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ABSTRACT

Berinde and Vetro (2012) introduced fixed points theorems involving
implicit relations for metric spaces and ordered metric spaces. These
theorems were extended into partial metric spaces by other researchers.
Vetro and Vetro studied coincidence point and common fixed point
theorems for one pair of self-mappings satisfying conditions defined by
implicit relations in the settings of partial metric space. We extend these
results by Vetro and Vetro to two pairs of non-self mappings in complete
partial metric spaces having a convex structure.
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1. Introduction and Preliminaries. Since the Banach contraction
theorem described the conditions for a contractive mapping to have a fixed
point in a complete metric spaces, researchers have proved several fixed
point theorems of the form

d(Tx,Ty) SF(d(ﬁc,fy),d(fx,Tx),d(ij,Ty),d(fx,Ty),d(Tx,sz)), (1.1)

where f and T are self mappings in complete metric spaces. Theorems of
this form abound also for non-self mappings in metric spaces and in
generalizations of metric spaces such as the partial metric spaces.
- Examples of fixed point theorems of this form include Gaji¢ and Rakoc'evi¢
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[10] and Imdad and Kumar [12] for non-self mappings in complete metric
spaces.
The expression (1.1) can be converted into the following form:

F(d(Tx,Ty),d(fx,ﬁz),d(fx,Tx),d(fy,Ty),d(fx,Ty),d(Tx,fy))SO.
Here F is a function of form F :R® > R, with specified properties that

ensure the presence of a fixed point in a metric space (X,d) which contains
the points x and y. When written in this way, the expression is called an
implicit relation. Fixed point theorems involving implicit relations provide
proofs for a large class of fixed point theorems written in the style of (1.1).

In this study, we will extend a fixed point theorem involving an
implicit relation for partial metric spaces proved by Vetro and Vetro [19].
These researchers proved their theorem for a pair of self mappings. Here
we generalize this theorem so that it applies for two pairs of non-self
mappings in a metrically convex partial metric space.

We now introduce explanations which will be of use in this paper.
Definition 1.1 ([15]). A partial metric on a non-empty set X is a mapping
p=XxX —[0,), such that forall x, y, z € X

(PO): 0 <plx,x) <plxy),
(P1): x =yifand only if p(x,x)= plx,y) = ply,y),
(P2): p(x,y)=p(y,x) and
(P3): plx,y)<plx,2)+p(z,y)-p(z,2).

The pair (X,p) is said to be a partial metric space.
From Definition 1.1, we deduce the following:

p(x, y) = 0 implies x = y. (1.2)
If p(x,y)=0, then p(x,x)=0 because 0 < px,x) < plx,y) from (PO). Similarly,
plxy)=0 implies p(y,y)=0 because 0 < p(.y)< plxy). Hence, p(x,y)=0
implies p(x,x)=p(x,y)=p(y,y)=0. From (P1) this means that x=y.
From (P3), we infer that

P, y) <plx, 2) + p(z, y). (1.3)
As an example, let X =R, and let PR’ >R, px,y)=max{x,y}. Then

(X,p) is a partial metric space.
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Each partial metric p on X generates a T, topology 1, on X with a base being

the family of open balls {B, (x,€): xe X, > 0} where
B, (x,e)={ye X: p(x,y) < p(x,x)+€} forallx€ X and £>0.

Definition 1.2 [15] Let (X,p) be a partial metric space and {x,} be a
sequence in X. Then

(i) {x,} converges to x & X if and only if p(x,x) =lim p(x,x, ).

(i)  {x,} is called a Cauchy sequence if and only if there exists (and is

finite) lim p(x, ,x, ).

Definition 1.3. A partial metric space (X,p) is said to be complete if every

Cauchy sequence {x,} in X converges, with respect to T,, to a point x €X
such that
p(x,x)= lim p(x,,x,).

The definition of a 0-Cauchy sequence and a 0-complete partial metric is

given here.

Definition 1.4 [15].

(i) A sequence {x,} in a partial metric space (X,p) is said to be 0-Cauchy
if lim p(x,,x,)=0.

(i) A partial metric space (X,p) is said to be 0-complete if every 0-Cauchy
sequence {x,} converges in X with respect to T,, to a point x €X such
that p(x,x)=0. In this case, p is a 0-complete partial metric on X.

