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The unsteady magnetohydrodynamics (MHD) flow of nanofluid with variable fluid properties over an inclined stretching sheet
in the presence of thermal radiation and chemical reaction is studied taking into account the effect of variable fluid properties
in thermal conductivity and diffusion coefficient. The governing partial differential equations are transformed into ordinary
differential equations by using similarity transformation. The numerical solutions of the problem are obtained by using the fourth
order Runge-Kutta method in line with the shooting technique. It is found that the increase in both thermal conductivity and
radiative heat flux decreases the heat transfer rate but increases the skin friction and mass transfer rates. It is further observed that
the increase in porosity parameter and magnetic field reduces the skin friction, heat, and mass transfer rates.

1. Introduction

The study concerned with the fluid flow over a stretching
sheet has created many applications in industries among
which are polymer industries, aerodynamic extrusion of
plastic sheets, glass-fiber production, condensation process of
a metallic plate in a cooling bath, and glass. Such studies were
first initiated by Sakiadis [1] who simplified the convection
term in the momentum equation by assuming that all
convections take place at a constant velocity of a moving
object. Following this pioneering work, the study of fluid flow
over a continuous surface moving with either constant or
variable velocity received wide attention among researchers
such as Crane [2], Chen and Char [3].

Erickson et al. [4] extended the Sakiadis [1] study by
introducing the effects ofmomentum, heat transfer, andmass
transfer on the surface that is moving at constant speed.
This study was further extended by Gupta [5] who added
new parameters of suction, injection and considered the
sheet to be stretched with a linear speed. In all of these

studies, the commonly coolant fluids used were oils, water,
and ethylene glycol; however, these fluids had relatively low
thermal conductivity and stability.

In recent year, it has been proposed to mix up nanopar-
ticles (10-50nm) and base fluids (oils, water, and ethylene
glycol) to form the fluid commonly known as nanofluids.
The presence of nanoparticles in these fluids has significant
effects on the physical properties of the fluid and causes a
major increase in the heat transfer as presented by Hussain
et al. [6] and Hussain et al. [7]. The presence of magnetic
nanoparticles in these fluids makes nanofluid to be among
the electrically conducting fluids. The study of magnetic
properties and the behavior of electrically conducting fluids
are well known as hydromagnetics ormagnetofluid dynamics
or magnetohydrodynamics (MHD).

MHD laminar boundary layer flow behavior over a
stretching surface is an important type of flow with consider-
able practical applications in electrochemistry, chemical engi-
neering, geophysics, astrophysics, and polymer processing.
This is due to the fact thatMHDabsorbs energy and produces
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a controllable behavior; as a result, it can be controlled
and directed by using external magnetic fields and hence
slowing the rate of solidification of the cooled material and
improving itsmechanical properties as presented byMakinde
[8], Hussain et al. [9], and Hussain et al. [6].

The characteristic of nanofluid under the effect of mag-
netic fields becomes the most attractive method in this
process as it is simple to use and because of its uniqueness and
nature. Hussain [10] in his study on the effect of MHD flow
of nanofluids with heat and mass transfer through a porous
media with thermal radiation, viscous dissipation, and chem-
ical reaction observed that the dimensionless velocity profiles
of nanofluids decrease as the magnetic field and permeability
of the porous medium parameter increase.

The same results were observed by Ahmmed et al. [11]
while performing the research in unsteadyMHD free convec-
tion flow of nanofluid through an exponentially accelerated
inclined plate embedded in a porous medium with variable
thermal conductivity in the presence of thermal radiation.
Experimentally, this finding means as the strength of external
magnet increases, the flow speed of the magnetic nanofluid
decreases; hence, nanofluids cool the intended object such as
sheets or plates.

Haile and Shankar [12] in their study on the effects of
thermal radiation, viscous dissipation, and chemical reaction
on heat andmass transfer ofMHDflow of nanofluids through
a porous medium observed that as the thermal radiation
or viscous dissipation increases, it causes increase in tem-
perature of the coolant fluid. Also, as the chemical reaction
parameter increases, the concentration of fluid decreases in
the boundary layer flow. Uddin et al. [13] while analyzing
the free convection flow ofmagnetic nanofluid with chemical
reaction observed that as the flow velocity is reduced by the
magnetic field, the temperature of the fluid increases.

Mehmood et al. [14] while performing the research on the
effects of nonlinear thermal radiation and inclined magnetic
field based on MHD in aluminum water nanofluid observed
that the increase in magnetic field inclined angle results in
the decrease in average Nusselt number. Hussain et al. [15]
studied the effects of inclined angle on mixed convection
nanofluid flow in a double lid-driven with discrete heat
source and concluded that the increase in inclination angle
causes the increase in average Nusselt number.

Sheikholeslami et al. [16] in their study on the effects of
magnetic field on the forced convection flow of nanofluids
over a stretching surface concluded that momentum bound-
ary layer thickness decreases as the magnetic parameter
increases. However, in the research presented by Haile and
Shankar [12], Uddin et al.[13] and Sheikholeslami et al. [16],
the physical parameters of the coolant fluid such as fluids
viscosity, thermal conductivity, diffusion coefficient, and fluid
density were treated constantly. In fact, the temperature of the
hot stretched sheet causes the temperature of the coolant fluid
to change. This effect makes the physical parameters of the
coolant fluid to be temperature dependent.

For this reason some researchers, for instance, James et al.
[17, 18], in their studies considered the effects of temperature-
dependent viscosity in the steady flow and observed that an
increase in viscosity results in the increase of both heat and

mass transfer rate. This means the fluid with higher viscosity
cools well the hot stretched sheet. Reddy and Chamkha [19]
observed that an increase in thermal conductivity increases
the temperature of the coolant fluid. Also an increase in
variable diffusion coefficient resulted in the increase of
concentration of the coolant fluid [20]. However, the flow
under consideration in all the above studies was steady flow
of the fluid.

Based on the few researches that have been presented
by James et al. [17, 18], Reddy and Chamkha [19], the
variations of fluid properties of the coolant nanofluid should
be considered when analyzing the heat and mass transfer
flow over a hot sheet or plate because they play an important
role during the cooling processes. Proper consideration of
these effects will lead to the higher increase of the mechanical
properties of the cooled materials such as the strength of
the sheets or plates. However, all of the studies cited above
were governed by the steady flow of which by nature it is not
true.

