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It is shown how exact formulas for the longitudinal and transverse dielectric correlation times 
and complex polar&ability tensor, of a single axis rotator with two equivalent sites may be 
found. This is accomplished by writing the Laplace transforms of the dipole autocorrelation 
functions as three term recurrence relations and solving them in terms of continued fractions. 
The solution of these recurrence relations, in the zero frequency limit, yields the correlation 
times in terms of modified Bessel functions of the first kind. The previous result of Lauritzen and 
Zwanzig for the longitudinal relaxation time, based on an asymptotic expansion of the Sturm- 
Liouville equation, is regained in the limit of high potential barriers. 

I. INTRODUCTION 

Debye’ in 1929 introduced a model of dielectric relax- 
ation of a crystalline solid which assumes that a dipole may 
take up only two oppositely directed orientations on either 
side of a potential barrier to rotation. He then demon- 
strated that such a model yields relaxation behavior similar 
in form to that predicted by his theory of rotational 
Brownian motion, however, the relaxation time now de- 
pends exponentially on the height of the potential barrier. 
This approach was subsequently generalized and extended 
by a number of authors’-’ to explain the dielectric relax- 
ation behavior of polar crystals. 

The simplest site model6 has two equivalent sites, lead- 
ing to a single relaxation time proportional to exp ( U/kT) , 
where U is the potential barrier between the sites, k is the 
Boltzmann constant, and T is the absolute temperature. 
According to Lauritzen and Zwanzig,6 the site model will 
provide a close approximation to the relaxation behavior if 
the energy barrier to rotation is large and if the orienta- 
tional sites are closely defined by the crystalline field. The 
assumption of the site model that only two orientations are 
possible for the dipole will fail6 when the ratio of the bar- 
rier energy to the temperature falls below a certain value. 
Thus in order to comprehensively analyze the relaxation 
behavior, Lauritzen and Zwanzig abandoned the discrete 
orientation model and assumed a continuous distribution 
of orientations the evolution of which is governed by the 
Smoluchowski equation. In order to simplify their calcula- 
tions they constrained the dipole to rotate about a single 
axis under the influence of a potential U sin’ CJ~ determined 
by the crystalline field. IJ~ is the angle describing the orien- 
tation of the dipole about its axis of rotation. This potential 
determines two potential minima on the sites at $=O and 

C# =P as well as two energy barriers located at 1$=rr/2 and 
$=3?r/2. 

A representative dipole of the assembly rotates in two 
dimensions. Thus having written down the Smoluchowski 
equation for the density of orientations in the configuration 
space $, Lauritzen and Zwanzig were able to calculate 
numerically the relaxation behavior for (a) an electric field 
applied perpendicular to the axis of rotation and parallel to 
the axis defined by the two minima of the potential func- 
tion; (b) a field applied perpendicular to the axis of rota- 
tion and parallel to the axis defined by the two maxima of 
the potential function. 

Process (a) is the longitudinal relaxation and leads in 
practice to a single relaxation time proportional to exp( U/ 
kT). In such a process the applied field leads to an in- 
creased occupation of one site with relaxation of the ori- 
entational polarization requiring that the dipoles abandon 
one site for another by crossing over the potential barrier. 
This process corresponds to that calculated using the two- 
equivalent site model.‘-5 There are an infinite number of 
relaxation modes in the longitudinal relaxation.6 However, 
almost all the contribution to the polarization arises from 
the activation process corresponding to the slow leakage of 
the dipoles across the potential barrier so that the decay is 
relatively slow. 

Process (b) is the transverse relaxation which unlike 
(a) does not arise from an activation process. Here the 
applied field leads to a bias in the occupation of the sites. 
The orientational polarization can now relax without the 
dipoles crossing the potential barrier. Thus the relaxation 
time is not governed by an activation process. It is thus 
relatively insensitive to the temperature and the corre- 
sponding decay takes place relatively quickly. 

The analysis of Lauritzen and Zwanzig6 proceeded 
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from the Smoluchowski equation by using the method of 
separation of the variables in order to convert the solution 
of that equation to a Sturm-Liouville problem. They then 
integrated the Sturm-Liouville equation by the fourth- 
order Runge-Kutta method.6 Hence they found the eigen- 
values and eigenfunctions by trial and error. Thus they 
were able to plot the transverse and longitudinal relaxation 
times and corresponding complex polarizabilities as a func- 
tion of the barrier height. Hence they were able to conclude 
that the longitudinal relaxation is dominated by the lowest 
eigenvalue which characterizes the barrier crossing pro- 
cess. Thus the relaxation effectively occurs by means of a 
single exponential decay. In the transverse process, on the 
other hand, they found that for very large values of the 
barrier height parameter two modes contribute to the re- 
laxation. Nevertheless, the relaxation times of these modes 
are approximately equal and the relaxation is effectively a 
single exponential decay. For intermediate barrier heights 
they found that the relaxation process may be closely rep- 
resented by the sum of two time decaying exponentials 
with different time constants, while for U=O the relaxation 
occurs through a single exponential decay. In addition to 
this numerical treatment of the problem they used a 
method based on the smallness of the lowest eigenvalue of 
the Sturm-Liouville equation to obtain an asymptotic ex- 
pansion for the greatest longitudinal relaxation time in the 
limit of high potential barriers. In particular they showed 
that the greatest longitudinal relaxation time is 

711 (4 =r Fcexp W), 

where 

(1) 
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not use this method here. Rather we shall expand the so- 
lution of the Smoluchowski equation as a Fourier series in 
the angle #J. This automatically leads to a set of coupled 
differential-difference equations for the relaxation behavior 
of the system. These may also be written down by averag- 
ing the Langevin equation as described in Ref. 9. The 
differential-difference equations are then arranged in the 
matrix form 

k=AX, (3) 

which is in a form suitable for numerical calculations. Al- 
ternatively, on noting that the Laplace transform of the 
hierarchy of equations is a three term recurrence relation, 
one may then solve that hierarchy for the Laplace trans- 
form of the decay function. This solution is in terms of 
products of infinite continued fractions in the frequency s 
and barrier height parameter (T as shown in the Appendix. 
On proceeding to the limit of zero frequency, one may 
write down expressions for the correlation times in terms 
of products of infinite continued fractions in the barrier 
height parameter CJ only. This expression, on simplifica- 
tion, may be expressed in terms of a series of modified 
Bessel functions of integer and half-integer order which 
allows one to write down an exact expression for the lon- 
gitudinal correlation time. A similar procedure can be used 
in the perpendicular case. The validity of these expressions 
may be checked using a numerical solution of Eq. (3) 
which in the zero frequency limit merely amounts to the 
calculation of A- ‘. The longitudinal and transverse com- 
plex polar&abilities (~11 (w) and al (w) may be written 
down from the Laplace transform of the appropriate decay 
functions by means of linear response theory. 

u 
2~7’~ ; r=tJkT. 

