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Highlights

e This work proposes an automated Perona-Malik (PM) anisotropic diffusion model
e The new framework incorporates self-adjusting parameters

e The shape-defining parameter ensures that the PM potential is strictly convex

e Experiments are presented to demonstrate the performance of our framework

e Numerical and visual results demonstrate that the new method outperforms
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Abstract

For decades, the Perona-Malik (PM) diffusion model has been receiving a considerable attention of scholars for its
ability to restore detailed scenes. The model, despite its promising results, demands manual tuning of the shape-
defining constant—a process that consumes time, prompts for human intervention, and limits flexibility of the model
in real-time systems. Most works have tried to address other weaknesses of the PM model (non-convexity and non-
monotonicity, which produce chances for instability and multiple solutions), but automating PM remains an open-
ended question. In this work, we have introduced a new implementation approach that fully automates the PM
model. In particular, the tuning parameters have been conditioned to ensure that the model guarantees convergence
and is entirely convex over the scale-space domain. Experiments show that our implementation strategy is flexible,
automatic, and achieves convincing results.

Keywords: Algorithm, noise removal, denoising, diffusion.

1. Introduction

Humans are naturally inclined to visually appeal-
ing scenes for they reveal more details, thus making
them easier to interpret and analyze. In medical ap-
plications, such as in magnetic resonance induction
(MRI), for example, doctors prefer uncorrupted MRI
images to provide proper treatments to patients. De-
spite this important demand, most scenes suffer from
noise and other unwanted artifacts, which are partly due
to acquisition systems (like diffraction limits and point
spread function of lenses) and interferences from exter-
nal environments. Therefore, extensive works on im-
age restoration—denoising [1-11], enhancement [12—
15], super-resolution [16-28], and inpainting [29-34],
to mention a few—have been conducted to restore orig-
inal scenes from their degraded versions. This work
deals with the image denoising problem.

Methods to solve the image denoising problem can
majorly be grouped into three: (1) linear and nonlinear
diffusion-based [11], (2) Total Variation or TV [10, 35—
37], and (3) Wavelet-based [38—41]. Of these groups,
nonlinear diffusion-steered approaches—inspired by a
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novel and an interesting work of Perona and Ma-
lik [11]—have attracted attention of most scholars due
to the ability of these approaches to denoise scenes
while retaining critical features [5, 42-44]. We, there-
fore, have laid the foundation of our work on the
Perona-Malik (PM) model.

In the PM diffusion model, noise removal in the im-
age is engineered in a discriminatory fashion through
a well-crafted diffusion coefficient. The regularization
kernel associated with the PM equation is stronger in
intra-region and weaker in inter-region, a phenomenon
that simultaneously suppresses noise and encourages
edge recovery. The major weakness of the PM model,
as noted by several authors, is that it tends to intro-
duce speckle noise and staircasing effects into the fi-
nal results [1, 9, 45, 46]. Perhaps the problem is due
to the non-convex nature of the PM potential. An-
other potential drawback of the Perona-Malik model
revolves in the shape-defining parameter of the dif-
fusion coefficient. In [11], authors suggest two ap-
proaches to determine the value of the shape-defining
parameter: (1) tuning manually, which is inconvenient
and time consuming, and (2) applying the “noise esti-
mator” proposed by Canny [47], which requires noise
statistics of an image. In this work, we have devel-
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oped a strategy to automatically and adaptively update
the shape-defining parameter—even without requiring
prior knowledge on image noise—while conditioning
the PM potential within a convex region. Consequently,
the minimization process is guaranteed to converge to a
unique solution.