In real situations, the flow of fluids induced by stretched
sheets involving heat transfer is unsteady in nature due to the
sudden motion of the stretched sheet, change of temperature
of the sheet and that of fluids and also due to the sudden
change of concentration of nanofluids. The study becomes
significant when the flow is unsteady and with variable
physical parameters as presented by Hunegnaw and Kishan
[21], Shukla and Rana [22], Sulochana and Kumar [23], and
Venkataramanaiah [24].

Experimental studies have established that the physi-
cal properties of magnetic nanofluids change with varying
average particles size, changing in nanoparticle shape and
the nature of base fluid used as presented by Rao and
Ranganayakulu [25]. These findings influenced researchers
like Mutuku [26] who proposed the modifications of some
cooling systems (e.g., car radiators) or cooled materials (e.g.,
stretched sheet) by including the effect of external magnetic
field against nanofluid (coolant fluids) so as to control the
fluid flow for effective cooling.

If the flow speed of magnetic nanofluid will be con-
trolled or directed by external magnetic fields, the magnetic
nanofluid will stay at the same hot point for some time.
This will cause the fluid properties such as density, thermal
conductivity, diffusion coefficient, and fluid viscosity to vary
with respect to temperature. Consequently, for higher varia-
tions it might cause the effects in cooling processes and, thus,
further studies on the effect of variation of fluid properties
with respect to temperature are needed.

In most cases, the thermal conductivity is modeled as
a linear function of temperature. On the other hand, the
diffusion coefficient (D) depends onmolecular size, tempera-
ture, pressure, and other properties of the diffusing substance.
This means, with an exception of temperature, if all other
parameters are kept constant, then the diffusion coefficient
can be modeled as a function of temperature. Alsabery et
al. [27] in their experimental research on conjugate natural
convection of𝐴𝑙2𝑂3 –water nanofluid in a square cavity with
a concentric solid modeled the diffusion coefficient as linear
function of temperature based on Einstein-Stoke’s equation
for Brownian diffusion coefficient.



International Journal of Mathematics and Mathematical Sciences 3

Gharagozloo and Goodson [28] in their experimental
research based on temperature-dependent aggregation and
diffusion in nanofluids modeled the diffusion coefficient to
depend on temperature. In this study they observed that as
the diffusion is slowed, it causes the reduction in concen-
tration distribution. In view of several analogies between
heat and mass transfer during cooling process, for instance
in solidification of binary alloy and in extrusion of sheet
based on coolant fluids such as nanofluids, one can model
both thermal conductivity and diffusion coefficient as a liner
function of temperature.

Inspired and motivated by the current research, the
dependency of thermal conductivity and mass diffusivity on
temperature occurs in many natural phenomena (e.g., pho-
tosynthesis) and technological processes like drying crystals,
cooling of nuclear reactors, solar ponds, cooling process dur-
ing solidification of binary alloy, and extrusion of sheet. Thus,
the behavior of concentration and temperature of nanofluid
under the effects of variation of thermal conductivity and
diffusion coefficient as a function of temperature in the
presence of thermal radiation and chemical reaction when
nanofluids are used as coolant fluids needs investigations.

However, to the authors’ knowledge there are no studies
that have been reported on unsteadyMHDflow of nanofluids
with variable fluid properties on both thermal conductivity
and diffusion coefficient with regard to temperature change,
over an inclined and permeable stretching sheet in the
presence of thermal radiation and chemical reaction. The
problem has an important application on cooling process for
the purpose of improving mechanical properties of heated
sheet that cannot be cooled by the use of traditional methods
based on the base fluids.

In this research the model equations will be trans-
formed into ordinary differential equations by using similar-
ity transformation. Numerical shooting technique together
with the fourth order Runge-Kutta scheme will be used
to obtain numerical solutions of the model. The effects
of nondimensional governing parameters such as variable
thermal conductivity, variable diffusion coefficient, radiative
heat flux, chemical reaction, porous medium, unsteadiness
parameter, magnetic parameter, Prandtl number, Eckert
number, Schmidt number, concentration Grashof number,
thermal Grashof number, inclination angle and suction
velocity parameter on dimensionless velocity, temperature,
concentration profiles as well as skin friction, and Nusselt
and Sherwood numbers will be discussed when magnetic
nanofluids are applied as coolant fluid under the effects of
external magnetic fields.

2. Formulation of the Problem

Consider unsteady two-dimensional incompressible laminar
boundary layer MHD flow of a viscous nanofluid over a per-
meable inclined stretching sheet. The nanofluid is supplied
heat by the stretching sheet and concentration of chemical
species at uniform rates. It is assumed that the influence of
density variation with temperature and concentration occurs
only on the body force term and hence the changes in both
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Figure 1: Inclined flow near the sheet.

concentration and temperature induce the buoyancy force. A
uniformmagnetic field is applied normal to the surface of the
stretching sheet. Further, it is assumed that a homogeneous
first order chemical reaction with thermal radiation is taking
place in the flow. It is assumed that the velocity of the
stretching sheet is 𝑢𝑤(𝑥, 𝑡) in the direction of the force𝐹 applied along the 𝑥-axis and that of the mass transfer
is V𝑤(𝑡) normal to the stretched sheet. It is also assumed
that the surface (wall) temperature and concentration of
the sheet are 𝑇𝑤(𝑥, 𝑡) and 𝐶𝑤(𝑥, 𝑡), respectively, while the
uniform temperature and concentration far from the sheet
are, respectively, 𝑇∞ and 𝐶∞. In addition, it is assumed that
the effect described by Fourier’s and Fick’s law is of higher
order of magnitude than the effect due to Dufour and Soret
and thus the Dufour and Soret effects are neglected.The fluid
thermal conductivity and molecular diffusivity are assumed
to vary as a linear function of temperature. The model flow
diagram is illustrated in Figure 1.