The follow}ing is the definition of a metric derived from a partial metric.
Lemma 1.5 [15] If p is a partial metric on X, then the function
p': XxX >R, given by
ps(x,y)=2p(x,y)—p(x,x)—p(y,y] (1.4)

defines a metric on X.
A metrically convex metric space is defined as follows:
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Definition 1.6 [2]. A complete metric space (X,d) is said to be (metrically)
convex if X has the property that for each x,y X with x # y there exists
ze X,x # z# y, such that d(x,z)+d(z,y)=d(x,y).

If (X,d) is a metrically convex metric space, and x,y €X, we term
seg[x,y]={ze X :d(x,y) =d(x,2)+d(z,7)}. (1.5)
We get the following lemma from Assad and Kirk [2].

Lemma 1.7. Let C be a closed subset of the complete and convex metric
space X. If x €C and y ¢ C, then there exists a point z€ dC (the boundary of
C) such that

d(x,2)+d(z,y)=d(x,y).
Using Lemma 1.5, we can rephrase Lemma 1.7 as follows

Lemma 1.8. Let C be a closed subset of the complete and convex metric
space X. If xe C and yg C, then there exists a point z€ dC (the boundary

of C) such that ze seg|x,y].
We introduce the metrically convex partial metric space.

Definition 1.9. A partial metric space (X,p) is said to be metrically convex

if the corresponding metric space (X,p°) is metrically convex in the sense of
Lemma 1.5, where p*(x,y)=2p(x,y)- p(x,x)-p(»,¥)-

As an example, the partial metric space (R,, p) where p(x,y)=max{x,y} for
all x,yeR , is metrically convex. This is because the metric space (X,p°) is
metrically convex, where p*(x,y)=|x—y|, which is the metric derived from
the partial metric p.

Lemma 1.10. Let (X,p) be a metrically convex partial metric space. Let
x,ye X. If ze seg|x,y] then:

(1) p(x,y)-p(x,2)=p(z,y)-p(z2),

(i)  p(x,x)=p(x,z2).

Proof. Applying (1.4) to Definition 1.6, if z€ seg[x,y], then we have:

p*(x,9)=p'(x,2)+ p*(2,9)



= 2p(x,y)=p(x,%)-p(y,7)=2p(%,2) - p(x,%) - p(2,2)
2p(2,5)-p(22)-p(3.)
= p(x,5) = p(x,2)+ p(2,y)~p(z2)
= p(x,¥)=p(%,2) = p(2,3) - p(2,2).
As p(x,y)-p(z,2) 20, from (PO) of Definition 1.1 we have
p(x,5)= p(x,2).

Lemma 1.11. Let C be a non-empty subset of a metrically convex partial

metric space (X,p) which is closed in (X,p°). If x€ C and ye X\C, then there

exists a point z€ dC (the boundary of C with respect to (X,p°)) such that
p(x,y)=p(x2)+p(z,y)-p(z2).

Proof. From Definition 1.9, if the partial metric space (X,p) is metrically

convex, then (X,p°) is metrically convex. From Lemma 1.7, this means that

if xe C and ye X \C, then there exists z in 9 C, (the boundar.y of C), such

that p*(x,y)=p"(x,2)+ p*(z,y). Using (1.4), this means
p'(x,y)=p'(x,2)+p"(2)
=2p(x,y)~p(%,%)~p(1.y)=2p(%.2) - p(%,%) = p(2,2) +2p(2,5) - P(2:2) = p(3.Y)
= 2p(x,y)=2p(x,2)+2p(2,5)-2p(2,2)

= p(x,y)+ p(2,2) = p(x,2)+ p(z,y)

= p(x,2)+p(z,y)=p(x,y)+p(2,2).

We prove the following lemma, which is modified from Theorem 1 of Assad

and Kirk [2], and is necessary for our work.
Lemma 1.12. Consider a sequence {w,} . €R, such that, for all n >2

(1

we have

w, < kmax{w, ,,w,,},ke(0,1), (1.6)
then

w, <k"?k? max{w,,w,} . (1.7)

Proof. We prove the lemma by induction. First we show that it holds for

‘n=2,
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We note that ke (0,1) implies & <k'*. Hence, if n=2, then (1.6) leads to
w, < kmax{w,,w, } <k"? max{w,,w, } = k*'*k""* max{w,,w, }. (1.8)
Now we show that the lemma holds for n=3. If n=3, then (1.6) leads to
w, < kmax{w,,w,}. If w, 2w,, then we get
w, < kmax{w,,w,}
= w, Skw, <kmax{w,,w,} =k"*k"? max{w,,w,}.
If however w, <w,, we get
w, < kmax{w, ,w, |
= w, < kw,
= w, <kxk*?k? max{w,,w,}. from (1.8)
< k*? max{w,,w, }
<k*”k™"* max{w,,w, }, because k7% >1.