2a is the barrier height parameter, r is the Debye relax- 
ation time for a two dimensional rotator, [ is the viscous 
drag coefficient of the rotator. In passing, one should note 
that this relaxation time is also of major interest in the 
theory of magnetic relaxation of single domain ferromag- 
netic particles.’ 

The analytic formula of Ref. 6 is only valid for large 
barrier heights which limits its range of applicability. In 
addition, the complex polarizabilities may only be obtained 
numerically. It is the purpose of this paper to show how 
exact analytic formulas (valid for all barrier heights) for 
the longitudinal and transverse correlation times may be 
obtained from the zero frequency limit of the Laplace 
transforms of the corresponding decay functions. In addi- 
tion, we shall show how analytic formulas for the corre- 
sponding complex polarizabilities may be written down 
and how Eq. ( 1) may be recovered from the exact solution 
in the high cr approximation. It will also be shown how Eq. 
( 1) may be obtained from the transition state theory of 
Kramers.8 

We illustrate our method of obtaining exact solutions 
for the correlation times by referring to the motion of a two 
dimensional rotator in a U sin’ Q, potential. The methods 
we describe should also be applicable whenever the La- 
place transform of the differential-difference equations aris- 
ing from the Smoluchowski equation may be written as a 
three term recurrence relation. Such recurrence relations 
may always be solved in terms of products of infmite con- 
tinued fractions. The zero frequency limit of these may 
usually be written in terms of confluent hypergeometric 
functions (Kummer’s functions).” These have well de- 
fined asymptotic expansions which allow the high barrier 
limits of the correlation times to be obtained analytically. 
As an example we refer to the relaxation of single domain 
ferromagnetic particles which was originally considered by 
Brown’ using the Kramers theory.8 If the Laplace trans- 
form of the differential-difference equations is not express- 
ible as a three term recurrence relation then the Laplace 
transform of the decay function may always be obtained by 
writing the set of differential-difference equations as 

k=AX 

The customary method of analysis proceeds by regard- 
ing the correlation time as the reciprocal of the smallest 
eigenvalue of the Smoluchowski equation when that equa- 
tion is converted to a Sturm-Liouville problem.’ We shall 

then calculating the Laplace transform 

X(s)=(sI-A)-‘X(O), 

and proceeding as in Sec. II below. This procedure has 
been described in detail for a variety of potentials by 

J. Chem. Phys., Vol. 99, No. 5, 1 September 1993 

Downloaded 14 Feb 2001 to 194.167.138.212. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



Coffey et al.: Correlation times of dielectric relaxation 4013 

Risken.” In particular in this context we should mention 
the Lanczos algorithm. The Laplace transform of a corre- 
lation function may be readily expressed by this algorit,hm 
in terms of a continued fraction as has been demonstrated 
by Wassam and Torres-Vega”’ using the calculation of the 
spectral density of the incoherent scattering function of a 
Brownian particle in a spatially homogeneous isotropic en- 
vironment as an example. The particular advantage of the 
Lanczos algorithm in the present context has been empha- 
sized by Moro and Freed.13 They point out that typical 
Fokker-Planck equations arising from stochastic modeling 
of molecular dynamics are representable by very sparse 
complex symmetric matrices. Thus the calculation of the 

‘associated correlation function may be very efficiently im- 
plemented by the Lanczos algorithm. This is particularly 
important in problems which involve diffusion in phase 
space.r4 

II. REPRESENTATION OF THE LONGITUDINAL 
RELAXATION PROBLEM AS A SET OF 
DIFFERENTIAL-DIFFERENCE EQUATIONS 

The Smoluchowski equation for a particle free to ro- 
tate about an axis normal to itself under the influence of a 
potential 

V( 4) = U sin2 4 -pE cos C# (4) 

is6 

aw a wav 1a2?Y 
-=- -- at a+ g a$ +Z@ 9 ( 1 (5) 

where W( qS,t) is the probability density of orientations of a 
dipole on the unit circle. p is the dipole moment of the 
rotator. In order to study the longitudinal relaxation be- 
havior we suppose that the constant field E is switched off 
at t=O that is we seek the after-effect solution. Since the 
solution of Eq. (5) must be periodic in 4 we may assume 
that it has the form of the Fourier series 

p=a, 
W(#,t)= C a,(t)e@. 

p=--a0 
(6) 

On substituting Eq. (6) into Eq. (5) we have, using the 
orthogonality properties of the circular functions 

W) +$pw ==T [a,-,(t) -aj+2(t)], 
where we note that 

(cosp’)= 
J$%sP?,a,(t)e’@) cosp$ d# 

$~~~I”,a,(t)e@$ @ 

a-,+a, 
=- 

k0 

=fJtL say. (8) 

The differential-difference equation for a-,(t) is from 
Es. (7) 

2 

ti-,(t)+pya,(t)=~ [a-(p-2)(t)--a-(p+2)(t)l. 

(9) 
Whence we have with Eq. (8) 

m+pfJt)=$ [fp-2(t)-fp+2(t)]. (10) 
By inspection of Eq. (8 ) it is obvious that 

f-j&) =fpW (11) 

so that the solution of Eq. (10) need only be determined 
for positive p. Eq. ( 10) may further be decomposed into a 
set of equations for the odd and even f i( t) which are to- 
tally decoupled from each other. Here only the odd fi(t) 
= f 2p+ i (t) are of interest since we seek the relaxation be- 
havior of f,(t) . The odd fi( t) satisfy 

(2p+1)2 
f2p+dt)+ r fZp+l (t) 

d$+l)l = 
7 Lf2p-lw-f2p+3w. (12) 

The set of Eqs. ( 12) may be solved numerically by forming 
the vector 

(13) 

and writing them in the form 

k=AX, (14) 

where 

1 (l-a) u 0 0 0 *** 
\ 

I -3a 9 3a 0 0 -** 
A=-; o 

-5a 25 50 0 .-a ’ 
I 

(15) 

\ . . . . . . . . . . . . . . . **-I. 
In Eq. ( 13) p is taken large enough (equal to P, say) to 
ensure convergence of the set of Eqs. ( 14). For cr less than 
10 a 25X25 matrix is sufficient. 