Under these assumptions with the Boussinesq and
boundary layer approximations, the governing model equa-
tions are given by equations (1) to (4):

𝜕𝑢𝜕𝑥 + 𝜕V𝜕𝑦 = 0 (1)

𝜕𝑢𝜕𝑡 + 𝑢𝜕𝑢𝜕𝑥 + V𝜕𝑢𝜕𝑦 = ]∗
𝜕2𝑢𝜕𝑦2 − ]∗𝜅∗ 𝑢 −

𝜎𝐵20𝜌 𝑢
+ 𝑔𝛽𝑇 (𝑇 − 𝑇∞) cos𝛼
+ 𝑔𝛽𝐶 (𝐶 − 𝐶∞) cos 𝛼

(2)

𝜕𝑇𝜕𝑡 + 𝑢𝜕𝑇𝜕𝑥 + V𝜕𝑇𝜕𝑦 = 1𝜌𝐶𝑝
𝜕𝜕𝑦 (𝐾 (𝑇) 𝜕𝑇𝜕𝑦 ) − 1𝜌𝐶𝑝

𝜕𝑞𝑟𝜕𝑦
+ 𝜇𝜌𝐶𝑝 (

𝜕𝑢𝜕𝑦)
2

(3)

𝜕𝐶𝜕𝑡 + 𝑢𝜕𝐶𝜕𝑥 + V𝜕𝐶𝜕𝑦 = 𝜕𝜕𝑦 (𝐷 (𝑇) 𝜕𝐶𝜕𝑦 ) − 𝐾𝑐 (𝐶 − 𝐶∞) (4)



4 International Journal of Mathematics and Mathematical Sciences

where 𝑡 is time, 𝑢 and V are the velocity components in the𝑥 and 𝑦 direction, respectively, 𝜌 is the mass density of the
fluid, 𝜇 is the coefficient of viscosity, 𝐶𝑝 is the specific heat
capacity at constant pressure, 𝜅∗ is the permeability, 𝐾 is the
thermal conductivity, 𝐷 is the molecular diffusivity, and 𝐾𝑐
is the rate of chemical reaction. 𝛽𝑇 is the coefficient of volu-
metric thermal expansion, 𝛽𝐶 is the coefficient of volumetric
expansion due to chemical species,𝑇 is the temperature of the
species, 𝐶 is the concentration of the species, 𝑇∞ and 𝐶∞ are
ambient temperature and concentration, respectively, ]∗ is
the kinematic viscosity of the ambient fluid, 𝜎 is the electrical
conductivity, 𝐵0 is the strength of external magnetic field, 𝑔
is the acceleration due to gravity, 𝑞𝑟 is the radiation heat flux,
and 𝛼 is the angle of inclination measured from the vertical
axis to the stretching sheet.

The relevant boundary conditions are given in (5):

𝑢 = 𝑢𝑤 (𝑥, 𝑡) = 𝑐𝑥1 − 𝜆𝑡 ,
V = V𝑤 (𝑡) ,
𝑇 = 𝑇𝑤 (𝑥, 𝑡) ,
𝐶 = 𝐶𝑤 (𝑥, 𝑡)

𝑎𝑡 𝑦 = 0
𝑢 󳨀→ 0,
𝑇 󳨀→ 𝑇∞,
𝐶 󳨀→ 𝐶∞

𝑎𝑠 𝑦 󳨀→ ∞

(5)

where 𝑐 is the initial stretching rate, 𝜆 is a constant, and
the subscripts 𝑤 and ∞ stand for the sheet and boundary
layer edge (ambient conditions), respectively. The wall mass
transfer velocity (or the fluid suction velocity) then becomes
V𝑤 = −V0√]∗𝑐/(1 − 𝜆𝑡), and V0 is a constant that describes
the wall mass transfer parameter with the meaning that when
V0 > 0, we have a suction, when V0 = 0, we have an
impermeability, and when V0 < 0, we have an injection. The
radiation heat flux (𝑞𝑟) is modeled by using the Rosseland’s
(1972) approximation given in (6):

𝑞𝑟 = −(4𝜎∗3𝑘1 )
𝜕𝑇4𝜕𝑦 (6)

where 𝜎∗ is the Stefan- Boltzmann constant and 𝑘1 is the
coefficient of absorption. It is also assumed that if the
difference in temperature within the flow is 𝑇4, then 𝑇4 can
be expressed as a linear combination of the temperature by
expanding the 𝑇4 by Taylor’s series about 𝑇∞ to obtain (7):

𝑇4 = 𝑇4∞ + 4𝑇3∞ (𝑇 − 𝑇∞) + 6𝑇2∞ (𝑇 − 𝑇∞)2 + ⋅ ⋅ ⋅ (7)

If we neglect the higher order beyond the first degree in(𝑇−𝑇∞) in this series and opening brackets on the right-hand
sides of (7) we obtain (8):

𝑇4 ≈ −3𝑇4∞ + 4𝑇3∞𝑇 (8)

Substituting the right-hand side of (8) into (6) for𝑇4 yield (9):
𝑞𝑟 = −(4𝜎∗3𝑘1 )

𝜕𝑇4𝜕𝑦 = −(4𝜎
∗

3𝑘1 )
𝜕𝜕𝑦 (−3𝑇4∞ + 4𝑇3∞𝑇)

= −(16𝑇3∞𝜎∗3𝑘1 ) 𝜕𝑇𝜕𝑦
(9)

The rate of change in radiative heat flux with respect to 𝑦 as
presented by Mukhopadhyay [29] is given by (10):

𝜕𝑞𝑟𝜕𝑦 = −(
16𝑇3∞𝜎∗3𝑘1 ) 𝜕2𝑇𝜕𝑦2 (10)

Substitution of (10) into the second term on the right-hand
side of (3) changes (3) into (11):

𝜕𝑇𝜕𝑡 + 𝑢𝜕𝑇𝜕𝑥 + V𝜕𝑇𝜕𝑦 = 1𝜌𝐶𝑝
𝜕𝜕𝑦 (𝐾 (𝑇) 𝜕𝑇𝜕𝑦 )

+ 1𝜌𝐶𝑝 (
16𝑇3∞𝜎∗3𝑘1 ) 𝜕2𝑇𝜕𝑦2

+ 𝜇𝜌𝐶𝑝 (
𝜕𝑢𝜕𝑦)
2

(11)

The temperature of the fluid at the surface of the sheet𝑇𝑤(𝑥, 𝑡) and the concentration of the fluid at the surface of
the sheet 𝐶𝑤(𝑥, 𝑡) are functions of time 𝑡 and distance 𝑥 and
are assumed to be of the forms presented in (12).