We now show that, if Lemma 1.12 holds for 1 <n <j wherej > 3, then it
must be hold for j+1. Hence we have from (1.6)

Skmax{w w } (1.9)

w -1 W

J+l
We consider two cases.

Case (i): Suppose w,, Sw;. Then (1.9) becomes
w,,, <kw,
< k.k’?k7"* max {w,,w, } from (1.7)
= B2 max (wy,w, ). (1.10)
Case (ii): Suppose w, , >w,. Then (1.9) becomes
W, <kw,
< kRY V2R max{w,,w, ) from (1.7)
= B2 RV mas Lu,w, ). .13
We note that for j > 3 and ke (0,1] we have EU2 > pU22 - Hence, (1.10)
~and (1.11) imply that
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w,, <RV P max w w, ).

We make modifications to the description of the set of implicit relations as

defined by Berinde [8]. Let F be a family of all continuous real functions

F:R°® —R and the following conditions:

(F,,): Fis non-increasing in the fifth variable and
F(u,,v,,0,,uy,u; +0,,0, -0, ) <0  for  w,u, 20,u, <v,+u, and
0<wv, <v, implies that there exists h e [0,1/2) such that u, < huv,.

(F2): F(u,u,0,0,u,u) > 0, for all u>0.

We define the property (F',,) as a special case of property (F',,), with

U=U,=U,y V=V,=U,. The condition F, hence reads

(F,,): Fis non-increasing in the fifth variable and F(u,v,v,u,u+v, 0) <0 for

u,v > 0 implies that there exists he[0,1/2) such that u, <hv,.

Example 1.13. The following functions F € F satisfy the properties (F,,)
and (F,).

(i) F (1t b5 t,t:, 1) = 8 —at,, where ge [0,1/2);

(i)  F(t,ty,t5,t,,t,t) =t —b(t; +t,), where t, >, and be [0,1/3);

(i) F(t,,t,,t5,t,,t5,t) =t, —c(t; +t;), where ce[0,1/5).

Jungck [14] provided the following definitions:

Definition 1.14 [14] Let C be a non-empty subset of X and f,T:C—X.

A point x = C is called a coincidence point of f and X if Tx= fx.

Definition 1.15 [14|The mappings T and f are said to be coincidentally
commuting if they commute at their coincidence point, that is, Tfx=fTx
whenever Tx =fx.

The aim of this research is to extend the following theorem by Vetro
and Vetro into non-self mappings. Note that in their theorem F|, is defined
with A€ [0, 1).

Theorem 1.16 ([19]) Let (X, p) be a partial metric space and T, f': X—X be
self-mappings such that 7X < fX. Assume that there exists Fe F

-satisfying (F,) such that, for all x,y =X, the following condition holds:



F(p(Te,Ty), p(fe.fy), p(fe, Tx), p(f,Ty), p( e, Ty), p(£.Tx) = p (3 f3)) <O.
(1.12)
If X is a O-complete subspace of X, then T and f have a coincidence point.
Moreover, if T' and f are weakly compatible and F satisfies also (F,), then T
and f have a unique common fixed point. Further, for any x,& X, the T—f-
sequence {Tx_} with initial point x, converges to the common fixed point.
2 Main Result. We start by making some modification to Lemma
2.1 by Vetro and Vetro [19] which will then be used to develop Theorem
2.2.

Lemma 2.1. Let C be a non-empty subset of a partial metric space (X,p)
and f,g,S,T:C—X be non-self mappings. Assume that there exists Fe F

satisfying (F',,) such that, for all x, y&=C, we have

F(p(Sx,Ty),p(fx,8y), p(fx,Sx), p(&y, Ty), p(fx. T¥), p(&y,Sx) - p(&y,&y)) <0.(2.1)

Then, for all zEX such that fz= gz = Tz, we have |

p(fz,fz) = p(gz,82) = p(Sz,8z) = p(Tz,Tz) = 0.

Proof. Let x = y = z in equation (2.1). We get

F(p(Sz,Tz),p(fz,gz),p(fz,Sz],p(gz,Tz),p(fz,Tz),p(gz,Sz)~p(gz,gz))SO
= F(p(Sz,g2),p(82.82),p(82,52), p(82,82), p(82,82), p(82,82) - p(gz,82)) < 0.

