, y).
As an example, let X=lR* and let p:R.]
(X,p) is a partial metric space.

(t.2)

(1.3)

--1lR* , p(x,y)=max{r,y}. Then
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Each partial metric p on X generates a 7o topology rp on X with a base being

the family of open balls {no(*,e) : re X,t)0} where

Bo(*,u)={y e X: p(*,y)< n(x,x)+e} for allrc Xand e>0.

Definition 1.2 I15l Let (X,p) be a partial metric space and {x,} be a
sequence in X, Then

(i) {x*} conuerges to x € X if and only if p(x,x) = lrg p (*,*,,) .

(ii) {x,} is called a Cauchy sequence if and only if there exists (and is

finite),,1i*_ p (x,, x^).

Definition 1.3. A partial metric spo,ce (X,p) is said to be complete if euery

Cauchy sequence {x,} in x conuerges, with respect to ro, to a point x€x
such that

P (x, x) =,,lj1* P (x,, x^).

The definition of a 0-Cauchy sequence and a O-complete partial metric is
given here.

Definition 1.4 [15].
(i) A sequence {x,} in a partial metric space (X,p) is said to be }-Cauchy

t'f ):#-P(x,.,x*) = o.

(ii) A partial metric space (X,p) is said to be }-complete if euery }-Cauchy
sequence {x,} conuerges in Xwith respect to to, to apoint x€X such

that p(x,x)=O. In this case, p is a }-complete partial metric on X.

The following is the definition of a metric derived from a partial metric.
Lemma 1.5 t15l If p ls a partial metric on X, then the function
p':XxX-+[R*giuenby

p'(*,y)=2p(*,y)- p(*,*)- p(y,y) (L.4)

defines a metric on. X.

A metrically convex metric space is defined as follows:
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Definition 1.6 121. A complete metric space (X,d) is said to be (metrically)

conuex, if X has the property that for each x,! eX with x * y there exists

ze X,x * z + y, such that d(x,z)*d(z,y)*flQs,y\.

If (X,d) is a.metrically conuex metric spo.ce, and x,y eX, we term

seglx,y)={ze X:d(x,y)=d(*,2)+d(z,y)}. (1.5)

We get the following lemma from Assad and Kirk [2].
Lemma 1,7. Let C be a closed subset of the complete and coruuex metric

space X. If x €C and y e C, then there exists a point z e aC (the boundary of

C) such that

d(x,z)+ d(z,t) = d(*,y).

Using Lemma 1-.5, we can rephrase Lemma 1.7 as follows

Lemma 1,8. Let C be a closed subset of the complete and conuex metric

spaceX. If xeC and yeC,thenthereexistsapoint ze 0C (theboundary

of C) such that z e segl*,y).

We introduce the metrically convex partial metric space.

Definition 1.9. A partial metric space (X,p) is said to be metrically corluqc

if the corresponding metric space (X,p') is metrically conuex in the sense of
Lemma 1.5, where p" (*,t)=2p(*,y)- p(*,*)- p(y,y).

As an example, the partial metric space (m-,p) where p(x,y)=msx{r,y} for

all x,ye R*is metrically convex. This is because the metric space (X,p') is

metrically convex, where p'(x,y)=lx-y l, which is the metric derived from

the partial metricp.
Lemma 1.10. Let (X,p) be a metrically conuetc partial metric space. Let

n,!e X, If ze segl*,yl then:

(i) p(*,y)- p(x,z)= p(z,y)- p(z,z),

(ii) n(x,x)>- p(x,").

Proof. Applying (1.4) to Definition 1.6, if ze segl*,y1, then we have:

p' (*,!) = p' (*,")+ p'(z,y)
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> 2p(*,y)- n(x,x)- p(y,y)=2p(*,")- p(*,*)- p(",")

+2 p (2, y) - p (", 
") - 

p (y, y)

> P(*,Y) = p(*,")+ p(z,y)* p(",r)

* p(x,y)- p(*,")= p(z,y)- n(z,z).

As p (*,v)- p(2,")'0, from (P0) of Definition 1.1 we have

p(*,y)>- r(x,z).
Lemma 1.11. Let C be a non-empty subset of a metricatly conuex partial
metric space (X,p) which is closed in (X,p'). If xe C and y e X\C, then there

exists a point ze dC (the bound.ary of C with respect to (X,p')) such that

p(*,y)= p(*,")+ p(",y)- n(z,z).