2. Nonlinear diffusion processes

2.1. What is diffusion in digital images?

Diffusion, as applied to digital images, involves
the process where low-value pixels receive weight
from high-value ones without modifying the total pixel
count [48]. Indeed, the phenomenon defines a noise re-
moval process that can be intuitively cast by the Fick’s
first law

j = _¢ - Vu,

which reflects the equilibration property: intensity gra-
dient, Vu, produces flux, j, which intends to compen-
sate it at a speed controlled by the diffusion coefficient,
¢. Substituting (2.1) into the continuity equation

(2.1)

P
M _ divj,

i (22)

which accounts for the constant pixel count at any in-
stant of the diffusion process, we get

% = div(¢ - Vu). (2.3)
When ¢ is independent of u, diffusion is called linear
isotropic, which is analogous to the heat equation that
suffers from inability to locate edge regions. To ad-
dress the challenge, Perona and Malik suggested that
¢ be made a function of the evolving image, u, as in

ou_ div(e¢(|Vul) - Vu).

o = (2.4)

2.2. Traditional Perona-Malik model

To avoid smoothing “semantically useful” features,
such as edges and contours, Perona and Malik proposed
two spatially varying diffusion kernels:

1
é1(s) = — 2.5)
1+ (%)
and
$a(s) = exp(—(s/K)?), (2.6)

where s = |Vu| and K is the shape-defining constant.
Both kernels, ¢; and ¢,, share the same properties: they

evaluate to one in flat regions (s — 0) and zero near
potential features (s — o0), as depicted in Figure 1. Re-
placing ¢ in (2.4) by ¢; defined in (2.5), for instance,
and incorporating a regularizing term, we get the evolu-
tion equation

] —L |- A -9,

2.7
ey
(x,1) € QAx(0,7), (2.8)
u(x,0) = f, 2.9)
a—b_t, =0,(x,)0Q x (0,T). (2.10)
on

Q is the supporting domain of u, A is the tuning param-
eter that establishes a trade-off between the denoising
image, u, and the noisy image f. The current study aims
at ensuring that the optimal value of u is computed au-
tomatically in the iteration process.
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Figure 1: Perona-Malik diffusion coefficients with shape-defining
constant, K = 1: (a) ¢1(s) = (1 )7 . and (b) ¢2(s) = exp(=(s/K)?).
+(%)

2.3. Automated Perona-Malik model

Our goal was to evolve the PM model under mini-
mum human intervention. Recalling the PM formula-
tion in (2.7), we see that the key parameters that require
manual tuning are K and A. Now, considering the PM
diffusion kernel in (2.7), we form the energy integral

functional
s
p(s) = f ——dx.
o I+ (%)

2.11)
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Integrating (2.11) yields the PM potential

K? 2
pls) = 71og(1 +(2) )
which is non-convex for particular values of K (Fig-
ure 2).

(2.12)
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Figure 2: Energy functional of the Perona-Malik model.

Theorem 1. p(s) is strictly convex if it passes the sec-
ond derivative test. That is, if p” > 0 Vs.

Proor. From Theorem 1,

w1 252
p(s) = - 2

@ w0

and the condition for p(s) to be strictly convex is that

2.13)

1 252
>

@ R

which reduces to K > s.

Without loss of generality,we implemented the convex-
ity condition in the computer as

K=5+s° (2.14)

which still satisfies the condition, K > s, for 6 > 0
and 0 < @ < 1. In the practical implementation of the
model, we found optimal values of § and @ as 1 and 0.5,
respectively. Therefore, the new shape-defining param-
eter becomes

K =1+ s, (2.15)

Additionally, A is automated by first considering opti-
mal conditions in (2.7); that is, as t — oo, % ~ 0 and
u becomes the minimizer of the optimization problem
in (2.12). Therefore, establishing steady states in (2.7)
and multiplying both sides of the resulting equation by

(u—f), we get

1
0=(u-f)|div| ———V
' ‘ [1+('%)2 ]

Rearranging (2.16), subjecting A, and integrating over
Q both sides of the equation, we get

f -1 [div(#w)] dx
a 1+(%)
Jou = f)2dx '

Next, assume that some prior knowledge about mean
and variance of noise, 7, (say, additive white Gaussian)
is known, and defined as

