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When both human and mosquito populations vary, forward bifurcation occurs if the basic
reproduction number R is less than one in the absence of disease-induced death. When
the disease-induced death rate is large enough, Ry= 1 is a subcritical backward bifurcation
point. The domain for the study of the dynamics is reduced to a compact and feasible region,
where the system admits a specific algebraic decomposition into infective and non-infected
humans and mosquitoes. Stability results are extended and the possibility of backward
bifurcation is clarified. A dynamically consistent nonstandard finite difference scheme is
designed.

Keywords: bifurcation analysis; dynamic consistency; global asymptotic stability; malaria; nonstandard
finite difference

1. INTRODUCTION

Malaria is caused by a protozoa of the genus plasmodium and is transmitted by
the female anopheles mosquito (vector). In contrast to Macdonald (1957), Chitnis
et al. (2008) introduced the model where the number of bites of mosquitoes per
human depends on the population sizes of both mosquitoes and humans. First, we
shall obtain an additional threshold number & and establish the global asymptotic
stability of the disease-free equilibrium when R,<¢<1, making the interval
&< Ry <1 the specific region where backward bifurcation occurs. The number ¢
serves to check the stability of the infectious-related Metzler matrix which is involved
in the decomposition. We shall design a nonstandard finite difference scheme as a
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reliable numerical method and demonstrate computationally that our scheme dis-
plays the backward bifurcation phenomenon when £ < Ry < 1.

2. THE MODEL

From Chitnis et al. (2006) the dynamics of malaria is:

Su(8) = M+ Y Ni(t) + pyRu(2) — c(Ni(2), Ny () B d o (0)S(2) — f1(Na(2))S(2), (1)

Ej,(t) = c(Nu(2), No(2)) B d o () S(1) — vhEn(t) — 1 (N1(0) En(2), (2)
1,(8) = viEy(t) — (i + 5 (Na(2)) + 1) i (2), 3)
Ry, (t) = yudn(t) — ppRu(t) — f1(N1(2)) Ra(2), 4)

Sy(0) = Uy Ny (6) = e(Na(0), No (0)) (B (1) + BunRa(2)) S (1) =, (NW(0)Su(0),  (5)

By(1) = e(Nu(0), No (0) (BaZn(2) + BaRa ) Su(0) = hEv(1) (N ES(D),  (6)

Ilv(t) = Vva(t) _fv(Nv(t))Iv(t)‘ (7)
with

Fn=tn+waNu(®), fy=p,+m,Ny(0), (8)

Ni(?) = Su(t) + En(2) + In(1) + Ri(2), N.(0) =S,(0) + Ev() +L,(2), (%)

_ 0,0}
o GhNh(l) + O'va(l) )

c(Ni(1), N»(1)) (10)

The flow diagram of the model is represented in Figure 1, the state variables are
enumerated in Table 1, and the parameters in Table 2 given in Chitnis et al.
(2006) are reproduced.

Table 2 presents three sets of parameters treated in Chitnis et al. (2006, 2008)
and which are used in the numerical simulations of Section 4. The populations N,()
and N, (1) satisfy:

N(1) = (¥, =ty — 1, N (1) N (1), (11)
and
N, () = An+ (U — tin — 12 Nn () Na(t) — nln(2). (12)

Eq. (11) has a nontrivial equilibrium at:

N*:lpv_,ulv, (13)
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Figure 1. Compartmental flow diagram.

which is globally asymptotically stable on N,>0. The explicit solution of
Eq. (11) is

_ NN, (0)
Rl Y ) o v () P (14)

If 5, =0 or the human population is disease-free (1, =0), then Eq. (12) is reduced to:

Ny = An+ (), — iy, — B2iN1)Na, (15)

which is decoupled from the rest of the model. The nonnegative equilibrium in this
case 1is

Table 1. The state variables of Eq. (1)—~(7)

Humans Mosquito

S;,: Number of susceptible humans S,: Number of susceptible mosquitoes
Ej: Number of exposed humans E,: Number of exposed mosquitoes
I,;: Number of infective humans I: Number of infective mosquitoes

R;: Number of recovered (immune and asymptomatic, but slightly infectious) humans
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Table 2. Description of parameters and three sets of values used in the simulations

Description Set 1 Set 2 Set 3

Humans

Ay immigration rate 0.041 0.03285 0.033

Vi relative birth rate 55x107° 7.666 x 107> 1.1x107*

Hin density-independent force of mortality/ 8.8x1076 4212 %107 1.6 x 107°
out-migration rate

