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Abstract

In this article, we explore the application of a set of stochastic differential equations called particle model in simulating
the advection and diffusion of pollutants in shallow waters. The Fokker—Planck equation associated with this set of sto-
chastic differential equations is interpreted as an advection—diffusion equation. This enables us to derive an underlying par-
ticle model that is exactly consistent with the advection—diffusion equation. Still, neither the advection—diffusion equation
nor the related traditional particle model accurately takes into account the short-term spreading behaviour of particles. To
improve the behaviour of the model shortly after the deployment of contaminants, a particle model forced by a coloured
noise process is developed in this article. The use of coloured noise as a driving force unlike Brownian motion, enables to
us to take into account the short-term correlated turbulent fluid flow velocity of the particles. Furthermore, it is shown that
for long-term simulations of the dispersion of particles, both the particle due to Brownian motion and the particle model
due to coloured noise are consistent with the advection—diffusion equation.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Brownian motion; Stochastic differential equations; Traditional particle models; Coloured noise force; Advection—diffusion
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1. Introduction

The increasingly awareness in most societies of issues such as water and air pollution has lead to the need
for ways to alleviate or reverse the situation. The use of mathematical models is relevant in the simulations and
prediction of pollutants transport. Thus, a significant development of various mathematical models for advec-
tion and dispersion of pollution in shallow waters have been developed [1-4], for example. These model are
used for predictions of pollutant dispersion as well as for plans to improve water quality in shallow waters
such as in rivers and coastal water. Of the available methods, particle models are gaining popularity [5]. This
is because they are easy to implement, can be used for a wide range of applications [4]. On the other hand,
there are well-known intricacies associated with the finite difference schemes used for approximating the
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advection—diffusion equations. Moreover, the use of particle tracking models can provide valuable informa-
tion to assist in problem analysis, optimisation and environmental modelling. However, most of these particle
models use Brownian motion force for simulating the diffusion/dispersion of particles is shallow waters [1,6,7].
Such models consider that particles move according to a simple random walk and consequently have indepen-
dent increment [8,5]. These models are consistent with the well-known advection—diffusion models for trans-
port of pollutants in shallow waters. However, it is well known that the advection—diffusion equation describes
the dispersion of particles in turbulent fluid flow accurately if the diffusing cloud of contaminants has been in
the flow longer than a certain Lagrangian time scale and has spread to cover a distance that is larger in size
than the largest scale of the turbulent fluid flow [6]. The Lagrangian time scale (7)) is 2 measure of how long it
takes before a particle loses memory of its initial turbulent velocity. In reality, however, there exists short-term
correlation in a variety of hydraulic engineering problems including coastal waters and subsurface diffusion
[4]. Therefore, both the particle model due to Brownian force and the advection—diffusion model are unable
to accurately describe the short time scale correlated behaviour which is available in real turbulent flows at
sub-Lagrangian time. Thus, this papers instead we develop a model which is forced by coloured noise. This
way, the particle model takes correctly into account the diffusion processes over short time scales when the
eddy (turbulent) diffusion is less than the molecular diffusion. The inclusion of several parameters in the col-
oured noise process allows for a better match between the auto-covariance of the model and the underlying
physical processes. In addition, the particle model forced by coloured noise model has been developed in such
a way that the coloured noise process approximates Brownian motion over large time periods. The advection—
diffusion equation can also be improved to account for the short-term correlation behaviours. The resulting
Eulerian model is equivalent to the developed particle model for small scale time. In this article, we implement
both the classical particle model and the particle model due to coloured noise. Because they are relatively
much easier [3] than the numerical implementation of the equivalent Eulerian transport model. Note that
the random flight model takes into account the correlation behaviour of particle’s position at time ¢ and its
initial location. The correlation between the two particles is not taken into account because we use a one-par-
ticle model [6]. One-particle models describe transport of a single particle. By performing experiments with
many different particles, an ensemble mean concentration can be obtained by averaging the results of all indi-
vidual particles in the experiments. The resulting average concentration value is an important quantity as far
as the prediction processes is concerned. The remainder of this paper is organised as follows, in Section 2 we
briefly introduce the traditional particle model. Section 4 introduces coloured noise processes. Explanations of
the techniques for modelling dispersing pollutants are outlined in Section 5. The general random flight model
is developed in Section 5.1. The analysis of spreading properties of a cloud of contaminants such as the var-
iance is done in Section 6. Several numerical experiments are carried out in Section 8. Finally, in Section 10
both the traditional particle model and the particle model due to coloured noise are applied to predict the dis-
persion of pollutants in the Dutch coastal waters.