1
@Lndxzo and

1 2 2
_ dx =2,
|Q|f9" e

where n = (u — f) is the standard deviation of noise.
Combining (2.16) and (2.18), then manipulating the
variables to subject A, we get

. 1
(I/t - f) |:le [TWTM)ZVM]

Q

—Au—f)>. (2.16)

A=

2.17)

(2.18)

1

A= —— dx.
Q)2 *

(2.19)

Remark 1. In this work, we have considered the addi-
tive white Gaussian noise (f = u+7). For the multiplica-
tive noise (f = umn), such as that observed in hyperspec-
tral and ultrasound images, however, the assumptions
for mean and standard deviation of noise are

1
@Lndx=l and

|15| fg (n - 1)%dx =, (2.20)
and the evolution equation for denoising u is

R P R (T

1+ (7)
(x,1) € Qx(0,7T), (2.22)
u(x,0) = f, (2.23)

ou

pria 0, (x,H0Q x (0, T). (2.24)



Remark 2. From (2.21), and using a similar derivation
strategy for the adaptive parameter, A, we get

1 1
= a2 (I—J—C) div| ————Vu||dx.
| |V u 1+(M)
Q
(2.25)

2.4. Numerical implementation of the proposed method

We implemented the proposed approach using four-
point neighborhood explicit numerical scheme, which
offers intuitive implementation strategies, promising ac-
curacy, and guaranteed stability under the Courant-
Friedrichs-Lewy (CFL) condition [49]. Therefore, con-
sider gradients of the discretized version of u, namely
Avttij = Wijer = Uij, Dguij = Uijor — Uij, Dy =
Uivl,j — Uijs and Awui,j = Ui-1,j — Ui, in the four di-
rections of the scheme; the corresponding conduction
coeflicients are

cN = Al 3" cS = Al ,
1+(,N{—jf) 1+( ;‘;"/’f)

cE = ! = cW = ! R
1+(AIF(—MJ’) 1+(AKIL3”)

where

1
K,'qj =1+ Z \/ANu,-,j + AS Uj j + AEM,'J + Awui,]’. (226)

Note that the constant % in (2.26) averages gradients of
the scheme. The regularization parameter, A, is com-
puted as

Ma

A=

N
> Wi = £i)Ou), @.27)

MNO'2
J=1

i

where o2 is the variance of noise, M and N are, respec-
tively, the horizontal and vertical dimensions of u; ;, and
©, ; represents the divergence component, which is de-
fined by the formula

(E‘),"j = ANM,"J‘XCN+AS Lt,*’jXCS +Ah u,;chE+AWu,~’j><cW,

(2.28)
where ¢N, ¢S, cE, and cW are the conduction coeffi-
cients (discrete diffusivities) in the North, South, East,
and West directions of the numerical scheme. Finally,
our steepest-descent method that iteratively denoises u
is

(n+1) (n) () (n) (1)
w; + T(@i’j - /l(ul.,j - fl, ),

ul" (2.29)

for 0 < 7 < 0.25 defined according to the CFL criterion.
Figure 3 shows the flow chart that we used to implement
our formulation.

2.5. Perfomance evaluation indices

To quantify quality of results from different denoising
methods, we applied two performance indices, namely
Peak signal to noise ratio (PSNR) [50] and Structural
similarity (SSIM) [51]. PSNR—possibly the oldest
quality evaluation metric—defined by

2
PSNR = 1010g10(255 MN)

lle = £15 )
quantifies the signal strength of an image relative to
noise. Larger value of PSNR signifies higher signal
strength, and hence higher quality. Degraded images
often produce lower PSNR values. Scholars have, how-
ever, highlighted a major weakness of the PSNR met-
ric that if fails to address the human vision system
(HVS) [51]. Thus, an appealing image may yield lower
PSNR value, and vice versa. In 2004, Wang et al. pro-
posed an alternative performance evaluation metric

(2.30)

Cuups + )20y +B)

SSIM = )
G2 + 122+ a)o2 + % + )

(2.31)

which emulates the HVS. In (2.31), the means, vari-
ances, and covariance of # and f are respectively: g,
Hrs a2, 02 I and o,y. And, @ and $ are tuning parame-
ters. SSIM is bounded between zero and one, and higher
value implies that the test image is perceptually appeal-
ing.