Hon density-dependent force of mortality/ 2x1077 1077 3x1077
out-migration rate

oy bites tolerated by a human per unit time 4.3 18 19

Bry probability of transmission of infection 0.022 0.02 0.022
from infective mosquito

Vl—h average duration of the latent period 0.1 0.08333 0.1

7, recovery rate 0.0035 0.003704 0.0035

p, loss of immunity rate 0.0027 0.0146 0.00055

J, disease-induced death rate 1.8x107° 3454x 1074 9x107°

Mosquitoes

v, relative birth rate 0.13 0.4 0.13

My density-independent force of mortality 0.033 0.1429 0.033

oy density-dependent force of mortality 7x107° 2279 x 1074 2x107°

ay bites required by a mosquito per unit time 0.33 0.6 0.5

Bon probability of transmission of infection 0.24 0.8333 0.48
from infective human

th probability of transmission of infection 0.024 0.08333 0.048
from recovered human

L average duration of the latent period 0.083 0.1 0.091

5 1/2
\ e ((lﬁh — W)+ 4ﬂ2hAh)
N, = o . (16)

Using Eq. (12), and the fact that —,N, < — d,1, <0, the population N, when con-
sidered independently of the model, satisfies the differential inequalities:

A+ Wy — by — apNi(O)Ni(t) = 6uN4(2) < Njy(2) < Ag

+ Wn — m1n — B2 Na(2))Na(2). (17)

In the terminology of Mickens (2007), Eq. (11) and (17) are conservation laws.
While the first conservation law Eq. (11) has the explicit solution given in Eq. (14),
the situation is different for the second conservation law (17), from which we derive
inequality (22) below.

Consider the lower bound equation from Eq. (17):

N, (8) = An+ (Y — s — w2 Na(0))Na(2) — 0nNu(2), (18)
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and let N# denote its nonnegative equilibrium:

1/2
Yy — iy —0n+ (('Ph — Uip— 5h)2 + 4ﬂ2hAh)

NI = 2u5, 1)
We assume that the parameters are such that:
N*>0, Nf>0 and N;>0. (20)
Given the initial condition:
N;(0) = Np, (21)

let N;,() and N,,(¢) denote the solutions of Eq. (15) and (18), respectively. Using the
monotonicity Theorem 8.XI in Walter (1970), the conservation law (17) implies that
the solution of Eq. (12) with the initial condition (21) satisfies:

N,(1) < Ny(1) < Ny(1). (22)

The RHS inequality in Eq. (22) is often obtained by the Gronwall inequality,
but the upper bound in Eq. (17) is not linear in Nj,. Chitnis et al. (2006) showed that
the epidemiological model Eq. (1)—(7) defines a dynamical system on the unbounded
positive cone:

D = {(Sh, En, In, Ru, Sv, Ey, 1,) € R" | (Sh, En, In, R, Sy, Ey, 1,) > 0} (23)

with, in terms of Eq. (13) and (16), the disease-free equilibrium (DFE) being given by:
& =DFE = (S},,E;.I,,R;,S;,E,, I,) = (N,,0,0,0,N;,0,0). (24)

vty

Consider the vector function:

~ T
F= (c(N;,, N By LySh, 0, 0, ¢(Ny, N,) (ﬁvhlh + ﬁvth) S,, 0) , (25)

representing the rate at which secondary infections increase the relevant disease
compartments, while the vector function:

V= ((Vh + ) Eny v + 1+ 0n) I — viEn, —ypLn + (py +f 1) Ras
T (26)
(Vv +fv)EV7 _VVEV +fv)1v>

with f,=7,(N,) and f,=f,(V,), represents the rate at which disease progression,
death, and recovery decrease these compartments. Following Diekmann and
Heesterbeek (2000) and van Driessche and Watmough (2008), the next generation
matrix is JgJ ,‘,1, where Jr and J- are the Jacobian matrices of the vector-functions
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F and V evaluated at the DFE, and the basic reproduction number Ry is defined as
the spectral radius of J FJ,‘,I: Ry =p(JJy Y. After computation, we obtain the
result of Chitnis et al. (2006) rewritten as:

By \ NN 12
Ro— ety 0 oD (el MNS )
TN TN+ 1, N) G + 7,005 + 30

Theorem 1. The disease-free equilibrium &, is locally asymptotically stable if Ry < 1
and unstable if Ry>1. In the absence of disease-induced death (6,=0), the
transcritical bifurcation at Ry=1 is forward supercritical.

In the case when Jy, is large enough, Chitnis et al. (2006) conjectured that there
is a subcritical backward bifurcation at Ry=1.