𝑇𝑤 (𝑥, 𝑡) = 𝑇∞ + 𝑏𝑥
(1 − 𝜆𝑡)2

𝐶𝑤 (𝑥, 𝑡) = 𝐶∞ + 𝑏𝑥
(1 − 𝜆𝑡)2

(12)

where in the absence of buoyancy force 𝑏 = 0, which
corresponds to the limit of forced convection.

2.1. Similarity Transformation. The partial differential equa-
tions (2), (4), and (11) are transformed into ordinary differ-
ential equations by introducing the dimensionless variables
given by (13):

𝜂 = √ 𝑐
]∗ (1 − 𝜆𝑡)𝑦,

𝜓 = √ ]∗𝑐(1 − 𝜆𝑡)𝑥𝑓 (𝜂) ,
𝜃 (𝜂) = 𝑇 − 𝑇∞𝑇𝑤 − 𝑇∞ ,
𝜙 (𝜂) = 𝐶 − 𝐶∞𝐶𝑤 − 𝐶∞

(13)
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and the relations given by (14):

𝑇 (𝑥, 𝑡) = 𝑇∞ + 𝑏𝑥
(1 − 𝜆𝑡)2 𝜃 (𝜂)

𝐶 (𝑥, 𝑡) = 𝐶∞ + 𝑏𝑥
(1 − 𝜆𝑡)2𝜙 (𝜂)

(14)

where ]∗ = 𝜇/𝜌 is the free stream kinematic viscosity, 𝜓(𝑥, 𝑦)
is a stream function which defines the velocity components
in the form 𝑢 = 𝜕𝜓/𝜕𝑦 = (𝑐𝑥/(1 − 𝜆𝑡))𝑓󸀠(𝜂), V =−𝜕𝜓/𝜕𝑥 = −√]∗𝑐/(1 − 𝜆𝑡)𝑓(𝜂) and it satisfies the continuity
equation (1), 𝑓(𝜂) represents injection and suction, 𝜂 is
the dimensionless space variable, and 𝜃(𝜂) and 𝜙(𝜂) are
dimensionless of temperature and concentration of the fluid,
respectively.

Following Hunegnaw and Kishan [21] and Vajravelu [30]
the thermal conductivity of nanofluid 𝐾(𝑇) can vary linearly
with temperature via a function shown in (15):

𝐾(𝑇) = 𝐾∞ (1 + 𝛽1Δ𝑇 (𝑇 − 𝑇∞)) (15)

and in terms of dimensionless temperature equation (15)
reducing to equation (16):

𝐾 (𝜃) = 𝐾∞ (1 + 𝛽1𝜃) (16)

where𝐾(𝜃) is the variation thermal conductivity with respect
to dimensionless temperature, 𝐾∞ is the thermal conductiv-
ity of the fluid far away from the heated sheet, and 𝛽1 is a
small parameter that depends on the nature of the fluid and
it measures the rate of change of thermal conductivity with
temperature.

In view of several analogies between heat and mass
transfer during cooling process and following Dimian and
Hadhoda [20], one can model the diffusion coefficient 𝐷(𝑇)
as a linear function of temperature shown in equation (17):

𝐷 (𝑇) = 𝐷∞ (1 + 𝛽2Δ𝑇 (𝑇 − 𝑇∞)) (17)

Again as before, (17) may also be written in terms of
dimensionless temperature as shown in

𝐷(𝜃) = 𝐷∞ (1 + 𝛽2𝜃) (18)

where𝐷(𝜃) is the variation diffusion coefficient with respect
to dimensionless temperature,𝐷∞ is the diffusion coefficient
of the fluid far away from the heated sheet and 𝛽2 is a
small parameter that depends on the nature of the fluid and
it measures the rate of change of chemical diffusivity with
temperature.

Using equations (12)-(14), (16) and (18), in equations (2),
(4), (11) and (5) the following ordinary differential equations
(19) to (21) are obtained:

𝑓󸀠󸀠󸀠 = 𝐴𝜂2𝑓󸀠󸀠 + [𝐴 + 𝜑 +𝑀]𝑓󸀠 + (𝑓󸀠)2 − 𝑓𝑓󸀠󸀠 − 𝐺𝑟𝜃 − 𝐺𝑐𝜙 (19)

𝜃󸀠󸀠

= −𝛽1 (𝜃
󸀠)2 + 𝑃𝑟 [𝐴 (𝜂/2) 𝜃󸀠 + 2𝐴𝜃 + 𝑓󸀠𝜃 − 𝑓𝜃󸀠 − 𝐸𝑐 (𝑓󸀠󸀠)2]

(1 + 𝑅 + 𝛽1𝜃)
(20)

𝜙󸀠󸀠 = −𝛽2 (𝜙󸀠𝜃󸀠) + 𝑆𝑐 [𝐴 (𝜂/2) 𝜙󸀠 + 2𝐴𝜙 + 𝐾𝑟𝜙 + 𝑓󸀠𝜙 − 𝑓𝜙󸀠](1 + 𝛽2𝜃) (21)

with the corresponding initial and boundary conditions in
the dimensionless form given by equation (22):

𝑓 (0) = 𝑓𝑤,
𝑓󸀠 (0) = 1,
𝜃 (0) = 1,
𝜙 (0) = 1

𝑎𝑡 𝜂 = 0
𝑓󸀠 (𝜂) 󳨀→ 0,
𝜃 (𝜂) 󳨀→ 0,
𝜙 (𝜂) 󳨀→ 0

𝑎𝑠 𝜂 󳨀→ ∞

(22)

where 𝐴, 𝜑, 𝑀, 𝐺𝑟, 𝐺𝑐, 𝑃𝑟, 𝑅, 𝐾𝑟, 𝐸𝑐, and 𝑆𝑐 are the
unsteadiness parameter, porous medium parameter, mag-
netic parameter, thermal Grashof number, solutal or concen-
tration Grashof number, Prandtl number, thermal radiation
parameter, chemical reaction parameter, Eckert number, and
the Schmidt number, respectively, and are defined in