Proof. From Definition 1,9, if the partial metric space (X,p) is metrically
convex, then (X,p') is metrically convex. From Lemma 1.7, this means that
if re C and y,€ X \C, then there exists z in 0 C, (the boundary of C), such

that p' (*,y) = p' (x,") + p' (",y). Using (1.4), this means

p'(*,y) = p'(*,")+ p'(z,y)

=2p(x,y)- p(x,x)- p(y,y)=2p(x,z)- p(*,*)- p(z,z) +2p(z,y)- p(z,z)- p(y,y)

+ 2 p (*, y) = 2 p (x, z) + 2 p (", y) - 2 p (2, z)

= p(x,y)+ p(r,r)= p(x,z)+ p(z,y)

= p(x,z)+ p(r,y)= p(*,y)+ p(r,r).
We prove the following lemma, which is modified from Theorem L of Assad

and Kirk i2l, and is necessary for our work.

Lemma L,12. Consider a sequence {w,},.n € IR * sach that, for all n > 2

we haue

wn l lamax{w,_r,u),_r},& e (0,t), (1.6)

then

wn 1k"t'le-'l'max{uro,ur} . (1.7)

Proof. We prove the lemma by induction. First we show that it holds for
'n:2.
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We note that ke (O,f) implies 7r<\rttz. Hence, if n:2, then (1,6) leads to

wz ( kmax{ru' ,wr} s k't' max{wo,tt)r} = lrzrzp-rt, max{wo,wr}. (1.8)

Now we show that the lemma holds for n=3. If ft:S, then (1.6) Ieads to

w, < kmax{r,r.,, ,wr}. lf wr2w2, then we get

we l kmax{wr,wr}

* ws 3 kw, < kmax{wo,wr} - pztz .k-\t2 max{*,,*r}.

If howevet wr <wr, we get

wu < kmax{w'wr}

)we3kw,
) we < kxh2tzk-tt'max{wo,wr}. from (1.8)

< ks t2 max {z.uo , n,, }

< Tretzp-rtz max{ru, ,wr} , because le-'t' > l.

We now show that, if Lemma 1.12 holds for 1 < ru <7 wher€J > 3, then it
must be hold forT*1. Hence we have from (1.6)

wi*t 3 kmax{w,-r,*i}. (1.9)

We consider two cases.

Case (i): Suppose wi_ta*i. Then (1.9) becomes

w r_, 3 kw,

< k.ki t 2 k-' t' max{wo, rlr } from (1.7)

- po+z)rzu-tl'max (*r,*r), (1.10)

Case (ii): Suppose &/;-r )wi.Then (1.9) becomes

ui+2 < lzwi-t

< 7r.p(j 
-t) r z k-' t' max{wo,wr} from ( 1. 7)

= 7ru+r\rzu-tt'max{wo,ur}. (1.11)

We note that for/ - 3 and Ae (o,r] we have ku+L)t2 >p(i+z)tz. Hence, (1.10)

. and (1.11) imply that
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wi+t < ko+L)tzk-ltz max{wo,wt}.

We make modifications to the description of the set of implicit relations as

defined by Berinde [8]. LeL f be a family of all continuous real functions

F :R f +R and the following conditions:

(Fro): F is non-increasing in the fifth variable and

F (u'u11t)2tlt2,Ltr+t)2,u2-rr) <0 for rq.,uz)-},uz1rsr+tt, and

0 ( ur < u, implies that there exists he 10,1/2) such that q. hu*

(Fz): F(u,u,O,0,u,u) ) 0, for all u>0.
We define the property (F,,) as a special case of property (F*), with
u,=u,1=u2t u=t)r=t)2. The condition Fr, hence reads

(Fr,): F is non-increasing in the fifth variable and F(u,,us),u,,tl*u,0) < 0 for

u,u ) 0 implies that there exists h e 10,1/ 2) such that q. hur.

Example 1.13. The following functions F e f satisfy the properties (Frn)

and (Fr).