(2.2)

Because of F'|,, and setting u,=p(Sz,g2), u,=p(gz,gz) and v,=plgz,gz), v,=

plgz,Sz), (2.2) implies

F (u,,v,,0,,Uy,u, +0,,0, -0, ) <0,

as I is non-increasing in the fifth variable.

= p(Sz,82) < hp(gz,Sz) = hp(Sz,g8z), for he[0,1/2)

= p(Sz,82)=0

= Sz = gz, by (1.2)

= p(fz,fz) = p(gz,82) = p(Sz,Sz) = p(Tz,Tz)=0.

Now we deal with our main theorem.
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Theorem 2.2. Let (X,p) be a complete metrically convex partial metric
space and C a non empty closed subset of X, the closure being with respect
to (X,p®). Let d C, the boundary of C with respect to (X,p%), be non empty.
Let £,g,S,T:C—X satisfy the following conditions:
(1) fxe dC implies Sx& C, gxe dC implies Tx< C,
(i) dCc fCNgC,
(if) SOCNCzgQ,TOMNCeC,
(iv)  fCor gC is a 0-complete subspace of (X,p) and
(v)  fand g are continuous mappings.
Assume that there exists F e F satisfying (F,,) such that, for all x,y€X,
condition (2.1) holds. Then f,g,S and T have a coincidence point. Moreover,
if the pairs (f,S) and (g,T) are coincidentally commuting and F' satisfies also
(F,), then f,g,S and T have a unique common fixed point.
Proof. Commencing with an arbitrary point we JC. From (ii), we can find
x,€C such that fx,=w. From (i), we have Sx, < C. According to (iii), we can
choose x, =C such that gx,=Sx,.
Then, we find Tx,.

We proceed to generate the sequences {x, },{fx,,},{gx,,.},15%,,} and
{T x,, ,,} inductively as follows:

If Sx,, €C, then by (iii) we can choose x,,,€C such gx,, , =Sx,,. If

-
however Sx,, & Cand n > 1, then by Lemma 1.8, there exists a w,,,, € JC
such that w,,,, € seg|Tx,, ,.Sx,,]. Hence, by (ii), we can choose %, ,€C
such that fx,, ., =w,, ;.

Then, we find Tx,, ,

Similarly, if Tx,,, € C, then by (iii) we can choose x,,,, € C such that
Fegnia = Ty

However, if Tx,, ., ¢ C, then by Lemma 1.8, there exists a w,, , = dC such
that w,,,, € seg[Sx,,,Tx,,.,|. Hence, by (ii), we can choose x,,,, € C such

that fx,,., =W,,.,.- Then, we find Sx

n+2*
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We claim that

Plones # TXppy = 851 = Sy, (2.3)
Suppose we have gx, ., #Sx,,. Then we have gx,, ,€dC, which by (i)
means Tx,, ., € C. This implies, by the construction of the sequence, that
[%,,., = Tx,,.., which is a contradiction. Thus we have proved (2.3).
In a similar manner, we can show that, forn > 1
%oy # Sy, = 5. =Ty, ;. (2.4)
We now partition the sequence {x,} into subsequences P and  with
P={x,, : fr,, =Tx,, ;,n 21} U{x,,., : 8%, = Sx,,}
and |
Q ={my, ! i, # Ty 0,8 21U 5,0 s 8% # 855, )

In (2.1), let us set x=x,,,y=x,,.,. We get
F(p(8x2n?Tx2n+l )!p(fon!ngnil)!p(fx‘zln?sxiba)’p(gx2n+i.Tx2n—] ) H

Py, T,y )5 P800, S8, ) = P(8%2ni15 %20 )) =0. (2.5)
We consider the following cases.