The lowest eigenvalue which corresponds to the recip- 
rocal of the longest relaxation time is then the smallest root 
of the characteristic equation 

det(ilI-A) =O. (19 

The relaxation modes of f,(t) may be found from Eq. 
( 14) by assuming that A has a linearly independent set of 
P eigenvectors (R,,...,Rp) so thatI 

R-‘AR=?, (17) 

whgre R is the matrix consisting of the P eigenvectors Ri of 
A and ’ 
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TABLE I. Amplitudes aq+, of the first three modes of the decay of the longitudinal polarization as a function of the barrier height parameter (T and 
corresponding eigenvalues &,+ i, p=O, 1, 2. in the form /zzr,+, z A 25 X 25 matrix A is always sufficiently large to yield convergence for o values up to 
10. 

a3 Ql =3 a5 

0 1 9 25 0.5 0 0 
1 0.323 7 9.61 25.52 0.719 0.004 54 o.ooo 0219 
2 0.081 98 11.62 27.09 0.842 0.006 65 o.ooa 175 
3 0.017 16 15.19 29.71 0.9 0.004 48 0.000 376 
4 0.003 177 20.3 1 33.36 0.929 0.002 39 o.om 477 
5 0.000 546 3 26.83 37.97 0.945 0.00125 o.ooo 471 
6 0.000 089 66 Lo 34.52 43.45 0.955 0.000 702 o.ooo 41 
7 0.000 014 26 43.05 49.68 0:962 o.ooo 439 0.000 336 
8 0.000 002 217 52 56.51 6.967 o.ooo 304 0.000 27 
9 3.389E-07 60.99 63.8 0.971 o.ooo 228 0.000 217 

10 5.112E-08 69.8 71.41 0.974 o.ooa 179 0.000 176 

a1 0 0 *-- 
0 

B=O 1 

a, 0 -** 
0 a3 

-0. . . . . . . . . . . . . I* 
Whence 

X(t) =R exp(Bt)R-‘Xc, 

where 

I &’ 0 0 & 0 0 &3t 0 0 . . ..* . . . . 
exp(Bt) = 

\ . . . . . . . . . . . . I 
and 
The 

Xc is the matrix of the initial values of the f2p+l( t). 
solution of Eq. (14) may then be exhibited in the 

form15 

(18) 

(19) 

(20) 

X(t)=bIk*‘fR1+b2k2tm2+..‘+bp~~fRp+..., (21) 

where the constants bp are to be determined from the initial 
conditions. The initial value vector Xc is determined as 
follows. At time t=O the steady field E(t) is switched off. 
Thus 

j-p cos(2p-+ 1)~e(~“S2~+~Cos~~ d4 
= 

so 
~T&TCOS~~+~CO~~~) d$ .' , (22) 

where 

c=pE/kT, 

which in the linear approximation is 

.f2p+1(0)= 
~2,“cos(2p+1)~eocos2~[1+~cos~]d~ 

J~veucos 24[ 1 +g cos $]d$ * (23) 

We also have16 

(24) a$ = Al(O) = 
=k%k+ d2k+ 1 

%@2k+l ' 
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where I,(a) is the modified Bessel function of the first 
hind of order m. Whence using the orthogonality property 
of the circular functions 

(25) 

and noting that16 

I-,(a> =I,(d, 

we have 

(26) 

c E~p+l(d+~p(dl 
(cos(2P+l)~)=f,,+,(O)=2 IO(C) ’ 

(27) 
so yielding the initial value vector X0. The set of Eqs. ( 14) 
may now be solved to any desired degree of accuracy to 
yield the decay of the longitudinal component of the dipole 
moment in the form 

(28) 

The first three eigenvalues and amplitudes azk+ 1 are given 
in Table I as a function of a, whence the lowest mode 
contributes almost all the decay. The quantity of most in- 
terest to us is the area under the curve of the longitudinal 
autocorrelation function. The longitudinal autocorrelation 
function of the dipole in the linear approximation in c is 

so that the longitudinal correlation time is from Eq. (28) 

TII = s m Cl(t)dt= 
Bka2k+ In,: 1 

o 
%+2k+l ’ 

so that by inspection of the Table I, TII is effectively the 
reciprocal of the lowest eigenvalue. Another quantity 
which we shall require is the effective eigenvalue or 
weighted decay rate deflned as17*18 

(31) 
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which may also be evaluated from Table I. & is the recip- 
rocal time constant associated with the initial slope of the 
correlation function. It contains contributions from all the 
eigenvalues as does the correlation time T. The behavior of 
T and &’ is sometimes similar. In fact,‘* if a single eigen- 
value dominates the decay of the correlation function, 
T=&’ . However, if different time scales are involved T 
and &’ can be quite different and in this case & gives 
precise information on the initial decay of the correlation 
function. 

III. MATRIX FORMULA FOR THE CORRELATION 
TIME 

The definition of the correlation time given above [Eq. 
(30)] suggests a simpler way of finding TII than solving 
the characteristic equation 

det(sI-A) =O. 

First we note thatI 

(32) 

TII =yy 
_I 

om Ct(t)e-“‘dt=lim cl(s)=cl(0), (33) 
s-0 

where El (s) is the Laplace transform of Cl (t) and C, (0) is 
the value of that quantity at zero frequency. The Laplace 
transform of Eq. (3) is 

s%(s)-X(O)=Aif(s), (34) 

which, noting the final value theorem for Laplace trans- 
forms, namely, lg 

lim s?(s) = lim f(t) , (35) 
S-.0 t-co 

becomes 

X( co ) -X(O) =Az(O). 

Furthermore, 

(36) 

X(00)=0 (37) 

because the field 6 is switched off at t=O so that all the 
f 2p+ 1 ( CO ) vanish. Thus Eq. (36) becomes 

-X(O) =Afi(O) (38) 

with solution 

g(O)=-A--lx(O). 