(i) F (t't2,ts,ta,tu,tu)- tr- atr, whete aelo,Ll2);

(ii) F (t'tz,t'-,t4,t5,t6)- \-b(tr+fn),where tr> tnand be [o,ri3);
(iii) F(tr,tr,ts,tt,tr,tu)- \-c(tr+ /u), where ce [0,1/5),
Jungek [14] provided the following definitions:

Definition 1.14 [14] Let C be a non-empty subset of X and f,T:C-X.
A point xe C is called a coincidence point of /and X If Tx= fx.
Definition 1.15 ll4lThe mappings 7 and f are said to be coincidentally

commuting if they commute at their coincidence point, that is, Tfx=flx
whenever Tx=fx.

The aim of this research is to extend the following theorem by Vetro

and Vetro into non-self mappings. Note that in their theorem 4, ir defined

with he [0, 1).

Theorem 1.16 ([19]) Let (X, p) be a partial metric space and 7, f : X-Xbe
self-mappings such that TX c fX. Assume that there exists F e f

. satisfying (Fr,) such that, for all x,!e X, the following condition holds:
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F ( n (Tx,b), p (f*, fy), o (f*,r*), p (fu ,Ty), o (fx,rt), n (fu ,r*1 - p (fy, fu)) < 0.

(1.12)

If fX is a O-complete subspace of X, then 7 and / have a coincidence point.

Moreover, if T and / are weakly compatible and F satisfies also (Fr), then T
and / have a unique common fixed point. Further, for any xoe X, the T-f-
sequenee {Tx^} with initial point fr, converges to the common fixed point.

2 Main Result. We start by making some modification to Lemma

2.1 by Vetro and Vetro [19] which will then be used to develop Theorem

2.2.

Lemma 2.L. Let C be a non-empty subset of a partial metric space (X,p)

and f,g,S ,T:C-X be non-self mappings. Assume that there exists F e f
satisfying (F*) such that, for all cc, !eC, we have

F (r (Sx,Tt), p (fu , s), p(f*, tu), p (s,Ty), p (fx,ry),p ( ey, sr) - p (s, s)) < o. f z. t I

Then, for all ?e X such that fz= gz = Tz, we have

p(fz,fr) = p(sz, sz) = p(Sz,Se) = n(Tz,Tz) = g.

Proof. Let x = y = z in equation (2.1). We get

F (n (Sz,Tz), n (fz, gz), p (fz,Sz), p (gr,Tz), n (fz,Tz), n (sz, S, ) 
* n (sz, sz)) < o

= r'(r(sz,gz),p(g",sz),p(gz,Sz),n(gz,gz),n(sr,gr),n(gz,Sz)- p(gz,gr))< 0.

(2.2)

Because of F*, and setting ur=p(Sz,gz), ur=p(gz,gz) and ur=p(gz,gz), uz=

p@z,Sz), (2,2) implies

F (urrr)171)2tu,22111* tJ21tJ2 - r, ) a 0,

as F is non-increasing in the fifth variable.

* p(Sz,gz)<hp(g",Sz)= hp(Sz,gz), for he l},Ll2)

= p(Sz, gz) = 0

> Sz = gz, by (1.2)

= p(fz,fr)= p(sz,sz)= p(Sz,Se) = n(Tz,Tz)=9.
Now we deal with our main theorem.
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Theorem 2.2. Let (X,p) be a complete metrically convex partial metric
space and C a non empty closed subset of X, the closure being with respect

to (X,p'). Let 0 C, the boundary of C with respect to (X,p"), be non empty.

Let f,g,S,T;C-X satisfy the following conditions:

(i) fxe0C implies Sxe C, gxe dC implies Txe C,

(ii) 0C c fC ) sC,
(iii) scn c c sc,TC)c c fc,
(iv) fC or gC is a O-complete subspace of (X,p) and
(v) /and g are continuous mappings.

Assume that there exists F e f satisfying (F*) such that, for all x1e X,

condition (2.1) holds. Then f,g,S and 7 have a coincidence point. Moreover,

if the pairs (f S) and @,T) are coincidentally commuting and F satisfies also

(I'z), then f,g,S and 7 have a unique common fixed point.

Proof. Commencing with an arbitrary point w e 0C. From (ii), we can find

xoe C such thai fxo=w. From (i), we have Sroe C. According to (iii), we can

choose xt=C such that grr=Sro.