Case 1: Let (x,,,,,%,,,,)€ PxP. In this case, we
(8%3.15 X35 ) = (5%, T%,,., )-Applying (2.5), we get
F(p(ngR-i-l?fon.i 2 )?p(f‘xiln ?gx2n+l )!p(fx‘z‘.n’ngHH )’p(gx2n+l’fx2n+2) ’

P(Fans Fania)s P(8%2n11s 8%2nir) — P(8%ani1s 8% )) S 0.
If we set u = p(g%y,.15Xans2) U= P([X2,,8%5n,, ), We get

F(u,v,0,u, p(fry,,fXy,.5),0) <0. (2.6)
Using (1.2), we have

D fesns apni) S D005 8%nsi )+ P(8%ans1s Flianss ) =V + 1.
As F has the I, property which states that F' is non-increasing in the fifth

variable, (2.6) implies

F (u,v,v,v+u,0)<0,
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which implies implies there is A& [0, 1) such that u < hv. This means for
(%515 %5,,5 )€ Px P, we have

P(8%15 f%50) < hD (fXo 85501 )- (2.7)
Using a similar. argument with (x,,,x,,,,)€ PxP,n>1, we deduce that
there is A <[0,1) such that

p(fx,,, 8%, ) < hp(8%y, 1, 1x,,)- . (2.8)
Case 2. We now consider the case where (x,,.,,x,,.,)€ Px®. From the

construction of proof, this means gx,, ., =Sx,, . We apply (2.5) and obtain
F (p (gx2n.+] ?Tx2n+l )’ p (fx2n. E] gx2n+ll ) E] p( fx?n ’ gx?.rul ) ) p (gx?.xnl ) sz:u 1 ) ’

p(fx2n’Tx2n+l )’p(gxmm ’gxibrfl ) - p(gx2n|17gx2ml )) <0
Let u = p(g%y,.1, T%001 ),0 = P(f%y,,8%,,., ). Note that from (1.2), we have

p(fx?.n!T‘xZM *L) = p(ka’u!g‘xﬁnd ) + p(gx2n+l !Tx2n+l ) =vtu.

We also use the I, property that states that F' is non-increasing in the fifth
variable. We get

F(u,v,v,u,v+u,0),

which implies for some A< [0, 1), we have

u<hv

= DB Ransis T8 ) S RD( P B )
Because fx,,., € seg[Sx,,Tx,,.,| = seg|gx,,.,,Tx,,,,], we deduce from
Lemma 1.10 (i1), that
Pl ) B D B io T i ) S D s B i) (2.9)
Using a similar argument with (x, ,x,,. )€ PxQ@,n>1, we deduce that
there is € [0, 1) such that
P s B8 ) S P (18005 5% ) < P 8050 1% ) (2.10)
Case 3. We consider when (x,,,,,x,,,,)€ @<P. In this case, we have
8%y, 1 € seg[Tx,, ,S%,, |, %0 =Tx,,.,, and fx,, =Tx,, , (see (2.4)).
~ Applying (1.3), we have
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(gxlm 1 fx2n+‘2 ) p (ngn 1 stzn ) * p (Sxﬂn H fx2n+2)
< 2max{p(8%s.. ,ngn),p(ngn,fxgm)} (2.11)
For p(gx‘.'é.n-rl ?Sert ) > p (Serl ’fx2n+'}.‘.}‘ (211) becomes
p(gxﬁ.m‘-l ’fxﬁn-i?.) g.zp(gxbﬁ] 5S'x2n )
< 2p(Tx,,.,,Sx,,), using Lemma 1.10 (ii)
= 2p (fx?..n? Serr. )
= 2hp(gx?n 1‘-'fx‘2.n) ¥ (212)

using the argument of Case 2, (see(2.10)).
Suppose p(gxy,,1,S%s,) < P(S%5,5 o ,)- Then (2.11) becomes

P Bz Fanea) S 9| Sy Plania ) (2.13)
Let us deal with p(Sx,,, %5,z )- Consider (2.1) with % =%,,,) = X3, Then,
we have

F(p (8%, o ), 2y s 8% ) , P(fxy,,,5%,, ),p(gx2,_£+1,Tx2,i‘_1) :

p(Fey Tigrs)» P &Fauons St ) = P800 820 )) 0

::>F(p(SxZH’fx2fr-i2)’p(fon’gx2ur1)’p(fonistn)?p(ngnT!!f‘xZ:z+2)‘

P (g Fansz)s P (%o SEan) = P(&%on11s o)) S0- (2.14)
As gx, . € 5eg[Txy, 1,5%,]= seg|fx,,Sx,,], we have from Lemma 1.10

(1) p(fx?.u’s‘xQn) [forl!gx)u ‘l) (ng.n ‘l!S'xZn) (gxzawlingml)

Hence, (2.14) becomes
F(p(sxm?.?fx&rd) (fxz’ngnﬂ) (thi?bx2n)=p gx?farl’fori-i-E)’

p(fx211?fx2m-2)5p(fx2nisx2n) f‘xZn‘!gxznﬂ ) (215)