3. Results and discussions

Several experiments were conducted to test the effec-
tiveness and performance of the proposed method with
respect to the classical methods. The experimental pro-
cedures were as follows: additive white Gaussian noise
of standard deviation 30 was added to different types of
images. Next, we applied our method and three other
classical methods, namely Guo [1], Weickert [48], and
PM [11], to the noisy images. Performance of the meth-
ods was evaluated both qualitatively and quantitatively.

Visual results demonstrate that our method removes
noise more effectively and generates sharper edges.
Additionally, the new approach leaves flat regions
smoother and cleaner (fewer visible artifacts). This
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Figure 3: Automated Perona-Malik denoising method.

promising achievement may be attributed to the guaran-
teed convexity of the potential, a property that ensures
anomalous issues in the evolution process are captured
and corrected accordingly. With the self-regulating
adaptive parameter, K, the dynamical system is condi-
tioned to converge faster and more reliably. On the con-
trary, other denoising methods, which demand a user to
manually adjust K, produce unsatisfactory results. For
example, Weickert approach yields visible speckle noise
and, for particular types of images, removes important
structures (Fig. 4).

Furthermore, the proposed formulation shows con-
vincing values of performance indices (Tables 1 and
2).  Our implementation outperforms in all cases of
the input scenes—higher values of PSNR and MSSIM.
One may, however, argue about the marginal devia-
tion of the numerical results between the traditional
Perona-Malik and ours. Nevertheless, the proposed ap-
proach eliminates the necessity to tune critical parame-
ters (shape-defining constant and regularization param-
eter) to achieve optimal results.

4. Conclusion

The current work has established a framework to au-
tomate the PM diffusion model. More specifically, we
have redefined the shape-defining and regularizing pa-
rameters such that they spatially update their values to
ensure convexity of the corresponding PM potential.

Table 1: Peak signal to noise ratio (PSNR) measurements

PSNR
Image
Wicket Guo  Perona-Malik ~ Our Model

Elephant 29.32  27.09 30.18 30.24
Peppers 29.61  27.38 30.62 30.71
Zelda 27.64  29.96 31.05 31.14
Cameraman 2636  25.90 29.01 29.39
Lena 29.40  28.07 30.89 30.89
House 27.81  27.66 3241 32.71
Building 27.81  26.78 28.09 28.12
Journey 2382 24.16 26.13 26.21
Bridge 27.80 28.98 29.73 30.02

Table 2: Structural similarity (SSIM) measurements

SSIM
Image
Wicket  Guo  Perona-Malik ~ Our Model

Elephant 0.7205  0.7099 0.7568 0.7591
Peppers 0.7952  0.7929 0.8187 0.8230
Zelda 0.8212  0.8565 0.8841 0.8905
Cameraman  0.7798  0.7828 0.8243 0.8475
Lena 0.8928  0.8693 0.8958 0.8997
House 0.7930 0.8279 0.8856 0.9003
Building 0.3481 0.7754 0.8118 0.8189
Journey 0.7758  0.7682 0.8260 0.8307
Bridge 07525 0.7428 0.7899 0.8101
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Figure 4: Results of denoising methods.



The new formulation eliminates the need to manually
tune the shape-defining constant, a process that unnec-
essarily consumes time, and also guarantees conver-
gence and stability. Previous variants of the PM model
have largely invested on improving the diffusion kernel
without emphasizing on the critical roles played by the
shape-defining parameter. Our major concern in this
paper was to automate the classical PM model by re-
defining the shape-defining constant. Hopefully, the au-
tomatic PM model presented in this paper will provide
important research avenues in fields that demand real-
time computing.
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