Then, we find 7rr.
We proceed to generate the sequences {r,}, {fxr,l,{gxzn*t},{Sxr,} and

{T xrn*r} inductively as follows:

If Sxrne C, then by (iii) we can choose xn*reC such gxz,+t=Sxr, If
however Sxrn@Cand tu> l, then by Lemma 1.8, there exists d w2,*te dC

such that wz,*t€ segfTxr,-r.Sxr,]. Hence, by (ii), we can choose xn+re C

such that fxz*t = w2,+1.

Then, we find Txzn*t

Similarly, if Txrn*re C, then by (iii) we can choose xzn+2e C such that

f*rn*, = Txzrnt.

However, if Txr,*re C, then by Lemma 1.8, there exists d wz,*2 =e DC such

that wr,*re seg[Srr,,Txzn*t].Hence, by (il;, we can choose x2nnze Csuch

that fxr,*2 = wz,+z. Then, we find Sx,*2.
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We claim that

f*rn*, * Tfrzr*t ) gxzn*r = Sxr, (2.8)

Suppose we have gxzn+r+Sxr,. Then we have gxz,+teAc, which by (i)

means Tx znrte C . This implies, by the construction of the sequence, that

f)czn*z = Txznt' which is a contradiction. Thus we have proved (2.3).

In a similar manner, we can show that, for n > 1

gxzn+r * Sxrn = flh, =Txzr_r. Q.4)

We now partition the sequence {r,} into subsequences P and Q with
P = {*rn: fxrn =Txrn-r,n>t}U{frr.n*, i gxzn+t = Srr,}

and

Q = {*r^: fxr, + T*rn-r,rl>-1-}U{xr**r t gfiz,+r * Sxr,}.

In (2.1), let us set .r = x2n,! = x2n+L.We get

F (n (Sxr, ,Txzn*t) , p (f*r, , gfr2n+r) , p (f*r,, S*rn) , p (g*r,*r,T*r,or) ,

n(fxz,,Txzn*t),P(gxr,*t,Sxrn)- p(g*r,+ltgx2n+r))=0 . (2.5)

We consider the following cases.

Case 1: Let (xzn*t,xzn+z)e PxP. In this case, we

(g*r,*r,fxz,*z) = (Srr, ,Txzn*t).Applying (2.5), we get

F (n (sxr"+tt fxzn+z) , p (f*r,, gxz,nt) , p (f*r" t gx2,+t) , P (g*r**r, f*rn*r) ,

P(fur,, fxzn*z) , P(g*r,*r, gxzn+t) - p(g*r,+tt gx2n+r)) 
= 

0

If we set u = p(gxzn*r,fxz,*z),u = p(fxr,,gxzn*t), we get

F (u,u,u,u, p(fxr",fxzn*z),0) < o. (2.G)

Using (1.2), we have

o(fxr,,fxzn*z) < p(fxr-tgxzn+t)* p(g*r,*r,fxrn*r) = u * u.

As F has the Fro property which states that F is non-increasing in the fifth
variable, (2.6) implies

F (u,u,t))u + u,0) < 0,
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which implies implies there is he [0, 1) such that u <hu. This means for

(xzn*r,xr*rr)e P x P, we have

P(gxr^u'fxzn*z) < np(fxr,,gxr^*r). (2.7)

Using a similar. argument with (xzn,xz,*t)e Px P,tu) 1, we deduce that

there is h e [0,1) such that

P(fxr,tgxzn+t) < lrP(gxro-r,f*r,). (2.8)

Case 2. We now consider the case whetl (xzo*t,xzn*z)e PxQ. From the

construction of proof, this means gxzn+r= Sxrn. We apply (2.5) and obtain

F ( n ( Sx r,+t t T x 
z n+ t ), p ( fx r,, gxr,*i), P ( fx 2 n t 

gx zn+r), P ( g* r,*r,T x rn*1),

P(fxz,,Txznrt), P(g*r,*r,gfizn*t) - n(s*r,q, gx2n+t)) a 0

Let u = p(g)czn*r,Tfrzn*t),u = p(fxr,,gxzn+t). Note that from (L.2), we have

n (fxr,,Txz,*\) < p (f*r,, gxzn+r) * p (g*r-+ttTxzn+t) =, * u.