Equation (38) may be expanded in the form 

(39) 

fl(O) 

f3(0) 

f2pil (01 
: . 

X (40) 

The function 

m> flo= TII (41) 

may now be extracted from the set above by simply calcu- 
lating A-' which is a function of (T only. This is much 
simpler than finding the lowest eigenvalue from Eq. (32)) 
which always requires to solve a high order polynomial 
equation, and has the great advantage of yielding TII di- 
rectly as a function of o. It should be noted that the 
method is not confined to the set of differential-difference 
equations for the f 2P+ *, but may be applied to the after- 
effect solution whenever the set of equations for the expan- 
sion coefficients in the corresponding Fokker-Planck equa- 
tion may be written in the matrix fomBq. (3)]. It also 
allows us to calculate all the functions f2P+l (0) and thus 
the correlation times of the other f2P+ 1 (t). We will now 
demonstrate how an exact analytical formula for TII may 
be obtained. 

IV. ANALYTIC FORMULAS FOR THE LONGITUDINAL 
POLARIZABILITY AND CORRELATION TIME 

Consid_er the Laplace transform of the recurrence re- 
lation for f i (s) which using 

7~l(t)+fl(t)=a[fl(t>-f3(t)l (42) 

is 

jl(s+fl(0)433(S) 

sr+(l--(T) . (43) 

This only holds for p= 1. In general we will have for p > 1 

s&(s) -f&m +< fpcs> =F [ fP-2(s) -7P+2(s>], 

which on writing 
(44) 

fp(s) &(s) =7 
fp--1(s) 

(45) 

may .be rearranged as the inhomogeneous recurrence rela- 
tion 

s+e+“p iip+2(s) =, I 
f,(O) up 

7 7 fp--2(s) +-r * 
(46) 
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The s@ution of Eqs. (43) and (46) will allow us to deter- 
mine fr(s). We note that the homogeneous equation (46) 
[i.e., with f,(O) =0] may be readily solved in terms of the 
continued fraction 

Sp(s) = 
(o-P/T) 

s+ (P2/d + (ap/ds,+,(s) ’ 
p=3,5;** 

(47) 

so that 

g(s) = 
3a 

50 
sr+9+3a 

70 
sr+25+50 

sr+49+7usg(s) 
(48) 

As shown in the Appendix we can then @ve the inhomo- 
geneous equation (46) in terms of the SJs) by succes- 
sively eliminating the other variables to get 

71(s) = 
r 

s-r+ (l--a>+&(s) 1 
J-l(O) -f3(0) sy 

(49) 

or 

m = 
7 

s7+(14+cTif3(s) 1 
flux 

+i p=l ~f2p+#o Ii 5 k=l 2Lc+1(4 9 1 (50) 

which on inserting the initial conditions explicitly becomes 

Tds>= 
7(5‘/2) 11(u) +10(u) 

sr+ (1 -a> +0$(s) IO(U) 

(51) 
This exact formula allows one to calculate the frequency 
dependence of the longitudinal component of the polariz- 
ability since2’ 

““o=l-io 
00 _T;b) 

ai (0) s 
e -‘~~Cl(t)dt=l-zYD- 

0 fl(O) - 
Thus on recalling that [cf. Eq. (27)] 

i-J2 Il(d +&)(a) 
a;l (O>=~T 

2Io(d 

we have 

aI1 (0) 1 
-= 
al; (0) - 1 iwr+ (l-a) +aS3(io) 

(1 -a) +cs3(iw) 

-iwr 
(-llP Ip+l(u)+Ip(a) 

Zl 0 I I (a)+&(a) I 1 

P 

x IT ?2k+l(i@) . 1 (52) , _ 
k=l I 

The most significant feature of Eq. (5 1) is however that it 
is capable of yielding an exact expression for the correla- 
tion time. We have, on setting s=O 

q _fl(O) 7 ” 
-= 

- I 
1 

flW (1-d+aS3(0) 

+E-- 
(- 1)P 

i 

Ip+l(d +I,(4 

P=l (2p+l) Il(d+~oKu I 
kfil ~2k+1ux . 1 

(53) 

Let us now consider the modified Bessel functions of the 
first kind of half-integer order. The modified Bessel func- 
tion of the first hind of order Y satisfies 

~v....l(Z) -~v+1(4 =f W), (54) 

which may be written as 

Iv(z) 2/2v 
-= 
4-l(Z) z G,+l(Z) ’ 

l’2y I,(z) 

(55) 

which is a continued fraction. 
If we now write v=k+f where k is an integer this 

expression becomes 

Ik+ l/2 -= 
Ik- l/2 

Z 

2k+l 

z Ik+3/2tz) . 
(56) 

Now the definition of &$k+ r (0) given by Eq. (47)) namely, 

?2k+l(@ = 
2k+l 

(57) 

l+- u :2k+3(0) 
2k+l 

is identical to Eq. (56) on expansion. Hence the g2,+ 1 (0) 
may be expressed in closed form as 

&+1(o) = 
Ik+1/2(d 

Ik-l/2(d * 
(58) 

The modified Bessel functions of the first hind are chosen 
rather than the Macdonald16 functions K,,(a), which also 
satisfy Eq. (57)) as TII must be finite at a=O. The advan- 
tage of this representation in modified Bessel functions of 
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half-integer order is that these functions have simple rep- 
resentations2’ in terms of elementary functions. Eq. (53) 
now becomes 

7 TII = I3/2(d 

(l-u)+um 
I 

X 
I 

p ~kk+1/2(Q) 
n 1 rl(d+IO(d k=l Ik-l,2(d * 

(59) 
On simplifying the product in Eq. (59) this equation re- 
duces to 

7 
TII = 

(1-o)++&$ 

1 f9W I9/2(4 --_... 