𝐴 = 𝜆𝑐 ,
𝜑 = ]∗ (1 − 𝜆𝑡)𝜅∗𝑐 ,
𝑀 = 𝜎𝐵20 (1 − 𝜆𝑡)𝜌𝑐 ,
𝐺𝑟 = 𝑔𝛽𝑇𝑥 (𝑇𝑤 − 𝑇∞)𝑢2𝑤 cos 𝛼,
𝑆𝑐 = ]∗𝐷∞
𝐺𝑐 = 𝑔𝛽𝑐𝑥 (𝐶𝑤 − 𝐶∞)𝑢2𝑤 cos 𝛼,
𝑃𝑟 = 𝐶𝑝𝜇𝐾∞ ,
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𝑅 = 16𝑇3∞𝜎∗3𝑘1𝐾∞ ,
𝐾𝑟 = 𝐾𝑐 (1 − 𝜆𝑡)𝑐 ,
𝐸𝑐 = 𝑢2𝑤𝐶𝑝 (𝑇𝑤 − 𝑇∞) ,

(23)

Note further the prime symbol denoting the differentiation
with respect to dimensionless space variable (𝜂). In thismodel
the quantities of physical and practical engineering interest
are the skin friction coefficient (𝐶𝑓), the Nusselt number(𝑁𝑢𝑥), and the Sherwood number (𝑆ℎ𝑥) which are defined
in (24):

𝐶𝑓 = 𝜏𝑤(1/2) 𝜌𝑢2𝑤 ,
𝑁𝑢𝑥 = 𝑥𝑞𝑤𝐾(𝑇𝑤 − 𝑇∞) ,
𝑆ℎ𝑥 = 𝑥ℎ𝑚𝐷(𝐶𝑤 − 𝐶∞)

(24)

In which, 𝜏𝑤, 𝑞𝑤, and ℎ𝑚 are the skin friction or shear stress,
heat flux, and mass flux from the sheet and are, respectively,
given in (25):

𝜏𝑤 = 𝜇 [𝜕𝑢𝜕𝑦]𝑦=0 ,
𝑞𝑤 = −𝐾[𝜕𝑇𝜕𝑦 ]𝑦=0 ,
ℎ𝑚 = −𝐷[𝜕𝐶𝜕𝑦 ]𝑦=0

(25)

Substitutions of (13) and the relation (14) into (24) transform
the skin friction, heat flux, and mass flux into (26) to (28),
respectively:

𝑓󸀠󸀠 (0) = 12√𝑅𝑒𝑥𝐶𝑓 (26)

−𝜃󸀠 (0) = 𝑁𝑢𝑥√𝑅𝑒𝑥 (27)

−𝜙󸀠 (0) = 𝑆ℎ𝑥√𝑅𝑒𝑥 (28)

where𝑓󸀠󸀠(0), −𝜃󸀠(0), and −𝜙󸀠(0) are the skin friction, Nusselt
number, and Sherwood number, respectively; note further
that 𝑅𝑒𝑥 = 𝑢𝑤𝑥/]∗ = 𝑐𝑥2/]∗(1 − 𝜆𝑡) is the local Reynolds
number.

3. Numerical Solution of the Problem

In order to solve the system of ordinary differential equations
(19)-(21) with their corresponding initial and boundary

conditions (22) numerically, the domain [0,∞) has been
substituted by the bounded domain [0, 𝜂∞] where 𝜂∞ is a
suitable finite real number that should be chosen in such a
way that the solution satisfies the domain. Also (19)-(21) form
a highly nonlinear coupled initial boundary value problem of
third and second order ODEs. For this reason, (19)-(21) have
been reduced to a system of seven initial problems of the first
order of seven unknowns following the supposition in

𝑓 = 𝑦1,
𝑓󸀠 = 𝑦2,
𝑓󸀠󸀠 = 𝑦3,
𝜃 = 𝑦4,
𝜃󸀠 = 𝑦5,
𝜙 = 𝑦6,
𝜙󸀠 = 𝑦7

(29)

Thus we develop the most effective numerical shooting tech-
nique in line with the fourth order𝑅𝑢𝑛𝑔𝑒−𝐾𝑢𝑡𝑡𝑎 scheme. To
solve this system, we require seven initial conditions whereas
we have only four initial conditions for 𝑓(0), 𝑓󸀠(0), 𝜃(0),
and 𝜙(0), while the other three 𝑓󸀠󸀠(0), 𝜃󸀠(0), and 𝜙󸀠(0) were
not given; hence, we employ numerical shooting technique
where these three initial conditions are guessed to produce
the required three ending boundary conditions. The step sizeΔ𝜂 = 0.001 is used to obtain the numerical solutionwith eight
decimals (1 × 10−8) as a criterion of convergence.

4. Results and Discussion

Equations (19) to (21) with the corresponding initial and
boundary conditions (22) have been solved numerically using
the Runge-Kutta scheme together with shooting technique.
The influence of the nondimensional governing parameters
on velocity, temperature, concentration fields as well as
friction factor, Nusselt number, and Sherwood number has
been established by assigning some numerical values to
the nondimensional parameters. The results obtained are
discussed and presented through graphs and tables.

The nondimensional governing parameters in this
research are suction/injection parameter (𝑓𝑤), unsteadiness
parameter (𝐴), porous medium parameter (𝜑), magnetic
parameter (𝑀), the thermal Grashof number (𝐺𝑟), the solutal
or concentration Grashof number (𝐺𝑐), variable thermal
conductivity parameter (𝛽1), variable diffusion coefficient
parameter (𝛽2), the Prandtl number (𝑃𝑟), the thermal
radiation parameter (𝑅), the chemical reaction parameter(𝐾𝑟), the Eckert number (𝐸𝑐), and Schmidt number (𝑆𝑐).