We also use the Fr, property that states that F is non-increasing in the fifth
variable. We get

F (u,u,u ,u,,n + u,0) ,

which implies for some he 10,1), we have

u<hu

= p(gxz,+ttTxzn+t) < np(fxr,, gxz,*r).

Because fxrnn, e segfsx*Txr,*, ] = rrg lg*r*n'Txrn*1), we deduce from

Lemma 1.10 (ii), that

P(gxz,*r,fxz,*z) s p(g*r,+ttTxzn+t) < np(fxr,, gxzn*r) (2'9)

Using a similar argument with (rr,,xzn+t)e PxQ,n21, we deduce that

there is hc [0, 1) such that

tr(fxr,, gxzn+t) < n(fxr,,S*r,) 3 hp(gxr,-r,f*r*). (2.10)

Case 3. We consider when (xzn*t,x2n+z). @ * P. In this case, we have

gxznnte seglTxr,-r,Sxrnf ,fxr,*, =Txz,,*t and fxrr:Txrr-, (see (2.4)).

' Applying (1.3), we have
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p (g)cr,*t, fxzn*z) < p (g*r-*r' Sff,' ) + p (Sr"' f*'**')

< z max{ r ( gx r,*r, sx r,"), P (sx r,, f* r**r)}

For p (gxr,*r,Sxr,)> p(Srr, ,fxzn*z), (2'11) becomes

P(gxz,*r,fxzn*z) <zP(gxrnn' s"' )

32p(Txr,-r,S)crn), using Lemma 1'10 (ii)

= 2P(fxr,'Sx,n)

<2hp(gxr,-r,fxr*) ,

using the argument of Case 2, (see(2'10))'

Suppose p(gxrn*r,Srr,) < P(Sxr,,fxz,nz)' Then (2'11) becomes

P(gxz**r,fxr,*r) <2P(sxrn'f*'nr')' 
(2'13)

Let us deal with p(sxr*,fxz,*z). consid er (2.1) with r = x2n,! = xz,+t'Then'

we have

F ( n (sx r,,T x z,*t), p (fx r *, gxz,*r ), p (fx,,' sx' n)' p (gx"*"Tx' n*')'

p(fxr,,Txz,*t) , P (g*r,*r'S)c'n) - p(g*'-*1' gxzn*r)) t 0

- F (p (S* r,, fx zn*z), p (fx r^, gx zn*t)' P (fx' *' Sx"\' P ( g*'^*" fx z n*')'

p(fxr*,fxz,*z) , P(g*r,*r'SK,n) - p(g*'.'" 
' 
gr"* )) < 0' (2.L4)

Ls gxr,*re seglTx2n-1,5*r*)= s€glfx,Sxr*)' we have from Lemma 1'10

(r) p (fx,., S x rn) - p (f* r,, gx z,+t) = p ( g*, -*,' S x'n) - p (g* "t' 
gx 

z n*t)'

Hence, (2.t4) becomes

F (n(Sxr,,fxzn*z), p(f*r, g*zn+t), p(fxr,'Sx'n) 
' 
p(g*'**''f*'on') '

p(fxr,,fxr**r),p(f*rn,S*rn)- p(fx"'gr".'))( 0' (2'15)

Let ut= P(Srr,, fxzn*z),ur= P(gxr,*r'fxzn*z)'u' = p(fx"'gxzn+t) and

uz = p(fxr,,Srr,). We note that by (1'3)' we have

p (fx r,, fx zn*z) < p (f* r,' sx,n) + p (sx 
"' fx zn*z) = u' * u''

Using Lemma t.16 (ii), because gxzn*r€ seglfx"'Sr"]'

(2.11)

(2.t2)
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we have p(fxz,,gxzn*t)< p(fxr,,Sxrn) implying urSur.

As required by the assumption, we also have ur 3u, + tzr. This is because

uz = p (g*r,*r.,f*r,*r)

s p(g*r,*r,Sxro)+ p(Srr, ,fxzn*z), by (1.8)

3 p(fxr,,Sxrn)+p(Srr,,fxzn*z), by Lemma 1.10 (ii)

= u, * l.Lr.