3. RESULTS

The region D on which Chitnis et al. (2006) studied the malaria model Eq. (1)-
(7) as a dynamical system is unbounded. In view of the conservation laws (11) and
(22), it makes biological sense to work with the much smaller region:

G ={(Sh En I R, Sy, Ev I,) € DINF <Ny SNj, Ny =N}, (28)

and to expect that the asymptotic behavior of the system on D is equivalently studied
on G. This fact would mean that the population dynamics does not affect signifi-
cantly the long-term behavior of the epidemiological model. In this sense, the region
G is biologically feasible. We recall some basic definitions related to LaSalle’s
Invariance Theory for dynamical systems (LaSalle, 1976).

Definition 2. A compact set M C D is called stable for a dynamical system defined
on D if for every neighborhood U (in the topology on D) of M there exists a neigh-
borhood W of M such that every trajectory initiated at a point in W is in U for all
t>0.

Definition 3. A compact set M C D is called an attractor of a dynamical system
defined on D if there exists a neighborhood U of M such that for every point
x € U and neighborhood W of M there exists a time ¢, > 0 such that the trajectory
initiated at x belongs to W for t> ¢, y~. The largest set U is called a basin of attrac-
tion. If U="D the set M is called a global attractor. A set M which is both stable and
a global attractor is said to be globally asymptotically stable (GAS).

When the set M is a singleton, definitions 2 and 3 identify the usual properties
of stability and attractiveness of equilibria.

Theorem 4. The set G given in Eq. (28) is GAS for the dynamical system of Eq.
(1)—(7) defined on D.
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As mentioned earlier, the fact that G is a globally asymptotically stable set
reduces the study of the dynamical system of Eq. (1)-(7) from D to G. For example,
G contains the positive limit set of any trajectory of the dynamical system on D.

Theorem 5. Let a positive dynamical system, discrete or continuous, be defined on a
set D C R" and let a compact set £ C D be globally asymptotically stable. Denote by M
the largest invariant subset of £. Then M is GAS on D. In particular if M = {x*} where
x* is an equilibrium of the system with basin of attraction containing £ then x* is GAS
of the system on D.

Theorem 5 is a form of LaSalle’s Invariance Principle. The essential difference
is that here we use the GAS of £ instead of a Lyapunov function for defining £. A
compact set is stable if and only if there exists a Lyapunov function for it (Auslander
and Seibert, 1964).

Motivated by Theorems 4 and 5, we consider the dynamical system of Eq.
(1)(7) on the smaller set G. For the global asymptotic stability of the DFE on G
(Castillo-Chavez et al., 2002; Kamgang and Sallet, 2008) we decompose the vector:

x := (Sh, En, In, Ry, Sy, Ey, 1) (29)
of dependent variables into the vectors:
xs:= (Sp, Sy)7, and x;:= (Ep, In, Ry, Ey, I,)", (30)

which represent the noninfected and the infected humans and mosquitoes, respect-
ively. The nonzero component of the disease-free equilibrium is:

x; = (N;, 7). (31)

The original model is then written on the domain G in the matrix form:

x(2) = A1(x(2)) (x5(2) — X)) + A12(x)xi(2), (32)
x;(t) = A2(x(2))xi(2), (33)
where
Ay(x) = (wh_C(Nh)ﬁhvlv_/tlh_/‘2hN;;_,u2hNh 0)7 (34)
0 —c(Nw)(Buuln + ByiRn) — Ny
Apy(x) = Un— Ny Yn— Ny, Yy — opNy + 05 0 —c(Np)Ny,
. 0 —c(Ni)N:By  —c(NN:By  ¥y—panNi ¥y — Ny )’

(35)
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—vyp—f4(Np) 0 0 0 (N n) BySh
Vh —Yh—On—f1(N#) 0 0 0
Ar(x)= 0 Vh —on = n(Np) 0 0
0 c(Nn)B.pSy C(Nh)thSv —vy—f,(NY) 0
0 0 0 vy —f(N})
(36)

For the entries of the matrices appearing in Eq. (32)—(33), we use the abbrevi-
ation ¢(Ny) = ¢(Ny,N}) = %—N‘?ﬁT because N, = N} = const on G.

Following Kamgang and Sallet (2008), in Eq. (32)-(33), the algebraic structure
of 4; and A4, as Metzler matrices is essential. A matrix is called Metzler if its non-
diagonal entries are nonnegative (Jacquez and Simons, 1993). The matrix 4, must
be irreducible, which explains why we further restrict the domain of the system to:

G={xeG:x,#0}. (37)

The set G is positively invariant because only the initial point of any trajectory
can have x;=0. From Eq. (1) and (5), we have S}, > 0 and S/, > 0 whenever S, =0
and S, =0, respectively. Thus:

A (x) is Metzler and irreducible for all x € G.