1 

7 1 
= 

I,/z(d 
I+ 

(l-u)+all/zo 

f l(W1,2(d 

x jl &32p+l(0~4+ln(4, 

where for convenience we have written 

f2P+luN=I,+lb) t-~,bJd 

J-l(O) Il(d t-ma> * 

Equation (6 1) may be written as 

7 
TII = I3/2 ( u, 

r.l+ecdl, 
(1-u)+u11/20 

where 

This is an exact formula for TII which is valid for all C. It 
is instructive to write out the first few terms of the series. 
We have using Eq. (54) 

T=& (e2”-1) 

(60) 

3Uo) .- 
u I 

Il(d 
(61) 1 Io(d 

- l-;+--$-~ + 
i 

8 8 48) (I-;+;) 
-- -._.- 

7 Il(d 
-+l 
IO(U) 

(62) 

(63) 

x[Lh++~]]+...). (71) 

In. writing down Eq. (71) from Eq. (70) we have simpli- 
fied f 2p; r (d)ijl (@) by utilizing Eq. (54). The Ip( a) for 
large values of (T are of the form’0”6 

Ipbk-& [1+0(k)]. (72) 

This equation when combined with the fact that2’ 

lim L(a)=1 (73) 
u-m 

means that for large u 

1 
i-- 

(-1Y 
Q(")=f1(o)11,2(~) p=l (2p+l)f2P+'(O)l,+l/2(~). 

(64) 

(65) 

Now from Refs. 16 and 21 we have 

I3,2 ( U) cash (T- ( l/c) shh ~7 
-= 
Il/Z(d sinh (T =L(u), 

where the Langevin function2’ 

L(a) =coth o-L 
u’ (66) 

Thus 

TII =$ (e2”-1)(1+Q(u>). (67) 

In order to simplify Q(o) we define the generalized Lange- 
vin functions L&a) as 

(68) 

where the L,(a) satisfy the recurrence relation 

2p+l 
Lp-l(d -Lp+&) =- u L,(o). 

Thus 

TII =&2g-1) l+pzl (2p+l) fl(()) P 1 co (-l>P f2p+lux L ((T) 

I 
* 

(70) 
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=g e20p( 1) 

(74) 

by the properties of the Riemann-Zeta function. [See Eq. 
(23.2.30) of Ref. lo]. This is Eq. (49) of Lauritzen and 
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TABLE II. Longitudinal correlation time in the form T,l /r as yielded by 
the exact solution [Eq. (70)] compared with the correlation time regarded 
as the numerical solution of the characteristic equation [Eq. (16)] for the 
inverse of the lowest eigenvalue. In calculating Eq. (70) p= 8 is sufficient 
to attain convergence for u values up to 10. 

u ww T/7 

1 3.089 07 3.070 25 
2 12.198 12.100 6 
3 58.2856 57.9727 
4 3 14.76 313.787 
5 1 830.49 1827.12 
6 11 153.5 11 140.2 
7 70 132.9 70 074.9 
8 45 1068 450 793 
9 2.95E+06 2.95&+06 

10 1.963+07 1.96E+O7 

Zwanzig6 which they derived using an asymptotic expan- 
sion of the Sturm-Liouville equation based on the small- 
ness of the lowest eigenvalue. 

The correlation time computed from Eq. (70) (see 
Table II) agrees satisfactorily with the numerical solutions 
for all u gained from the matrix approach by regarding T,I 
as the reciprocal of the smallest root of the characteristic 
equation [Es. ( 16)]. In Fig. 1 we show the correlation time 
calculated from Eq. (70) and the asymptotic expression 
[Eq. (74) of Lauritzen and Zwanzig6]. We also show in 
Fig. 1 the effective relaxation time r$ = (& ) -‘. The lim- 
iting procedure leading to Eq. (74) has been carried out 
using the high u limit of the modified Bessel functions Ip. 
In doing this we implicitly assume that u exceeds p the 
order of the Bessel function. A more mathematically rig- 
orous way of proceeding to the high u limit which also has 
the advantage of allowing asymptotic correction terms of 
order am2 and higher to be easily computed has been ac- 
complished by Crothers.22 His method is to write the prod- 
ucts I,+ l/2 (u)l,(u) and 1p+1~2(u).Zp+l(o) occurring in 
the summation in Eq. (61) as integrals using formulae 
given by Watson16 Cp. 441 Sec. 13.72, Eq. (2)]. This pro- 
cedure in effect allows one to replace the entire summation 
over p by an integral so eliminating the p dependence. 

.  ,..” :-.._ ._ 

30. 

FIG. 1. Exact solution [Eq. (70)] for the longitudinal correlation time in 
the form Tl, /r (solid line) compared with the asymptotic solution CEq. 
(74)] (small dashed line) of Lauritzen and Zwanzig. The large dashed 

line is the solution rendered by the effective relaxation time 7if [Eq. (79)]. 

FIG. 2. Exact solution [Eq. (70)] for the longitudinal correlation time in 
the form TII /T (solid line) compared with the asymptotic solution @q. 
(74) ] (large dashed line) of Lauritzen and Zwanzig. The small dashed 
line is the solution rendered by the asymptotic formula of Crothers l& 
(7511. 

Application of the method of steepest descents as in Ref. 23 
then leads to 

TII % - -=-a 
7 8u (75) 

which is Eq. (74) with a small correction term. The form 
of the correction term agrees with the result of Vissche14 
[his Eq. (14)], who studied the escape of a particle from a 
single potential well using a refined version of the Kramers 
transition state method. A striking feature of the asymp- 
totic formula (74) is that it deviates by a small amount 
from the exact solution for high u. This behavior persists as 
u--t CO. If instead of Eq. (74) we use Eq. (75) which has 
the small correction term (4~) -’ then the exact solution is 
reproduced by the asymptotic solution to a high degree of 
accuracy as shown in Fig. 2. 

In order to define the effective relaxation time we refer 
to Eq. (42). The effective eigenvalue, on using Eqs. (3 1) 
and (42) at t=O is,17,18 

/211 = 5‘lW l 
ef --=- fl(o> 7 1 

I-u+u $$I, 
1 

where according to Eq. (27) 

f3W ~~~~~~~~~~~l2~0~+1~~u~ -- 
fl(O)-- (cost) --Il(u)+Idu) . 

Thus 

(76) 

(77) 

ig (l-u)+u 
I 

I2(u> +II(d 

I 

1 IO(U) -II(U) 

11 (a> +lo(d =~~ow+~lw 

(78 
The effective relaxation time is then using Eq. (54) 

rlf =r 
IO(U) +11(u) 

IO(U) -I1(4 

which for large values of u becomes 

rif =40-r, 

and for small u 

&=7(1+(T). 