With an exceptional of the varied parameters in Table 1
and on Figures 2–23 the values of these nondimensional
parameters are considered to be constant throughout this
study with their values 𝑓𝑤 = 0.1, 𝐴 = 0.5, 𝜑 = 𝑈 = 0.5,𝑀 =0.5, 𝐺𝑟 = 0.1, 𝐺𝑐 = 0.1, 𝛽1 = 0.012, 𝛽2 = 0.01, 𝑃𝑟 = 0.72, 𝑅 =0.01,𝐾𝑟 = 0.1,𝐸𝑐 = 0.03, and 𝑆𝑐 = 2. To be realistic, the values
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Table 1: Comparison of −𝜃󸀠(0) when values of 𝜑 = 0,𝑀 = 0, 𝐺𝑐 = 0, 𝛽1 = 0, 𝛽2 = 0, 𝑅 = 0, 𝐾𝑟 = 0, 𝐸𝑐 = 0, and 𝑆𝑐 = 0.
𝐴 𝑓𝑤 𝑃𝑟 𝐺𝑟 Ishak et al. (2009) [31] Sandeep et al. (2015) [32] Present Study
0 -1.5 0.72 0 0.4570 0.4566 0.4570
0 -1.5 1 0 0.5000 0.5001 0.5001
0 -1.5 10 0 0.6452 0.6451 0.6451
0 0 0.01 0 0.0197 0.0192 0.0197
0 0 0.72 0 0.8086 0.8082 0.8086
0 0 1 0 1.0000 1.0001 1.0000
0 0 3 0 1.9237 1.9231 1.9239
0 0 10 0 3.7207 3.7202 3.7207
0 1.5 0.72 0 1.4944 1.4945 1.4944
0 1.5 1 0 2.0000 2.0001 2.0000
0 1.5 10 0 16.0842 16.0837 16.0842
1 0 1 0 1.6820 – – – 1.6820
1 0 1 1 1.7039 – – – 1.7037
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Figure 2: Effects of variable thermal conductivity on temperature
profiles.
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Figure 3: Effects of variable diffusion coefficient on concentration
profiles.
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Figure 4: Effects of unsteadiness parameter on velocity profiles.
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Figure 5: Effects of unsteadiness parameter on temperatureprofiles.

of Prandtl number (𝑃𝑟) are chosen as 𝑃𝑟 = 0.60, 0.71 and 1.00
at 4∘Cwhich corresponds to water vapour, air and electrolytic
solution, respectively, and the values of Schmidt number(𝑆𝑐) are chosen as 𝑆𝑐 = 0.22, 0.60, 0.78, 1.00 and 2.62 which



8 International Journal of Mathematics and Mathematical Sciences

0 1 2 3 4 5 6−0.2

0

0.2

0.4

0.6

0.8

1

1.2




(

)

A = 0.0
A = 0.2
A = 0.3

A = 0.4
A = 0.6

Figure 6: Effects of unsteadiness parameter on concentration
profiles.
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Figure 7: Effects of porous medium parameter (𝑈) on velocity
profiles.

corresponds to hydrogen, water vapour, ammonia, methanol
and propyl benzene at 20∘C, respectively, as presented by
Shanker et al. [33].

In order to check the validity and accuracy of the present
analysis, the results for heat transfer−𝜃󸀠 (0) are comparedwith
those reported by Ishak et al. [31] and Sandeep et al. [32] as
shown in Table 1 and a good agreement has been observed.

Table 2 presents the effects of nondimensional governing
parameters on the skin friction, Nusselt and Sherwood num-
bers. It is evident from the table that an increase in porosity
parameter and magnetic field reduces the friction factor,
heat and mass transfer rates. The increase in both thermal
conductivity and radiative heat flux parameters decreases the
heat transfer rate but increases the friction factor and mass
transfer rates. Also the increase in thermal and concentration
Grashof number increases the friction factor, heat and mass
transfer rates.

Note further from Table 2 that the increase in diffusion
coefficient results in the increase in skin friction and heat
transfer, but it decreases the mass transfer rate. Increase in
unsteadiness parameter causes the increase in both heat and
mass transfer ratewhereas it causes a decrease in skin friction.
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Figure 8: Effects of porous medium parameter (𝑈) on temperature
profiles.
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Figure 9: Effects of porous medium parameter (𝑈) on concentra-
tion profiles.

In addition to this, as the chemical reaction parameter
increases, it reduces the skin friction and heat transfer, but
the mass transfer rate increases.

The trends of dimensionless velocity 𝑓󸀠(𝜂), temperature𝜃(𝜂), and concentration 𝜙(𝜂) profiles for the different values
of flow parameters are shown graphically in Figures 2–23.

The effect of thermal conductivity parameter (𝛽1) on
the temperature is shown in Figure 2. It can be noted that
the temperature tends to increase as the variable thermal
conductivity parameter increases. This is due to the increase
in thermal boundary layer thickness; its effect is higher at
the boundary layer and decreases as you approach the free
stream.