The diagonal entries of 4;(x) are negative because ¥, < u;;, + p,, N}, in view of
Eq. (16). Therefore,

x% is a GAS equilibrium of the system reduced to the subdomain{x € G : x; = 0}.
(38)

Theorem 4.3 in Kamgang and Sallet (2008) gives the GAS of the equilibrium of
a dissipative system of the form of Eq. (32)«(33), which satisfies Eq. (3) and (38)
provided there exists a matrix 4, with the additional properties:

Ay(x) <4y, x € G, (39)
if4,(X) = 4, for some X = (%, %;)" € G then X; = 0, (40)
a(4,) <0, (41)

where o(A4) denotes the largest real part of the eigenvalues of 4. For Eq. (32)-(33)
using the fact that:

Fa(Nw) > f(NT), (42)

c(Nh) < e(N}), (43)
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¢(N1)Si < (N} )Ny, (44)

we obtain the upper bound of A,(x):

~vn—fu(NY) 0 0 0 (N BN,
vi == —f (V) 0 0 0
A= 0 Vi —Pp _fh(N#) 0 0
0 c(NE)BuN;  c(NDBuNE —vy—f,(N}) 0
0 0 0 v, —f,(N?)
(45)

The last entry in row 1 of A, is bounded as ¢(N)B,,Sr < ¢(Np)By,Np <
c(N},) By, N}, because c(Ny)Pu,Ny is an increasing function of N,. In the third row
of Aye(Np) < c(Nf) because ¢(N,) is a decreasing function of N,

The equality 4,(x) = A4>(x) is possible only when S, = N, and S, = N which
implies x;=0. Therefore both Eq. (39) and (40) hold.

Theorem 6. The matrix A, is a Metzler matrix which satisfies stability condition Eq.
(41) whenever the basic reproduction number in Eq. (27) satisfies the inequality:

RO < 57 (46)

where the additional threshold number & is given by:

_ (O'hN# +a,N, S v +,u1h+ll2th y Vi + On +,u1h+ﬂ2hN#
onNy, + 0N, vh+ i+ wopNy v+ O+l + NG,
12

e b
y ﬂvh + ﬁVh p/,Jr,Umjlﬂuthh
ﬁvh + ﬁVh

(47)

—_ Y
PutiptionN, f

We apply Theorem 4.3 in Kamgang and Sallet (2008) and conclude that under
condition (46), the disease-free equilibrium (x},0) is GAS on G. From Eq. (37) for
the points of G where x;=0, and from Eq. (46):

the disease-free equilibrium is GAS on G. (48)

Combining Theorem 4, Theorem 5, and Eq. (48) leads to:

Theorem 7. If the values of the parameters of Eq. (1)—(7) are such that Eq. (20)
and (46) hold, then the disease-free equilibrium is GAS on D.

Using the fact that N # < N;, we have ¢ <1. Therefore, the result in Theorem 7
is consistent with the bifurcation analysis in Chitnis et al. (2006) who proved that if
0, =0, the bifurcation at Ry=1 is forward supercritical. If 6, =0, then N f = N, and
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Table 3. Threshold numbers for the three sets of parameter values and the stability of DFE

Set 1 Set 2 Set 3
Ry 0.9503 0.9898 4.4402
¢ 0.9583 0.4124 not relevant
Threshold condition Ry <& E<Ry<1 Ry>1
Stability of DFE GAS asymptotically stable (possibly co-exists unstable

with endemic equilibrium)

¢=1. This means that the DFE is GAS whenever R, < 1, which also implies that in
this case the DFE is the unique equilibrium (no co-existence with an endemic
equilibrium-EE). If §,>0, ¢ <1, then it is possible to have co-existence with an
EE for Rye (¢, 1]. To confirm whether or not the backward phenomenon occurs
in this case, one can use the center manifold theory, which provides sufficient con-
ditions (Carr, 1981; Castillo-Chavez and Song, 2004; Garba et al., 2011). The three
sets of values of the parameters given in Table 2 represent three qualitatively differ-
ent cases with respect to the values of the threshold parameters (Table 3). Numerical
simulations in Section 4 show the stability property of DFE in these three cases.

In particular, when ¢ < Ry<1 the DFE may co-exist with two endemic
equilibria (EE), one asymptotically stable and one unstable.