(79 

1 

1 
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It is evident from Fig. 1 that the effective relaxation time is 
a poor approximation to the longitudinal correlation time 
for a> 1 as is also apparent from Eq. (75). This is not so 
for the transverse relaxation time where the effective relax- 
ation time provides a close approximation to the exact so- 
lution. This behavior has been noted in the theory of mag- 
netic relaxation. 25 The reason for the failure of r& in this 
instance is because the lowest eigenvalue decreases expo- 
nentially with (T while all the others increase. It is evident 
from Fig. 2 that Eq. (75) reproduces to a high degree of 
accuracy, the asymptotic behavior. 

V. THE TRANSVERSE RELAXATION TIIWE AND 
POLARIZABILITY 

The correlation time and polarizability for the trans- 
verse relaxation may be also calculated by the methods 
described in Sec. III. 

The transverse behavior is determined by the (sin&) 
averages. Thus defining 

Tl - 
7 

a,-a, -- 
gp- 2iao 

we have for the odd gi(t) 

m+~m=-; k(t)+&(t)1 

and 

(81) 

k2p+lW + 
(@+1>2 

7 &p+lW 

~c+t- 1) = 
7 k2p--l(t) -g2p+3(t)l, p=o,m... (82) 

with 

g-p= -gp. 
The initial conditions are 

(83) 

&p+1uN= 
~~sin(2p+1)~eaCoS2~(1+~sin~)d~ 

J~eocosz4( l+c sin I$)@ 

up)--lp+l(d =- 
2 lo(a) * (84) 

Similar calculations to those of the longitudinal case now 
lead us to the following expression for the normalized 
transverse polarizability: 

“1 (@I 1 
-= 
a; (0) i07+(l+(T)+&(iW) [ 

(l+a>+&(iw) 

-ior 5- (-1Y ~pb>-Ip+Ib) 
P=l VP+ 1) Add--II(a) 

showing explicitly that the transverse relaxation is not gov- 
erned by an activation process. 

It is interesting to compare these results with the ef- 
fective relaxation time. The inverse of the lowest eigen- 
value computed from this set is shown in Fig. 3. The trans- 
verse effective relaxation time is from Eq. (8 1) using the 
fact that A&= -&(0)/g,(o) 

(85) 

Similarly, we find that the transverse correlation time is T&T lo(a) -1, (a> 
lo(d +Il(a>’ 
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0.5 1 1.5 2 2.5 3 

u 

FIG. 3. Exact solution (large dashing) for the transverse correlation time 
in the form rL /7 [Eq. (86)], compared with the inverse of the lowest 
eigenvalue as yielded by the numerical solution of Eq. (8 1) (solid line). 
The small dashed line represents the solution rendered by the effective 
relaxation time df [Eq. (SS)]. 

Tl =;(I-eW2”)[1+R(o)], (f-36) 

where 

Coffey et al.: Correlation times of dielectric relaxation 

R(a)= gl(o):,,2(o) 
(87) 

The difference between Eq. (86) and Eq. (70) is striking as 
the first member of the leading term in Eq. (70) increases 
exponentially with barrier height while the second member 
of the leading term in Eq. (86) decreases exponentially 
with o. This behavior is entirely due to the different sym- 
metries of the equations for the gi and f i. Another inter- 
esting property of Eq. (86) is that it is not possible to write 
down directly an equation for T, in the limit of large o 
using the asymptotic values of the IP [Eq. (72)] as we did 
in writing down Eq. (74). This procedure simply leads to 
an alternating series for T, in the limit of large cr. In order 
to circumvent this difficulty we must again utilize the more 
refined approach of Crothersz2 based on the integral rep- 
resentation of a product of Bessel functions which in turn 
allows the replacement of the p dependent sum in Eq. (85) 
by an integral. Application of the method of steepest de- 
sc&ts then leads to the following formula for T, in the 
limit of large (T 

(88) 

(89) 
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_z._-- _L 
TABSIT. Transverse correlation time in the form Z”, /i as yielded by 
the exact solution [Eq. (86)] compared with the correlation time regarded 
as the numerical solution of the characteristic equation of the set of 
equations (82) for the inverse of the lowest eigenvalue. The inverse of the 
effective eigenvalue namely (a$ ) -’ is also shown. Again p= 8 is sufficient 
for convergence in Eq. (86). 

FIG. 4. Exact solution (bold line) for the transverse correlation time in 
the form r, /r [Es. (86)] compared with the asymptotic formula of 
Crothers EEq. (88)] (large dashing) and the asymptotic formula [Eq. 
(90)] (small dashing) which ignores terms 0( l/o’). 

which provides quite a good approximation for all o as is 
evident from Fig. 3. We note that for large a, by the prop- 
erties of the IP ( a), 

+s -- (90) 

which coincides with the leading term of Eq. (SS), and 
that for small o, 

7-&7-(1--(T). (91) 

It is apparent that the same arguments regarding the as- 
ymptotic behavior apply to Eqs. (88) and (90) as apply to 
Eqs. (74) and (75). The l/20 term in Eq. (88) ensures 
that the asymptotic solution for T, agrees to a high degree 
of accuracy with the exact solution for large (T. The asymp- 
totic solution Tl rendered by Eq. (88) is shown in Fig. 4. 

The values of the first three eigenvalues and their cor- 
responding amplitudes calculated by numerical solutions 
of the set of differential-difference equations (82) are 
shown in Table III. These bear out the conclusions of Lau- 
ritzen and Zwanzig.6 The most striking feature noted by 
them is the domination of the relaxation process for large 
(T by the modes characterized by Ai and A3 which coincide. 
In Table IV we show the transverse correlation time com- 
pared with the reciprocal of the effective eigenvalue 
(~:f)-’ and the reciprocal of the lowest eigenvalue 

1 0.414 07 0.405 533 0.382 753 
2- 0.210 214 O.i94 062 0.178 013 
3 0.124 672 0.110 981 0.104 981 
4 0.083 232 3 0.075 193 0.073 236 2 
5 0.060 920 9 0.057 018 3 0.056 310 2 
6 0.047 848 6 0.046 140 8 0.045 828 6 
7 0.039 551 8 0.038 838 9 0.038 673 9 
8 0.033 862 3 0.033 565 0.033 466 
9 0.029 694 0.029 565 1 0.029 500 4 

10 0.026 483 3 0.026 422 8 0.026 378 

T/T 1mefd 

(Ai ) -‘. It is apparent that (Ai ) -’ slightly overestimates 
Tl for intermediate (T while (A&> -’ slightly underesti- 
mates it. The results of the numerical solution of the set of 
Eqs. (82) for TL using the matrix method [Eq. (39)] 
agree completely with the analytical formula (86). 