Figure 3 depicts the effect of variable diffusion coefficient
parameter (𝛽2) on concentration profile. Meanwhile, the
diffusion coefficient𝐷(𝑇) is a linear function of temperature;
it follows that as temperature increases, the diffusion coeffi-
cient increases and, consequently, the concentration tends to
increase. This is due to the Fick’s law of concentration which
shows that the diffusion coefficient is very much depending
on the concentration gradient. Thus, as 𝛽2 increases, the
concentration increases.
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Table 2: The values of 𝑓󸀠󸀠(0), −𝜃󸀠(0), and −𝜙󸀠(0) for different values of 𝛽1, 𝛽2, 𝐴, 𝜑,𝑀, 𝐺𝑟, 𝐺𝑐, 𝐾𝑟, and 𝑅 when the values of the parameters𝑓𝑤 = 0.1, 𝑃𝑟 = 0.72, 𝐸𝑐 = 0.03, and 𝑆𝑐 = 2.
𝛽1 𝛽2 𝐴 𝜑 𝑀 𝐺𝑟 𝐺𝑐 𝐾𝑟 𝑅 𝑓󸀠󸀠 (0) −𝜃󸀠 (0) −𝜙󸀠(0)
0.020 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5222 1.1281 2.1268
0.035 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5221 1.1167 2.1269
0.040 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5221 1.1129 2.1269
0.012 0.00 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5224 1.1344 2.1408
0.012 0.08 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5217 1.1345 2.0358
0.012 0.30 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5201 1.1347 1.8015
0.012 0.01 0.1 0.5 0.5 0.1 0.1 0.1 0.01 -1.4117 0.8458 1.7363
0.012 0.01 0.3 0.5 0.5 0.1 0.1 0.1 0.01 -1.4685 1.0047 1.9424
0.012 0.01 0.5 0.1 0.5 0.1 0.1 0.1 0.01 -1.3833 1.1489 2.1447
0.012 0.01 0.5 0.3 0.5 0.1 0.1 0.1 0.01 -1.4544 1.1414 2.1432
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5223 1.1344 2.1269
0.012 0.01 0.5 0.5 0.1 0.1 0.1 0.1 0.01 -1.3833 1.1489 2.1432
0.012 0.01 0.5 0.5 0.3 0.1 0.1 0.1 0.01 -1.4544 1.1414 2.1347
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5223 1.1344 2.1269
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5223 1.1344 2.1269
0.012 0.01 0.5 0.5 0.5 0.3 0.1 0.1 0.01 -1.4459 1.1431 2.1364
0.012 0.01 0.5 0.5 0.5 0.5 0.1 0.1 0.01 -1.3706 1.1515 2.1455
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5223 1.1344 2.1269
0.012 0.01 0.5 0.5 0.5 0.1 0.3 0.1 0.01 -1.4681 1.1389 2.1323
0.012 0.01 0.5 0.5 0.5 0.1 0.5 0.1 0.01 -1.4143 1.1433 2.1376
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.01 -1.5223 1.1344 2.1269
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.4 0.01 -1.5235 1.1342 2.2785
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.8 0.01 -1.5249 1.1340 2.4630
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.20 -1.5206 1.0296 2.1274
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.40 -1.5190 0.9440 2.1278
0.012 0.01 0.5 0.5 0.5 0.1 0.1 0.1 0.50 -1.5183 0.9080 2.1280
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Figure 10: Effects of magnetic parameter (𝑀) on velocity profiles.

Figures 4, 5, and 6 present the typical effects of unsteadi-
ness parameter (𝐴) on the velocity, temperature, and con-
centration profiles, respectively; it can be noted that an
increase in 𝐴 results in the decrease in velocity, temperature,
and concentration profiles of the nanofluid. Generally, as 𝐴
increases it causes thickening of the thermal boundary layer.
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Figure 11: Effects of magnetic parameter (𝑀) on temperature
profiles.

This effect causes the dimensionless velocity, temperature,
and concentration to decrease.

The effects of the porous medium parameter (𝜑) on
velocity, temperature, and concentration are illustrated in
Figures 7–9, respectively. It can be noted from Figure 7 that
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Figure 12: Effects of magnetic parameter (𝑀) on concentration
profiles.
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Figure 13: Effects of concentration Grashof number on velocity
profiles.

as 𝜑 increases, the dimensionless velocity decreases; this is
because as the tightness of the porous medium parameter
increases, the resistance against the flow increases; as a result
the fluid velocity decreases and thus the heat is transferred
from the hot sheet to the fluid and eventually the temperature
and concentration of the fluid increase as shown in Figures 8
and 9.

Figure 10 presents the effects of external magnetic field(𝑀) on the velocity profile. It can be noted that as 𝑀
increases, the fluid velocity declines; this is due to the
presence of transverse magnetic fields which causes the
emergency of drag force (Lorentz force) opposing the motion
of the nanofluid and as a results it retards the flow velocity.
Figures 11 and 12 reveal that as𝑀 increases, it improves the
temperature and concentration profile. This is due to higher
heat transfer from the hot sheet to the nanofluid and hence
the fluid cools the sheet by absorbing its temperature.

Figure 13 displays the effect of concentration Grashof
number (𝐺𝑐). It can be noted that an increase in 𝐺𝑐 results
in the increase in the flow field. Since the concentration
Grashof number is the ratio of thermal buoyancy force to
the hydrodynamic force and happens on the boundary layer
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Figure 14: Effects of thermal Grashof number on velocity profiles.
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Figure 15: Effects of Prandtl number on velocity profiles.

due to variations of concentrations, an increase in thermal
buoyancy effect on the nanofluid causes the fluid to cool the
hot sheet.

Figure 14 presents the effect of thermal Grashof number(𝐺𝑟). It can be noted that an increase in 𝐺𝑟 results in the
increase of nanofluid velocity. This is based on the fact
that the thermal Grashof number is the ratio of thermal
buoyancy force to the hydrodynamic force and happens on
the boundary layer due to variations of temperature and
thus an increase in thermal buoyancy effect on the nanofluid
causes the said fluid to cool the hot sheet.

The effect of Prandtl number (𝑃𝑟) on dimensionless
velocity is illustrated in Figure 15; it can be noted that as 𝑃𝑟
increases, the velocity of the flow field decreases and hence it
causes the thermal boundary layer to shrink. It is interesting
to note from Figure 16 that as 𝑃𝑟 increases, it causes the
decrease in temperature of nanofluid; this is due to the fact
that 𝑃𝑟 is inversely proportional to the thermal diffusion and
directly proportional to the momentum diffusivity and thus
as 𝑃𝑟 increases, it leads to the decrease in thermal diffusion
and consequently the temperature and concentration of the
fluid decreases.

Figure 17 depicts the effect of Schmidt number on con-
centration profile. It has been noted that the concentration
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Figure 16: Effects of Prandtl number on temperature profiles.
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Figure 17: Effects of Schmidt number on concentration profiles.

of the fluid decreases as the Schmidt number (𝑆𝑐) increases;
this is due to the fact that 𝑆𝑐 is directly proportional to
the kinematic viscosity 𝑆𝑐 and inversely proportional to the
mass diffusion coefficient (𝐷); thus, as 𝑆𝑐 increases, the mass
diffusion coefficient 𝐷 decreases and as a result the diffusion
foreign species become heavier and normally heavier species
have higher 𝑆𝑐.