4. A NONSTANDARD FINITE DIFFERENCE SCHEME

We design a nonstandard finite difference (NSFD) scheme, which is consistent
with the dynamics of the continuous malaria model of Eq. (1)—(7). For the numerical
approximation of the model of Eq. (1)-(7), we replace the continuous time variable
t €0, oo) by discrete nodes ¢, =nAt, n € Z where At is the step size. We wish to find
approximate solutions S}, Ej, I, R, S, E}, I, N}, and N} of Sy, Ep, In, Ry, S, E,,

I,, N, and N, at the time #=1¢,. Our NSFD scheme reads as:

Sn+1 _ Sn
L ) b= Ap+ N+ pu R — c(NB, N B IESE — £ (ND)SEL, (49)
EZ-H - E; n AT n gnt1 n+1 —
o(AD) (N3, NY) B L3Sy — vnEy™ — fu(NRER, (50)
IZ—H _ Z 1 1
oA VB, — (o +f0(N}) + 0, (51)
Rn+1 — R"
h¢(At) h_ 'thZ-H _ thZ+l _fh(NZ)RZ—H) (52)
Sn+1 _ s _ 1 1
—Lt = YNy — (NG, NY) (Budy + Bu RS — £, (N})S)H, (53)

b(Ar)
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E:JH_I — E:zl R n

W = C( Z?Nz)(ﬁvhlz + ﬂvhRZ)Sv—H - VVET)H_I _fv(N"f)E;:Jrla (54)
n+l _ gn

o S BT = (55)

The numerical scheme of Eq. (49)—(55) is called a nonstandard finite difference
method (Mickens, 1994; Anguelov and Lubuma, 2001, 2003) because nonlinear
terms are approximated in a nonlocal way by using more than one mesh point:
for instance c(N;, N,)Bn.1,S, is approximated by c(NZ,N’V’)BhVI’jSZJrl instead of
c¢(N,, NY)B, I,S;, and because the standard denominator At of the discrete
derivatives is replaced by a more complex function positive ¢(Af) which satisfies
the condition:

d = ¢(A?) = At + O((Ar)). (56)

The denominator function should reflect the essential qualitative features of the
original continuous model. The NSFD scheme of Eq. (49)—(55) is inspired by the
family of schemes that Anguelov et al. (2009a, 2009b, 2010a, 2011, 2012) designed
for the basic MSEIR compartmental model. Eq. (49)—(55) are implicit but at every
step they only require the solution of the linear system:

AP (P, EL et geet gned et et )T

; (57)
= (S} + o(At)(An + YNy, Ef, I, RE, S+ ¢(At)Y,NY, ELL T
where
AX) = (Au(gxn) Azz(zx”))’ (58)
L+¢(c" B Ly +17) 0 0 —py,
A () = —oc" By, I, 1+ ¢(vn+f}) 0 0
R 0 —dvn L+ S+ ) 0 ’
0 0 —dyy L+ ¢(pp+17)
(59)
1+ (" (Budy+ By Ry) +17) 0 0
An()=[  —p(BuLi+BaR)  1+dm+fD 0|, (60)
0 _¢Vv 1+¢f’;

and we use the abbreviations ¢ = c(N},,N%), fr =f,(N}), 3 =1 ,(N%), ¢ = d(At).
First, using the sign structure of the matrices A;; and 4,, and the fact that their
columns are strictly diagonally dominated, we deduce that 4,, and A,, are M-matrices
for x* € D. This implies that 4;;' > 0 and 4,, > 0. Therefore, the scheme of Eq.
(49)—(55) preserves the nonnegativity of the solutions of the continuous
model. In particular, Eq. (49)—(55) define a discrete dynamical system on the domain D.
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Second, by adding Eq. (49)—(52) we obtain the discrete scheme for the human
population:

n+1 n

— _ n\ arntl n+1
) = Ay + YNy = (NN, ol (61)

or, equivalently:
(1 + AOf (NN + d(AnSIH = (1 + ¢(AnY, )N; + p(ADA,. (62)

Hence the sequence (N}) satisfies the inequalities:
F,(N}) < Nj™ < Fu(Ny) (63)

where

F, () = LAY,y + $ADA,
B0 =T375807,0) + d(B)o,
Fi(y) = (LE S0y + (MDA,
WO =T 5ane

N; is a fixed point of Fj, while N f is a fixed point of F,. The positivity property
is preserved with the standard denominator A¢ in place of ¢(Af). However, for the
preservation of other properties including a discrete conservation law, we use a
denominator function satisfying Eq. (56) as well as:

1
B (At) < (Anpap) > (64)
If A,=0 or uy;,=0, the function ¢(Af) need not be bounded. We take:

L
$(8) = Ay (1= ),
Under Eq. (64), we have:

dE, _ (1+ ¢(A0,)(1+ (AN (14 + 81)) — $°(A1) Anpsay S

dy (14 (ANf () + (A1) .
dFy _ (1+ o(A0y,) (1 + ¢(ADp,) — ¢° (A1) Appsy 0.
dy (1+ (A0S ()

Using Theorems 1, 2, and 3 in Anguelov and Lubuma (2003), we obtain that
the difference schemes:

N =TFy(N7), (65)

Nt = E,(N7), (66)
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replicate correctly the behavior of the solutions of differential Eq. (15) and (18) they
approximate. They preserve the monotonicity of the solutions, the equilibria, and
their basins of attraction. In this case we actually have replication of all topological
dynamical properties of the original dynamical system, a concept which in Anguelov
et al. (2011) is referred to as topological dynamic consistency. In particular, denoting
by (V) and (N?) the solutions of Eq. (65) and (66) respectively, the solution of Eq.
(62) satisfies the analogue of the conservation law, Eq. (22):

Ny, <Ni<N,, neN (67)

provided that the sequences are initialed at the same point. Using similar techniques
in the simpler case of the vector population we obtain that the sequence (N7}), .
satisfies the difference equation:

N = F\(N}), (68)
where

_ (A +6A0y,)y

FO)=T35007,0)°

(69)

which is topologically dynamically consistent and hence replicates correctly the
dynamics of the continuous dynamical Eq. (11). The next theorem is obtained by
using the dynamic consistency of Eq. (65), (66), and (68) as well as inequalities
(67). The proof is similar to the proof of Theorem 4.

Theorem 8. The set G given in Eq. (28) is GAS for the discrete dynamical system
(49)—(55) defined on D under the condition (64).

In view of Theorem 8 and of the analogue of Theorem 5 for discrete dynamical
systems, the analysis of the asymptotic behavior of the solutions of Eq. (49)—(55) is
restricted to the compact set G. Using a discrete equivalent of the theorem of
Kamgang and Sallet established in Anguelov et al. (2010a), we obtain:

Theorem 9. If the values of the parameters of Eq. (1)—(7) are such that Eq. (20)
and (46) hold, then the DFE is a GAS equilibrium of the discrete dynamical system
(49)—(55), with Eq. (64), on D.

For numerical simulations we use the nonstandard scheme (49)—(55) due to the
established consistency with Eq. (1)~(7). Standard numerical methods fail to preserve
the dynamics of continuous models. We consider the three sets of data shown on
Table 2. Figure 2 represents the coordinates related to the human population in a
solution. After a short initial period the rate of change of the compartments is com-
parable with the rate of change of the total population (plot on the left). The solution
approaches the DFE but due to the relatively slow change in the population size due
to its vital dynamics (births, deaths, migration) it takes relatively longer to reach a
close proximity of the DFE. The total population always remains between N, and
N, in this case, being practically indistinguishable from N, (plot on the right).
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Figure 2. Human population for parameter values from Set 1 in Table 2. Left: by compartment; right:
total population, its lower bound N, and its upper bound Ny, in terms of Eq. (22) (right).

Similarly, the plots in Figure 3 are obtained for the model with values of the
parameters from Set 2. Two solutions are represented, one converging to the DFE
(bottom) and one converging to an EE (top). In both cases the conservation law

Total number Total number

Total population PR
""o Nh_—
300 = 600 Upper bound--.,
Susceptible Total population
200 400 -
Infective
100, 2" 200
Recovered\ Exposed -
S 3 =
0 3 0 h . )
0 200 400 600 800 0 0.5 1 1.5 2 25
Time (days) Time (days) x10
Total number Total number
o _—‘N*
/_Total population 800 .. Nh
600 = “~-Upper bound
Susceptible 600 =
400 Total population

400
‘_Infective _..~Lower bound

Exposed 200 ¢

0 200 400 600 800 0 0.5 ) 1 1.5 52
Time (days) Time (days) x 10

Figure 3. Human population for parameter values from Table 2, Set 2: by compartment (left); total popu-
lation, its lower bound A, and its upper bound N}, in terms of Eq. (22) (right); converging to EE (top);
converging to DFE (bottom).
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Figure 4. Human population for parameter values from 2, Sct 3: by compartment (left); total population,
its lower bound XN, and its upper bound N in terms of Eq. (22) (right).