Using the property (Fu) that F is non-increasing in the fifth variable, (2.15)

implies

F (u'n111)2 tu,z )t)2 + r.l17u2 -r, ) < 0

=urlhu,
= p(Sxr,,fxz,*z) < np(fxr,,Srr, ). (2.16)

We continue with (2.13).

p (gxz,*r, f*r,,*r,) 3 2 p (Sxr,,f*r^*r)

< 2hp(fxr,,Srr, ), from (2.16)

< 2hxhp(g*r,-r,f*r*)using the argument of Case 2, (see(2.10))

3 hp(gxr*-r,fxrn), because 2h< l. (2.L7)

Hence, from (2.12) and (2.t7), we conclude that for (xz,*r,xznrz)€ Q x P, we

have

p (gxrn*r, fxzn*z) < znp (gxr*-r, f*r^) . (2. 18)

We get the following similar result if we argue with (rr,, xz,*t)e Q x P :

n (fxr,, gxzn+t) < znp (fxr,-r, gxr*-r) - (2.L9)

We note that xrn*r,frzn+ze QxQ is not possible.

Let us define the sequence {r.u,} as wztx=fuzn,wzn+t=gx2n+r for all ne

Thus from (2.7), (2,8), (2.9), (2.10), (2.18) and (2.19), w€ get for alln> L

p(*,,wnnt) < 2hmax{p(wo-r,wn-r), p(*,-r,*,)} . ( 2.20)

As 2h< 1, according to Lemma 1.12, (2.20) implies

'p(*,,wn*t) <(2h1"t'6, Q.zL)
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where A = (Zh)-'t' r.ra*{r (wo,wr),p(*r,*r)} .

Consider n,tne withn>m. Then, from (1.3) by induction, we have
n.-1

p(**,w*) < Z p(*,,w,nr)
i=m

n-l
<'f 12r,1''' a

; tq
< st (zt )'''

i=m

= u Q!)*'i,u, (sum of a Geometric Progression.)
r-(2h)"

As m,n --) co we get

)!,kp@*,wn)=o<+"o (2.22)

This makes {u,} a O-Cauchy sequence.

Consider the'subsequence {*r^*,.} of {w,}. As {u,} a 0-Cauchy sequence,

we have also {uJz,* r) = {gxr,*r} being a 0-Cauchy sequence.

Suppose gC is 0-complete. This means that there is ce gC such that

I**" = lH wzn*t =fi$*r,*l = c and n(c,c) = 0 Q.23)

Consider the subsequence {g*r,u*r} of {gxr,*r} such that gxrnu*, = Sxrnu. If

we take k -) +*, we get l*g*r,*r = ,llt S*rn = c, which implies

!!*g*r*., = J1g Sxrn = c. (2.24)

Because wn- c, this means that the subsequence w2n: fxrn-c also.

Now let us consider the subsequen 
"" {f*r,u} of {fxr,} such that

fxrou = Txznn-t,nu> L. Taking k'+ +*, we get l*f*r* = l**T*r"u-r = c.

This implies

!!*f*r" = )**T*r,-L = c. Q.25)

From (2.24) and (2.25), we get

)!11fxz" = ]111 
Txr,-, = ]* gxzn*t = JI* Sxr, = c. Q'26)

We get the same result (2.2O if we assume /C is 0-complete.
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From (u) in the assumption, f and gr are continuous mappings. Hence, (2.26)

leads to

fz: gz=c, where z = )\x, (2.27)

We claim that z is a coincidence point of f and T.

Let x = x2,,! = z in (2.1). Using (2.27), we get

F ( n ( Sx r,,T z), p (fxz,, gz), p ( f*r,, S*r,), tr ( gz,Tz),

(fxr,,Tz), p(sz,sxrn)- p(sr,gr)) < o.

= F ( n (Sxr,,Tz), n (fxr,, c), p (fx2n, Sxz,), n (c,Tz),

(fxr,,Tz), p (c,sxr,) - p(c, c)) < o.