The effects of chemical reaction parameter (𝐾𝑟) on
the dimensionless concentration profile are illustrated in
Figure 18. It is clear from Figure 18 that as 𝐾𝑟 increases, the
concentration profile decreases; this means 𝐾𝑟 is a slowing
agent because it reduces the concentration in the boundary
layer and hence at the point very near to the sheet the solute
boundary layer turns out to be thinner and increases themass
transfer.

Figure 19 shows the effects of radiative heat flux parame-
ter (𝑅) on the temperature profile. Generally, the presence of
chemical reaction results in generations of the radiative heat
flux and thus the increase in 𝑅 leads to the increase in the
boundary layer thickness and improves the heat transfer rate
on the surface and as a result the temperature distribution in
the flow region increases as 𝑅 increases.
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Figure 18: Effects of chemical reaction on concentration profiles.
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Figure 19: Effects of thermal radiation parameter on temperature
profiles.

Figure 20 depicts the effects of inclination angles (𝛼)
on the velocity profile. It has been observed that as the
inclination angle increases in the anticlockwise from vertical
axis, the velocity of nanofluids decreases. This is due to the
fact that as the inclination angle increases, it causes both
concentration Grashof number (𝐺𝑐) and thermal Grashof
number (𝐺𝑟) to decrease and thus the thermal buoyancy
effect on the nanofluid decreases and finally limits the cooling
process.

The effects of suction/injection parameter 𝑓𝑤 on dimen-
sionless velocity, temperature, and concentration are pre-
sented in Figures 21–23.The increase in 𝑓𝑤 within the porous
retards the fluid velocity and hence it causes the fluid viscosity
to increase, as a result the dimensionless temperature and
concentration decrease.This is because more fluids are forced
to pass through the permeable sheet and as a result the
fluids that are very close to the hot sheet suffer decrease in
temperature.

5. Conclusion

In this research, a numerical analysis on unsteady MHD
flow of nanofluid with variable properties over an inclined
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Figure 20: Effects of inclination angles on velocity profile.
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Figure 21: Effects of suction/injection parameter on velocity pro-
files.

stretching sheet in the presence of thermal radiation and
chemical reaction is presented. The influence of the nondi-
mensional governing parameters such as suction/injection,
unsteadiness, porous medium, magnetic parameter, thermal
Grashof number, concentration Grashof number, variable
thermal conductivity, variable diffusion coefficient, Prandtl
number, thermal radiation, the chemical reaction, Eckert and
Schmidt number on the velocity, temperature, concentration
fields as well as skin friction, and Nusselt and Sherwood
number has been established.

It is found that an increase in variable thermal conduc-
tivity parameter results in the increase in temperature of
the nanofluid. The increase in variable diffusion coefficient
parameter results in the increase in concentration. The
increase in either unsteadiness or suction parameter results in
the decrease in the velocity, temperature, and concentration.
The increase in Schmidt number or chemical reaction param-
eter results in the decrease in concentration. The increase
in Prandtl number results in a decrease in both velocity
and temperature. The increase in either concentration or
thermal Grashof number results in the increase in velocity.
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Figure 22: Effects of suction/injection parameter on temperature
profiles.
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Figure 23: Effects of suction/injection parameter on concentration
profiles.

The increase in thermal radiation parameter results in the
increase in temperature.

It is further observed that porosity and magnetic param-
eters have the ability of reducing the nanofluid velocity and
enhancing the temperature and concentration profiles and
also the duo has the capability of reducing the skin friction
coefficient, heat, and mass transfer rates.

Nomenclature

𝑥: Coordinate along the stretching sheet𝑦: Distance normal to the stretching sheet𝑐: Initial stretching rate𝑏: Constants𝑡: Time𝑢: Velocity along the 𝑥− direction
V: Velocity along the 𝑦− direction𝑢𝑤(𝑥, 𝑡): Velocity of the stretching sheet
V𝑤(𝑡): Velocity of the mass transfer𝐹: Force applied along the 𝑥− axis𝑇𝑤(𝑥, 𝑡): Temperature of the sheet at the wall
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𝐶𝑤(𝑥, 𝑡): Concentration of the fluid at the wall𝑇∞: Uniform temperature far from the sheet𝐶∞: Uniform concentration far from the sheet𝐵0: Magnetic induction𝐶𝑝: Specific heat at constant pressure𝐾𝑟: Chemical reaction parameter𝐸𝑐: Eckert number𝑆𝑐: Schmidt number𝐶𝑓: Skin friction coefficient𝑁𝑢𝑥: Nusselt number𝑆ℎ𝑥: Sherwood number𝑞𝑤: Heat fluxℎ𝑚: Mass flux from the sheet𝑅𝑒
𝑥

: Reynolds number𝐾: Thermal conductivity𝐷: Molecular diffusivity𝑇: Temperature of the species𝐶: Concentration of the species𝑔: Acceleration due to gravity𝑞𝑟: Radiation heat flux
V0: Constant𝑘1: Coefficient of absorption𝐾∞: Thermal conductivity of the ambient𝐷∞: Diffusion coefficient of the ambient𝑀: Magnetic parameter𝐴: Unsteadiness parameter𝐺𝑟: Thermal Grashof number𝐺𝑐: Solutal or concentration Grashof number𝑃𝑟: Prandtl number𝑅: Thermal Radiation parameter𝑓𝑤: Suction/Injection parameter.

Greek Symbols

𝛼: Inclination angle𝜆: Constant𝜓: Stream function𝜎∗: Stefan- Boltzmann constant𝛽1: Variable thermal conductivity𝛽2: Variable diffusion coefficient𝜏𝑤: Shear stress𝜑: Porous medium parameterΔ: Delta𝜅∗: Permeability
]∗: Kinematic viscosity𝜇: Coefficient of viscosity𝜙: Dimensionless concentration function𝛽𝑇: Coefficient of thermal expansion𝛽𝐶: Volumetric concentration coefficient𝜃: Dimensionless temperature function𝜂: Dimensionless space variable𝜌: Fluid density𝜎: Electrical conductivity.

Subscripts

∞: Free stream condition𝑤: Properties at the plate.
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