2. Particle model due to Brownian motion force for dispersion of pollutants in shallow waters

The position of particles in water at time ¢, is designated by (X (¢), Y(¢)). Different random locations of the
particle are described with the aid of stochastic differential equation. The integration of the movements of the
particle in water is done in two steps. A deterministic step consisting of velocity field of water and a random
step known as diffusion modelled by the stochastic process [1];

5 D OH 0D
dx(r) = [U ﬁ§+§]dt+\/2_DdBl(t), X(0) = xo, (1)
DOH oD

+—} dt + V2D dB,(t), Y(0) = y,. )

dY(t)Ig)[V_l_Ea_y o

Here D is the dispersion coefficient in m?/s; U(x, y, ), V' (x, y, t) are the averaged flow velocities (m/s) in respec-
tively x, y directions; H(x, y, ) is the total depth in m at location (x,y), and dB(¢) is a Brownian motion with
mean (0,0)" and E[dB, (£)dB,(¢)"] = Idt where I'is a 2 x 2 identity matrix [9]. Note that the advective part of
the particle model Eqgs. (1)—(2) is not only containing the averaged water flow velocities but also spatial
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variations of the diffusion coefficient and the averaged depth. This correction term makes sure that particles
are not allowed to be accumulated in regions of low diffusivity as demonstrated by (see e.g., [7,3]). At closed
boundaries particle bending is done by halving the time step sizes until the particle no longer crosses closed
boundary. As a result there is no loss of mass through such boundaries. The position (X(¢), Y(¢)) process is
Markovian and the evolution of its probability density function (p(x, y,)), is described by an advection—dif-
fusion type of the partial differential equation known as the Fokker—Planck equation (see e.g.,[8])

op 0 D3H D 1 1o 0 D3H D
P__Z — L= ~~(2Dp) + = — (2Dp) — — — 220 2p).
o ax<[U+H 6x+6x}p>+26x2( P) +73 552 20P) 6y<[V+H 6y+6]p) (3)

The initial spreading of a cloud of particles is very small and its distribution can be modelled using a Dirac
delta function.

px,y, 1) = 0(x — X0)8(y — ¥y)- (4)

This is physically a way of representing a larger concentration or number of particles into an infinitely small
space (see e.g., [8,6]).The probability density function of particles at a certain location is an exposition of the
concentration at that location [1,6], therefore particle concentration C(x,y,?) can be related to the probability
density function p(x,y,):

C(xayvt) :p(x,y,t)/H(x,y,t). (5)

By substituting this equation into Fokker—Planck Eq. (3), the following vertically integrated advection—diffu-
sion equation can be derived:

O(HC)  O(HUC) O(HVC) 8 (. 0C\ 0 [ . 0oC
% o > Ta\PHe) T, \PHT, ) (6)

An initial condition for the concentration can subsequently be obtained by substituting Eq. (4) into Eq. (5).
Where U,V are the flow fields along x and y directions, respectively.H is the total water depth, D is the dis-
persion coefficient. By interpreting the Fokker—Planck equation (3) as the vertically integrated advection—dif-
fusion equation makes the particle model in Egs. (1)~(2) to be consistent with the well-known advection—
diffusion Eq. (6) as shown by [1]. The inputs such as flow velocities, water depth and so forth required by
the particle transport model are computed by the hydrodynamic model known as WAQUA [10].This is briefly
described in the following section.