Let u’l = p(Sx2er'x2n+2)’u2 (gxﬁnll’fxﬁm‘?) p(fxi’.n’gxzml) and
= p(fx,,,5x,,). We note that by (1.3), we have

(fx‘Zn!fx)m&) (fx2r73sx2n)+ p(SxZn?forHZ) v? +u1'
Using Lemma 1.10 (ii), because gx,,, seg [XynsS%sn ]
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we have p(fx,,,g8x,,.,) < p(fx,,,Sx,,) implying v, <uv,.
As required by the assumption, we also have w, <v, +u,. This is because
Uy = P(8%y15 Maniz)

£ p{&%s,.1:8%;, )+ P (5% .5 ) by (1.8)

< p(fx,,,Sx,, )+ p(Sx,,,fx,,.,), by Lemma 1.10 (ii)

= U, + U,. '
Using the property (F',,) that F' is non-increasing in the fifth variable, (2.15)
implies
F (u,,v,,0y,Uy,0, +u,,v, —0,) <0
= u; < hu;
= (8% i) S o ( o 8%, ) (2.16)
We continue with (2.13).
P(8%sni1s fYonin) S 2D (8%, fs.0)

< 2hp(fx,,,Sx,,), from (2.16)

< 2hxhp(gx,, ,,fx,, )using the argument of Case 2, (see(2.10))

< hp(gx,, 1, fx,, ), because 2h< 1. (2.17)
Hence, from (2.12) and (2.17), we conclude that for (x,,.,,%,,,,)€ @ <P, we
have
Pl i VS Shp (0% . . ) (2.18)
We get the following similar result if we argue with (x,,,x,,,,)e @ xP:
D%, V SRBD( ey, w0 8% 5 ) - (2.19)

We note that x,,.,,%,,., € @*xQ is not possible.

Let us define the sequence {w,} as w,, = fx,, W, ., = 8x,,., for all ne
Thus from (2.7), (2.8), (2.9), (2.10), (2.18) and (2.19), we get for all n> 1
p(w,,w,, )< 2hmax{p(w“_2,wn_l ), p(w, ;,w, )} . (2.20)
As 2h < 1, according to Lemma 1.12, (2.20) implies

p(w,w,.)<(2h)

ni2 &

d, (2.21)
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where &= (2h)_m max{p(wo,wl),p(wl,w2 )} ;

Consider n,me  with n>m. Then, from (1.3) by induction, we have

n—1

p(wm?wn ) S Z p(wiiwi—l)

i=m

n-1 il
<Y (2h) "9

i=m

<8 (2h)"

(2h)m;’2

=5 =
1-(2h)"

(sum of a Geometric Progression.)

As m,n — © we get

lim p(w,,w,)=0<+ee (2.22)

m,n—yee

This makes {w,} a 0-Cauchy sequence.
Consider the subsequence {w,, ,} of {w,}. As {w,} a 0-Cauchy sequence,

we have also {w,,,,} = {gx,,.,} being a 0-Cauchy sequence.
Suppose gC is 0-complete. This means that there is ¢ =gC such that

limw, =limw,, ., =limgx, ., =c and p(c,c)=0 (2.23)

Consider the subsequence {gx‘z”kd} of {gx,,.,} such that gx, ., =8x,, .If
we take k— +oo, we get lim gx,, ., = lim Sx,, =¢, which implies
lim gx, ., = lim Sx,, =c. (2.24)

n—stea n=atea

Because w,— c, this means that the subsequence w,, = fx,,—c also.

Now let us consider the subsequence { fxzn;,.} of {fx,,} such that
fx,, =Tx,, ,n, 21. Taking k— +e, we get lim fx,, =limTx,, , =c.