Because F is continuous, if we take n- * co and apply (2.26), we get

F (n(c,Tz), p(c,c) , o(c,c), n(c,Tz) ,(c,Tz) , p(c,c)- r (c,c)) < o

> r (n(c,Tz),0,0, p(c,Tz),o) < o. (2.28)

We use the property (Fr,) with rz -p(c,Tz), u = 0 and deduce that for some

h e lo,l I 2) , we have

u<hu
1p(c,Tz) <0
1p(c,Tz)=0, by (P0) of Definition 1.1

) Tz=c, by (1.2).

Taking note of (2.27) we get

Tz-gz-fz-c. (2.29)

Because the pair (f, T) is coincidentally commuting at z, we have

Tfz=flz + Tc=fc. (2.30)

We now claim that z is a coincidence point of g and S.

Let x = z, != xzntn (2.L). Then, we have

F (o (Sz, T*r,), p (fz, gxr,), p (f", Sz), n ( gxr,,Txr,),

p (fz,T*r,), p (gxro,Sz) - n (s*r,, gxzn)) 
= 

o.

We take n">* co. We use (2.26) and note by (2.29) thatfz = c, and get

F (r (Sz, c), n (c, c), p (c, Sz), n (r, t), p (c, c), p (c,S, ) - r ( c, c) ) < o

. = F (n(sr,c),0, p(c,Sz),0,0,p(c,Sz)) < o, becausep(c,c)=0
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= F (n(c,Sz),0, p(c,Sz),0,0, p(c,sz)) < 0. (2.81)

If we denote ur=ur:p(c,Sz) and trr=e,=0, and consider that F is non-
increasing in the fifth variable, (2.81) becomes
F (urru1,t)2ru27u1r .u21u2 - r, ) a 0

) ur. hur, where h=l},tlZ)
) p(c,Sz)Shp(c,Sz)

9p(c,,Sz)=Q,

1c=Sz, by (1.2). e.Bz)
Applying (2.29) to the above result we get $2=g!z=c, which shows that z is a
coincidence point of g and S. Using the coincidental commuting property of
g and,S, we get

Sz=gz *gSa = Sgz I gc = Sc. (2.88)
We claim that c is a common fixed point of f,g,S and ?.
Let x-c and y-s in (2.1). From (2.90) and (2.88) we note that fc*Tc and
gc=Sc. Then,,we have

r (r(Sc, Tc) , p(fc, gc) , p(fc,Sc),n(gr,Tc) 
, p(fc,Tc) , p(gr,Sc) - p(sr,gr)) . 0.

= F (p(gc,fc) , p(fc,gc), p(fc,gc), p(er,fr),p(fr,f"), o(gc,gc) - p(gr,gr)) < 0.

= F (p (sr, ft), p (gc, fc), p ( gc, fc), p (gr, fr), p (fc, fc), 0) < 0.

We set u=u=p(gc,fc). We also note that, by p0 of Definition 1.1, p(fc,fc)<
2p(gc,fc). We consider the fact that tr, is non-increasing in the fifth variable
and get

F (u,u,n,L[,Lt+ u,0) < 0

a 11 t hu,h e l0,l I 2)

= p(sc,fu) < np@c,fc)

= p(gc,fc) = O

= gc = fc, by(L.2)

= gc = gc =Tc, (2.30). (2.84)

By Lemma2.t, as fc=gc-Tc,we have
p(fc,fr) = p(Sc, gc) = p(Sc,Sc) = n(Tc,?c) = g. (2.8b)

Now consider (2.1) with x:2,/:c. Then, we have
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F (n (Sz,Tc), p (fz, sr), n (f", 5"1, r (gc,Tc), o (f",rr\, r (gc, Sz) - n (sc, gc)) < o. iz. s ol

We note that Sc:gc (by (2.33)) implies that fc=gc:Sc=7c by (2.30).

We recall that fz=Sz:c from (2.29) and (2.32).

Thus (2.36) becomes

F(n(c,gc),p(r,g:r),p(c,c),p(gc,gc),p(r,gr),p(gc,c)-p(gc,g.))< o,(2.37)

We also note that p(c,c)=0 and p(gc, gc)=0 from (2.35). Hence, (2.37)

becomes

F (o(c, gc) ,p(r,sr),0,0, p(c, gc), p(c,gr)) < 0. (2.38)

Suppose p(c,gc)>0. Because F has the (Fr) property, this means

r (n(c, gc), p(c, gc),0,0, n(c, gc) , p(c,g.)) , 0.