(22) is preserved (plots on the right). The initial dip in the total population size
occurs when the solution approaches the DFE (bottom, right).

Figure 4 shows a solution obtained by parameter values from Set 3 and initi-
aled at a point outside the disease-free manifold (E, = I, = R, = E;, =1, =0). All such
solutions converge to an EE.

Figures 5, 6, and 7 provide phase diagrams on the indicated plane with each of
the three sets of parameter values. The five pointed stars indicate the initial points of
the trajectories. The shaded area is the projection of the set G. An invariant manifold
of one dimension less is indicated on each Figure. The EE and the DFE co-exist on
Figure 6. There are two asymptotically stable equilibria, denoted by circled stars and
an unstable equilibrium denoted by a circle, all within region G. This unstable

Infece (hl + h)

o \ |

120
100
80

. /])\

0 200 "800
Susceptlble h

Figure 5. GAS of DFE: Phase diagram of Infected (Ej,+ I, + R;) versus Susceptible (S;) for the model
with parameter values from Table 2, Set 1.
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Figure 6. Backward bifurcation: Phase diagram of Infected (Ej,+ I, + R;) versus Susceptible (S;) for the
model with parameter values from Table 2, Set 2.
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Figure 7. Unstable DFE: Phase diagram of Infected (E,+ I, + R,) versus Susceptible (S),) for the model
with parameter values from Table 2, Set 3.

equilibrium, which is a saddle point, actually accounts for the dip in the population
size observed on Figure 3.

5. CONCLUSION

We have proved the global asymptotic stability of the disease-free equilibrium
in the Chitnis et al. (2006, 2008) model and specified the region of its backward bifur-
cation. We have designed a nonstandard finite difference scheme that is dynamically
consistent with the original model. A possible extension of this work is in the setting
of the sterile insect technique (Dumont and Tchuenche, 2012).
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6. APPENDIX: PROOFS OF MAIN RESULTS

Proof of Theorem 4. With Eq. (15) and (18) appended with initial condition (21),
we associate Eq. (11) with the initial condition:

N,(0) = N°. (70)
For ¢> 0, denote:

B,(G) = {(Sh,Eh,Ih,Rh,Sv,Ev,IV) € DIN} —e <N, <N} +¢,

(71)
Nt—s<NV<N’;+s}.
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The collection of sets {B.(G): ¢ >0} is a complete neighborhood system of the
compact set G in the relative topology of D. This means that for the neighborhood
sets in Definitions 2 and 3, it is enough to consider the sets in this collection.
Consider an arbitrary ¢ > 0. The points N, N, and N # are globally asymptotically
stable equilibria of the dynamical systems defined by Eq. (11), (15), and (18) respect-
ively on the interval (0, +-00). For any initial point of Eq. (1)<(7), N € (0, +00) and
N? € (0, +00). Therefore there exists #, >0 such that for any 7> ¢, we have:

NI — e < N,(t) < Ni(t) <Nu(t) < Nj +e, (72)
N, —e<N,(t) <N} +¢ (73)
or, equivalently:

(Su(2), En(2), In(2), Ri(2), Si(2), E\(1), 1,(1)) € By(9). (74)
This proves that G is a global attractor. Due to the monotonicity of N,(¢), Nj(t), and
N,(t) we have:

{N}f—s<N2<N;;+s :’{Nf—s<ﬂh(t)§Nh(t)§Nh(t)<N,’;+e
N:i—e<NY<N:+e N —e¢< N,({) <N +¢
(75)

This means that any solution of Eq. (1)—~(7) which starts from a point in B,(G)
remains in B,(G). This shows that the set G is stable. O

Proof of Theorem 5. The proofs are similar for discrete and continuous dynamical
systems. In the case of continuous dynamical system defined on D by a system of ODE:s:

Yy =f), (76)

the set M considered in the theorem is closed and therefore compact because the closure
of an invariant set is also an invariant set. For y(yo, ¢) a solution of Eq. (76) satisfying
y(¥o, 0) = yo, denote by Q(3°) the positive limit set of y(yo, 7) (LaSalle, 1976):

Q") = () dosure({y(y,1):¢>T}).