This implies

lim fx,, = lim Tx,, , =c. (2.25)
From (2.24) and (2.25), we get
lim fx,, = lim Tx,, , = lim gx,,,, = lim Sx,, =c. (2.26)

We get the same result (2.26) if we assume fC is 0-complete.
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From (v) in the assumption, f and g are continuous mappings. Hence, (2.26)
leads to

fz= gz=c, where z = lim x, (2.27)

We claim that z is a coincidence point of fand 7.
Let x=x,,,y=2 in (2.1). Using (2.27), we get

F(p(ngn}Tz),p(fxzﬂ_,gz),p(fx%,th),p(gz,Tz) ,
(fxgn,Tz),p(gz,ngu)—p(gz,gz))50;
= F{ p(Ba, T}y oA B 2] s 0 { P85, ), ol T,
(fx%_,Tz),p(c,ngu)—p(c,lc)] <0.
Because F'is continuous, if we take n—+ 2 and apply (2.26), we get
F(p(c,Tz),p(c,c),p(c,c),p(c,Tz),(c,Tz),p(c,c)—p(c,c])SO
:>F(p(c,Tz),0,0,p(c,Tz],O)SO. . (2.28)

We use the property (F',,) with u=p(c,Tz), v = 0 and deduce that for some
he[0,1/2), we have

u < hv

= ple,Tz) <0

= plc,Tz)=0, by (P0) of Definition 1.1

= Tz=c, by (1.2).

Taking note of (2.27) we get

Tz=gz=fz=c. (2.29)
Because the pair (f, T) is coincidentally commuting at z, we have
Tfz=fTz = Tc=fc. (2.30)

We now claim that z is a coincidence point of g and S.
Let x = 2z, y= x,, in (2.1). Then, we have

F(p(Sz,szn),p(fz,gxh),p(fz,Sz),p(gxgu,Tx%),
p(fz,Tx,, ), (8%;,,52) ~ p(&%;,,8%,,)) < 0.
We take n—+c0, We use (2.26) and note by (2.29) that fz = ¢, and get
F(p(Sz,c),p(c,c),p(c,Sz),p(c,c),p(c,c),p(c,Sz) —p(c,c)) <0
=" F(p(Sz,c),O,p(c,Sz],0,0,p(c,Sz))EO, because p(c,c)=0
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:>F(p(c,Sz),O,p(c,Sz),0,0,p(c,Sz))SO. (2.31)
If we denote u,=v,=p(c,Sz) and u,=v,=0, and consider that F is non-
increasing in the fifth variable, (2.31) becomes
F(uy,0,,0,,u,,u, +v,,0,—0,) <0
= u,= hv,, where h =[0,1/2)
= ple,Sz)< hp(c,Sz)
= pl(c,Sz)=0,
= ¢=8z, by (1.2). (2.32)
Applying (2.29) to the above result we get Sz=gz=c, which shows that z is a
coincidence point of g and S. Using the coincidental commuting property of
g and S, we get
Sz=gz =gSz = Sgz = gc = Sc. (2.33)
We claim that c is a common fixed point of f,g,S and 7.

Let x=c and y=c in (2.1). From (2.30) and (2.33) we note that fc=Tc and
gc=Sc. Then, we have

F(p(Se,Tc), p(fe,ge), p(fe,Sc), p(ge,Te), p(fe,Te), p(ge,Sc) - p(ge, ge)) <O0.
= F(p(ge.fe), p(fe,g¢), p(fe,gc), p(ge.fe), p(fe. fe), p(ge, g¢) - p(ge, ge)) <.

= F(p(ge.fe), p(ge.fe), p(ge.fe), p(ge. fe), p(fe. fe),0) <0.

We set u=v=p(ge,fc). We also note that, by PO of Definition 1.1, plfefe)=
2p(ge,fc). We consider the fact that F is non-increasing in the fifth variable
and get

F(u,v,v,u,u+v,0)<0
= u<hv,he(0,1/2)
= p(ge, fe) < hp(ge, fe)

= plge,fe)=0

= gc = fe, by(1.2)

= pc=gé="Te, (2.30). (2.34)
By Lemma 2.1, as fe=gc=Tec, we have

p(fe,fe)=p(ge,gc) = p(Sc,Sc)= p(Te,Tc)=0. (2.35)

Now consider (2.1) with x=z, y=c. Then, we have
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F(p(8z,Tc), p(fz,g¢),p(f2,Sz), p(&e, Tc), p(fz, Tc), p( e, Sz) - p( ge, gc)) <0.(2.36)
We note that Sc=ge (by (2.33)) implies that fc=ge=Sc=Tc by (2.30).

We recall that fz=Sz=c from (2.29) and (2.32).