This is a contradiction with (2.38). Hence,

P(c'gc) = 0 9gc= c'bY (L'2)'

By (2.30) and (2.33), this implies

fc*gc=Sc=Tc=c,
which shows'that c is a common fixed point of f, g, S and ?, with p(c,c)=O.

Now, we will show that the common fixed point c is unique.
Suppose c' is also a common fixed point of f, g, S and 7, and

P(c',c') = g, We set x = c,! = c' in (2.1). We get

F ( r ( Sc, Tc' ), n (fc, gc'), p (fc, St ), p ( gc',Tc'),

p(fc,Tc'), p(sc', Sc) - p(gc', gc')) 
= 

o

- F (p(t,r') , p(c,c'), p(c,c), p(c',c'), p(t,r'), p(c',c) - n(c' ,c')) < o

= F (n (r, r'), p (c, c'),0,0, p (c, c'), n (c', c)) < o

= F(n(r,r'),p(c,c'),0,0,p (r,r'),p(c,r'))< 0. (2.39)

If we assume p(c,c) > 0, because of the (F,) property of F, we have

F (n(c,c'), p (c,c'), o, o,p (r,r'), p(c,c')) > o.

This contradicts with (2.39). Hence, p(c,r')=0, implying by (1.2) that

L_L.

Remark 2.3. We get corollaries from Theorem 2.2by setting any of the
following:

' (i) f=g ands=?,
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(ii) f:9,
(iii) S=7,
(iv) f=g=1,
(v) g=L
Example 2.4. Consider the function F : IR6 -+[R defined as

F (t'tz,t.,t4,ts,tu) = /, - ),max {t, I z,ts,t4,ltb + t)l q} ,

where I e 10,U3) and q>l+Z),. We show that F has the (F*) property.

We note that tr' is non-increasing in the fifth variable. We also note that
F (u,t)y1t)2tu,2)u,r * u21r)2- u, ) < 0 implies

u, - Lma*{u, f 2,u*ur,lu, + 2u, - rr) I q} < 0

)ut-l"max{u,,u*lur+2ur)lo}<0. Q.4o)

If mu{u, ,u*lur+2ur)lq} = u, then (2.40) becomes \<Lu*
If max{u 2,u2,lur+Zurll o} =u, then (2.40) becomes

u'1Xu'
<),(u, + ur)

),< 
1-7uz

-hu, where h=.\r.I ror o<I.*.1-). 2 3

Otherwise if max{ n2,u2,fu1+ 2urf I q} =lu, + 2ur)l q then (2.40) implies

)t'ur< (ur+2ur)
q

,4*
q-)v

= 4rr. because l+ ), 3 q -)"t+ 

= huz, where n = *.L fo, O 
= 

l, . ].
Thus in all cases, we have u, t hur,h e l0,L I 2).

The function also has the (Fr) property because for u>0 we have

' F (u,u.,0,0,u,u) = z - )'max{u I 2,0,0,2u I q}
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= u - max{u 12,2u I q}. (2.4I)

If max{ul2,2ulq}=u12, then (2.41) becomes 
"*(}"12)u>0.

If however max{ul2,2ulq}=2u1n, then (2.4L) becomes u - (ZX I q)u > 0

because q>1+2)".
If (2.1) holds, this means

F(r(Sr, Ty), p(f*,$), n(fx,Sx), p(gy,Ty), p(fx,Ty),p(sy,S*) - p(sy,gy)) < 0

> p (Sx,ry) -1, max {r (f*, sy) I 2, p (fx, Sx), n (st,Ty),

lp (f*,ry) + p (sy,sr) - p (sy,sy))/ o\ < o

= p ( Sr, Ty) <1, max {r ( f*, sy) I 2, p (fx, Sx), n ( gy,Ty),

lP(f*,TY) + P(sv,Sr)- p(sv,sv))l q]

* p ( Sr, Ty) <1, max ir ( f*, gy) I 2, p (fx, Sx), n (st,Ty),

ln(fx,rfi+ p(gy,sx)]/q) .. Q.42)

The equation (2.42) describes an extension of the theorem proved by Imdad
and Kumar l72l into partial metric spaces.
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