VI. COMPARISON OF THE RELAXATION TIME q, 
WITH THE RESULTS OF THE KRAMER’S THEORY 

It is interesting to compare the asymptotic result of Eq. 
(74) for TII with that yielded by the Kramers transition 
state method.8P26 Kramers showed that the probability of 
escape per unit time (escape rate) of a rotator from a single 
potential well [characterized by a potential V(4)] is in the 
high friction limit p>l 

W A W C  K=- e- U/kT,.,,e- U/kT 
277-P 

The notation used is principally that of Chandrasekhar.27 
The high friction limit is consistent with the use of the 
Smoluchowski equation. The theory supposes that the ro- 
tator which is originally caught in a potential hole at A will 
escape to B crossing the potential barrier of height U at C. 
Here 

a;=r-‘vJr(&) (93) 

TABLE III. Amplitudes urP+ i for the tirst three modes of decay of the transverse polarization as a function of the barrier height parameter cr and the 
corresponding eigenvalues /zP+ i, p=O, 1,2 in the form /1,,+ ir. 

(T 4 A-3 a3 

0 1 9 25 0.5 0 0 
1 2.415 9.518 25.52 0.269 0.007 62 0.000 025 8 
2 4.757 10.92 27.11 0.131 0.020 2 0.000 235 
3 8.021 13.04 29.86 0.0684 0.026 1 o.ooo 533 
4 12.01 15.74 33.94 0.0415 0.02 6 0.000 636 
5 16.41 18.89 39.6 0.029 1 0.023 6 o.ooo 504 
6 20.9 22.38 47.06 0.0227 0.020 8 o.ooo 303 
7 25.28 26.09 56.34 0.0189 0.018 2 o.ooo 158 
8 29.53 29.94 67.26 0.0163 0.01 6 O.OCKI 080 2 
9 33.68 33.88 79.5 0.0143 0.014 2 o.ocKlO42 9 

10 37.76 37.85 92.65 0.0128 0.012 8 0.000 025 1 

J. Chem. Phys., Vol. 99, No. 5, 1 September 1993 

Downloaded 14 Feb 2001 to 194.167.138.212. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



Coffey et al: Correlation times of dielectric relaxation 4021 

is the squared angular frequency inside the metastable min- 
imum and 

o&I-’ 1 V”( rfJ=) 1 (94) 

is the squared angular frequency at the transition state. I is 
the moment of inertia of the rotator about an axis through 
its center 

p=y-? (95) 

Here #A=O, 4 ==O so that from Eq. (4) with E=O 

2u 
+(J&-. 

I 

Thus with Eqs. (92) and (95) the prefactor is 

u 20 
y=-=- 

?rkTr rr 

so that 

20 
K=- e --2a 

VT * 

(96) 

(97) 

(98) 

This result supposes that there is a single escape route from 
the well and that barrier crossing by this route is irrevers- 
ible. If there are two escape routes from a well, as in the 
present problem, the escape rate K from a single well must 
be doubled.28”2 In addition (as shown by Praestgaard and 
Van Kampen,28 in the application of the Kramers theory to 
a two dimensional periodic potential with period 2?r/M 
having M minima) the dipole autocorrelation function 
must, in the high damping and high barrier limit, have the 
approximate form [cf. their Eq. (38) and the accompany- 
ing discussion of the assumptions which lead to that equa- 
tioriJ2’ 

C,(t)=exp{-~~[l-c0~(2dM)t]). 

Here M=2 so that32 
(99) 

K2=2K (100) 

[cf. Eq. (3) of Ref. 32 in the high damping limit] and Eq. 
(99) becomes 

Cl(t) =em4Y (101) 
Thus the longitudinal relaxation time is 

1 r e2” 
T,, =-&=;T 7-G (102) 

showing that the result of the Kramers theory’ is in agree- 
ment with the asymptotic solution, Eq. (74). If Viss- 
cher’s24 improved calculation of the Kramers escape rate is 
used in conjunction with the modification for a periodic 
potential of the present section we obtain Eq. (75). 

VII. CONCLUSIONS 

We have shown in this paper how exact solutions [Eqs. 
(70) and (86)] may be obtained for the longitudinal and 
transverse dielectric relaxation correlation times for the 
two dimensional rotator in a sin2 4 potential. The formula 
for TI, contains the previous result of Lauritzen and 

Zwanzig6 as the limiting case of high potential barriers and 
for low potential barriers it will reduce to that of pertur- 
bation theory in U. The result for large D is in agreement 
with the Kramers transition state theory. The crucial steps 
which allow us to represent the solution in closed form are 
first the representation of the correlation times as the zero 
frequency limit of the Laplace transforms of the respective 
a_utocorrelation functions and secondly the fact that the 
fp(s) and g,(s) satisfy three-term recurrence relations. 
This allows us to express the f,(O) and g,(O) in terms of 
the modified Bessel functions of half-integer order. We re- 
mark that the method may be extended to the correlation 
times of the higher order averages (cos(2p+ l)$) and 
(sin (2p + 1) c$> of the after-effect solution when these are of 
interest. We also remark that the matrix representation of 
the problem [Eq. (40)] (although not so convenient for the 
recognition of the existence of a solution in closed form) is 
very useful. Since it is not subject to the restriction (as the 
continued fraction method is) that the differential- 
difference equations constitute a three term recurrence re- 
lation. Thus the matrix procedure embodied in Eq. (39) is 
far more general than the continued fraction one. For ex- 
ample it may be used to calculate the correlation times in 
three dimensional problems involving cubic anisotropy33-35 
and so on. We note (in connection with the matrix formu- 
lation of the problem) that the calculation of T from Eqs. 
(40) and (41) unlike the representation of the correlation 
time as (&7)-l which always requires one to solve numer- 
ically a high order polynomial equation in s, simply re- 
quires the calculation of A-‘. This is, in general, much 
easier than solving the polynomial equation. An interesting 
facet of the problem is that the effective eigenvalue’* yields 
a close approximation to the transverse relaxation time for 
all cr values while providing a poor approximation for the 
longitudinal one. The limitations of that method in relation 
to activation processes are thus exposed as has been dis- 
cussed in.‘7*36 