Thus (2.36) becomes

F(p(c,gc),p(c,gc),p(c,c),p(gc, &), p(c,g¢), p(&e, c)-p(gc,gc))SO.(ZST)

We also note that p(c,c)=0 and p(gc, gr,) 0 from (2.35). Hence, (2.37)
becomes

F(p(c, gc),p(c,gc),0,0, p(c, gc),p(c,gc)) <0. (2.38)
Suppose p(c,gc)>0. Because F has the (F,) property, this means
F(p(c,gc),p(c,g¢c),0,0, p(c, gc), p(c, gc)) > 0.
This is a contradiction with (2.38). Hence,
ple,gc) = 0 =gc=c, by (1.2).
By (2.30) and (2.33), this implies
fe=ge=Sc=Tec=c,
which shows that ¢ is a common fixed point of £, g, S and T, with p(c,c)=0.
Now, we will show that the common fixed point ¢ is unique.
Suppose ¢' is also a common fixed point of f, g, S and T', and
p(c’,¢’)=0. Weset x=c,y=c" in (2.1). We get

F(p(Sc,Tc'),p(fc,gc’),p(fc,Sc),p(gc’,Tc’),

p(fe,Tc"), p(gc’,Sc)- p(gc, gc’)) <0

= F(p(c,¢),p(e,'), p(c,c), p(c,c¢'),p(e,c),p(c’,c) - p(c,c’)) <0

= F(p(c,c'),p(c,¢),0,0,p(c,c'), p(c'c))

= F(p(c,c’),p(c,c'),0,0,p(c,c'), p(c,¢)) <
(

If we assume p(c,c,) > 0, because of the

(2.39)
F,) property of F, we have

F(p(c,c] p(c,¢’),0,0,p(c,¢'),p(c ,c’))>0.
This contradicts with (2.39). Hence, p(c,c’)=0, implying by (1.2) that
e=¢.
Remark 2.3. We get corollaries from Theorem 2.2 by setting any of the
following:

(1) f=gand S=T,
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(i) f=g,
(i) S=T,
(iv) f=g=I,
(v) g=1L1

Example 2.4. Consider the function F: R°® -R defined as
F(ty by taitisty bs ) =t = Amaxis, 12,5,8,.[6 +4,]/q},

where 1 £[0,1/3) and ¢>1+2). We show that F' has the (¥,,) property.
We note that F is non-increasing in the fifth variable. We also note that

F(u,,v,,0,,Uy,u, +v,,v, -0, )< 0 implies
u, —hmax{v, /2,v,,0,,[u, +2v, —v;|/q} <O
= u, —~Amax{v,,u,,[u, +2v,]/q} <0. (2.40)
If max{v,,u,,[u, +2v,]/q} =v,, then (2.40) becomes 1, <Auv,.
If max{v,,v,,[u, +2v,]/q} =v,, then (2.40) becomes
u, <A,
< A(u, +v,)

& U
= — Uy
]__/\.

= hv,, where h =

<l for O$l<l‘
2 3

Otherwise if max{v,,u,,[u, +2v,]/q} =[u, +2v,]/q then (2.40) implies

u, < l(u1 +20,)

q
é 2h %
q-—A
< 2 v,. because 1+A<g-A
1+A
= hv,, where h = an <2 for 0£7&<l.
1+A 3

Thus in all cases, we have u, < hv,,he [0,1/2).

The function also has the (F,) property because for >0 we have
F(u,u,0,0,u,u)=u—-Amax{u/2,0,0,2u/q}
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=u-max{u/2,2u/q}. (2.41)
If max{u/2,2u/q}=u/2, then (2.41) becomes u —(1/2)u > 0.
If however max{u/2,2u/q}=2u/q, then (2.41) becomes u—(2%/q)u>0

because ¢>1+2A.
If (2.1) holds, this means

F(p(Sx,Ty), p(fr, ), p(fx, %), p(&,Ty), p(fx, Ty), p( 2y, Sx) - p( 2y, 8y)) <0
= p(Sx,Ty) )Lmdx{ (fx,8v)/2,p(fx,Sx), p(gy,Ty),
[ (fe,Ty)+ p(8y,5x)— p(&y, gy]}/q}<o

J=

= p(Sx,Ty) <kmax{p (fx,8v)/2,p(fx,Sx),p(gy,Ty),
J=
{r

[p(fx,Ty)+ p(&y.Sx)- p(8y.8v)]/q]
= p(Sx,Ty) < Amax{p(fx,gv)/2,p(fx,Sx),p(gy,Ty),
[p(fx,Ty)+ p(gy,Sx) |/ q}. .. (2.42)

The equation (2.42) describes an extension of the theorem proved by Imdad
and Kumar [12] into partial metric spaces.
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