0<T<+00

AsQ(y°) C &, using the properties of limit sets in chs. 2.4 and 2.5 of LaSalle (1976),
Q(yo) is an invariant set. Therefore, Q(yo) C M. The set Q(yo) is closed, it is also
compact. The fact that any neighborhood of €(y,) contains y(y, ?) for ¢ sufficiently
large implies the same property for any neighborhood of M. Hence M is a global attrac-
tor. The proof of the stability is based on the same approach as in LaSalle (1968),
though not using a Lyapunov function. Assume that M is not stable. Then, there exists
a neighborhood W of M such that given any positive integer » there exist y, and ,, > 0
satisfying dist(y,, M) < % and y(y,, t,) € 0W. Using compactness, we assume without
loss of generality that the sequences (y,) and (z,,) are such that lim,_,, y, = y € M and
lim,,_,..y(Vu, 7,) =g € OW. With the fixed sequence (y,;), we associate the set:

V+ = {Z : EI(l‘n) : nll{&y(ym tn) =z Z¢M}, (77)
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which is nonempty because gcy'. Let z€y" and let (¢,) be a correspond-
ing sequence. For each such time sequence we have lim,,_,.z,=+ co. Because if
(z,) has a subsequence (Zn) which converges to some 7€ (0,+0c0) then
im0 Y(¥,, ) = y(P, ) € M, which is a contradiction. For any 7 € (— oo, +00), the
sequence (y(y,, t, + 1)) is defined for sufficiently large » because we are dealing with a
positive dynamical system. In view of the semigroup property of the solution operator,
we have lim,,_, . .y(y,,, t, + £) =lim,_, .. y(y(Vy, 1), 1) = ¥(z, £). The set M being invariant
and z¢ M, y(z, )& M. Therefore y(z, ) € y" with (¢,+¢) as an associated time
sequence. This implies that y* is both a positive and a negative invariant set of the
dynamical system on D. Then we use the stability of £ to show that y* C £. Let U be
an arbitrary neighborhood of £. From the stability of £ there exists a neighborhood
U of & such that y(y,, £) € U for all ¢ >0 whenever Yo € U. Due to the fact that dist
(¥, &) <dist(y,, M)—0, y, € U for sufficiently large n. This implies that y(y,, ) € U
for sufficiently large n. Therefore, for every z€ 9™, z=1im,_,..y(V,, ¢,) € closure (V).
Because U is arbitrary and due to the compactness of £, z € £. Hence 7" C £. Because
M is the largest invariant subset of £ we have y* C M, which contradicts the definition
of the set y* in Eq. (77). This completes the proof of Theorem 5. 1

Proof of Theorem 6. We write the matrix 4, defined in Eq. (45) in a block form:

A, = (ﬁ g) (78)

where B is a 3 x 3 matrix and F is a 2 x 2 matrix. Using Kamgang and Sallet (2008)
or Lemma 5 in Dumont et al. (2008), 4, is a stable Metzler matrix if and only if B
and E— DB 'C are stable Metzler matrices. The matrix B is lower triangular
with negative diagonal entries. Hence it is a stable Metzler matrix. Moreover, its
inverse being:

1
Vh+fh(N#) 0 0
1 vi(ost s (N))) 1
B = - d Vh+5h+fh(Nf) 0 ’ (79)
Vilh Wi+ (N#)) 1
d d ph+fh(Nf)

where d = [det(B)| = (v + /(N + 5 + F4(NE) (s +£4(N ), we have:

O C(Nz)ﬂthZ
Vit 5(N})
BlC=—|¢ cWbuNpmontfu(N])) (80)
d 7

O ('(N;;)ﬂhVNZVth
d
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0 C(NZ)ﬂthZC(Nf)Nth (Bun (st n (Nf))'f‘ﬁvhyh)
d
DB'C=- : (81)

and

_Vv _fv (Ni) C(NZ)ﬂIWN;,c(Nf)N:V/lSdﬁvh(p/z+fh(Nf))+thyh)
E-DB'C= . (82)

vy —f(V3)
Using the fact that tr(E — DB~'C) <0, we have:

«(E — DB~'C) <0 if and only if det(E — DB~'C) <0, (83)

or, equivalently:

N BN NN v Bulon + F (NI + Buts) _
wn + L3N n + 00+ LoV (o1 + F(NT))

(v + £, (NS (V) —v :

(34)

which means that:

NG DN (B + Bt
o + 1oV G+ 00+ Fa N + 1N (VD)

With the basic reproduction number in Eq. (27), the threshold inequality (85) is
equivalent to inequality (46). O

(85)

Proof of Theorem 9. We consider here only the case Ry < ¢ or equivalently:

a(4,) < 0. (86)

The proof is based on an application of Theorem 3 in Anguelov et al. (2010a). We
write the system in a form similar to Eq. (32)—(33) as:

Xt =g, xf), (87)

PNy = O )Xy (88)

where