We remark that the solution for CLII (w) and ol (w) 
given here may be applied with some small changes to yield 
analytical formulae for the polarizability of assemblies of 
molecules containing rotating polar groups. The theory, of 
dielectric relaxation of these was originally formulated by 
Bud6.37 The present method is far simpler than the usual 
approach37*38 to the problem based on an eigenfunction 
expansion of the Sturm-Liouville equation as such an ex- 
pansion always leads to periodic differential equations of 
the Hill type.37Y38 

The methods used to solve the present problem are also 
of importance in the context of NCel relaxation3’ of single 
domain ferromagnetic particles. This is analogous to the 
longitudinal dielectric relaxation problem. In particular, 
Brown7 using the Kramers escape rate theory, and Scully 
et al.,23 by using the method of steepest descents, have ob- 
tained the asymptotic formula for the longitudinal magne- 
tization relaxation time ~11 , namely, . 

J;; -3Deq u=g 71 =rN2u 2 (+>2 

in the three dimensional magnetic analog of the present 
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problem. Here the potential in spherical polar coordinates 
has the simple uniaxial form Ku sin2 3. K is the magnetic 
anisotropy, 6 is the polar angle, rN is the NCel relaxation 
time3’ for vanishingly small a, u is the volume of a single 
domain ferromagnetic particle. This problem which on ex- 
pansion of the distribution function of the orientation of 
the magnetic moments on the unit sphere in Legendre 
polynomials also leads to a three term recurrence relation 
[Ref. 39, Eq. (383)] may also be solved exactly.40 This is 
accomplished in the manner described here with the relax- 
ation time being obtained in terms of Kummer’s func- 
tions” which reduce to incomplete gamma functions.” 
Similar considerations apply to the analogous Martin- 
Maier-Saupe theory of dielectric relaxation of nematic liq- 
uid crystals. 17*41 

The methods we have given are also of interest in view 
of the recent work of Bessais et al. 42*43 and Aharoni.# They 
sought an empirical formula for the magnetization relax- 
ation time for the simple uniaxial potential above which is 
valid for all barrier heights (T by curve fitting to the nu- 
merical solution for (&TN) - ‘. The existence of an exact 
solution in closed form removes the need for such proce- 
dures. 
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APPENDIX 

We may give the solution of the inhomogeneous Eq. 
(46) which governs the exact solution for fr (s) , Eq. ( 5 1) 
as follows. 

We have for p > 1 

f,(O) 
Epw bT+P2+QPEp+2(S) 1 =T - 

fpJs) +ap* (A1) 

We seek a complete solution of the inhomogeneous Eq. 
(Al). We can regard Eq. (Al) as having a particular 
solution and a complementary solution. The particular so- 
lution satisfies Eq. (47), i.e., 

Sp(s) = 
UP 

s~+p2+0p3p+2ci ’ 
- (AZ) 

Following Cresser et aL45 and Coffey46 we write 

R,(s) =Sp(s) +12pw. 
Equation (Al ) then becomes 

(A3) 

fpux 
=cp+rF-- 

fp--z(s) - 

Using Eq. (A2), Eq. (A4) simplifies to 

(s~+P~)Q~P(~ +~P[Q~+zW$W 

f,(O) 
+@&)sp+2(s) +e,(s@p+2(s)]=T7- 

.&-2(s) 

which may be arranged as 

csr+p2)~~-2e,+crp[a+~~-2(~~+~~) 

+ ap$+27p-21 =fpw7. 

We now introduce 

c&J= &7p-2. 

Whence 

(~T+P%?p 

+~P~Gp+2jp-2(~p+ispP) +$&+21 =fp(0)7. 

Now 

f, iipsp,S;,=:, 
fp-2 

so that 

Rp&-2= csp+e,>&-2=7p. 

Whence Eq. (A7) is 

(~~-tp2)4,+ap[~~+z+~~~+21 ‘fpux7 

or 

(~~+P2)4,+aP[4,+2+4+21 =fpKo~. 

Equation (Al 1) may be solved for qP to yield 

q =fpuN.r--crPc7p+2 

p sr+P2tap~p+2 * 

However, from Eq. (A9) 

(A41 

(A5) 

(A61 

(A71 

(AS) 

(A9) 

(A101 

(All) 

(A121 

(A131 

Thus fp(s) is determined. 
We shall now sho_w how Eq. (A13) may be used to 

obtain Eq. (5 1) for f 1 (s). We find that fl (s) does not 
satisfy a three term recurrence relation but is simply re- 
lated to f3(s) by 

since 

f -*co =f1(t). (A151 
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On substituting Eq. (A13) forp=3 into (A14) we readily 
find that 71(s) = 

flum 

S7+(1-0)+&) 

4023 

fl (s) = 
f1m---aq3(s) 

S7+(1--(T)+&(S)’ 
(A161 

4 f3m---~qsl 
- [ST+ (l-a) +aS3(s)] [s7+9+3&&)] 

(A171 

which on substituting for q3 from Eq. (A12) becomes or continuing the process 

I 

71(s) = 
r 

s7+(1--(T)+&(s) 
.f1(0)- 

af3(0> 3a-m 
s~+9+3a?5(s)+ [sT+9+30$5(s)] [m+25+5&s)] 

15+7w> 
-[sT+9+3a$5(s)] [m+25+5&(s)] [sT+49+7a,?g(s)] +-** 1 

so that 

71 (s) = 
7 

m-+(14+053(s) 

which is evidently 

7*:1(s) = 
7 

sT+(l--(T)+cTS3(s) 

Thus Eq. (5 1) is obtained. 

[ 
flW -;f,co,Be, +~fs(o~~3wss(s~ -$f7(o)~3~~)~~(s)s,o +. . . 1 , 

[ f1Kv+ 2 (--lY p=l (2p+l)f2p+1(0) kc1 g22k+l(S) * 
1 J 
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