3. Shallow water flow equations

In order for particle models to describe transport problems in shallow waters, the inputs such as water flow
velocities [U(x, y, 1), V (x,y,1)]", water levels &, water depths H (x, y,) and so forth are required. In our appli-
cation, the inputs are often computed by the hydrodynamic model (WAQUA), which can solve the depth-
averaged shallow water equations or 3 dimensional shallow water [10]. The inputs are assumed to satisfy
the shallow water equations [1]. The momentum equations are represented by the following equations:

U U U U+ 77y
oV oV oV o v+ V)
a PVt Vg teg Ve g =0 ®

The velocity is uniform over the vertical, therefore, for that reason, the rise and fall of free surface is given by
equations of conservation of mass called the continuity equation:
OH O(UH) 0o(VH)
—+ +
ot Ox oy

=0, )
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where

H= h—+ ¢ is the total depth

¢ is the water-level with respect to a reference
h depth of the water with respect to a reference
C, bottom friction coefficient (Chezy coefficient)
g acceleration of gravity

f Coriolis parameter.

The shallow water equations are entirely described by Egs. (7)—+9), provided the closed and open boundary
conditions and initial fields are given [1].

4. Coloured noise processes

In this part, coloured noise forces are introduced and represent the stochastic velocities of the particles,
induced by turbulent fluid flow. It is assumed that this turbulence is isotropic and that the coloured noise pro-
cesses are stationary and completely described by their zero mean and Lagrangian auto-covariance function.

4.1. The scalar exponential coloured noise process

Let the linear stochastic differential equation that models the dynamics of a stochastic velocity of the par-
ticle be given by

duy(t) = —TiLul(t)dt + o dB(1), (10)

¢ t—s
ul(t) = uoeﬁ + oy / C_(qu_)dB(S), (11)
0

where o; > 0 is constant, and Ty is a Lagrangian time scale. For ¢ > s it can be shown [8], that the scalar expo-
nential coloured noise process in Eq. (11) has mean, variance and Lagrangian auto-covariance of, respectively,

2 —s
LI (12)

By (6)] = €™, Var[ul(t)]z“lzT L(1—e ), Covlu(s)ui(s)] =

4.2. The general vector coloured noise force

The general vector form of a linear stochastic differential equation for coloured noise processes [8,11] is
given by
du(z) = Fu(r)dt + G(t)dB(t), dv(z) = Fv(¢)dt + G(¢)dB(z), (13)
where u(¢) and v(¢) are vectors of length n, F and G are n x n respectively n X m matrix functions in time and
{B(¢);t > 0} is an m-vector Brownian process with E[dB(¢#)dB(¢)"] = O(¢)d. In this article, we extend a special

case of the Ornstein—Uhlenbeck process [12,11], and repeatedly integrate it to obtain the coloured noise forc-
ing along the x and y directions:

duy (t) = — 7w (t)d2 + o, dB(2), dv; (#) = — - vi(1)dz + o, dB(2),

dis(t) = —mw(t)dt +7-ooui (£)dt,  dvs(f) = —7-02(2)dt + 7 oo0: ()dt,

dus () = — %”3 (H)dt + -+ ~oaaun(0)ds,  dus(f) = — TLL v3(f)dt + TLL a3v,(2)dt,

dus(t) = — L ua(O)dt + L aau()d,  doa(t) = — - 0a(1)dt + L a5 (1)de, (14)

du,(¢) = u,,(t)dt+ - o1 (1)de,  doa(f) = — vu()dt + - ot U1 (¢)d.
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By doing this, a Lagrangian auto-covariance of the velocity processes is modelled more accurately and becomes
possible to take into account the characteristics of an isotropic homogeneous turbulent fluid flow. The vector
Langevin equation (14) generates a stationary, zero-mean, correlated Gaussian process denoted by
(u.(2),v,(¢)). The Lagrangian time scale 7' indicates the time over which the process remains significantly cor-
related in time. The linear system in Eq. (14), is the same in the It6 and the Stratonovich sense because the diffusion
function is not a function of state but only of time. In order to get more accurate results we integrate the stochastic
differential equation that is driven by the coloured noise processes by the Heun scheme (see e.g., [13,2,9]).

The main purpose of this article is the application of coloured noise forcing in the dispersion of a cloud of
contaminants so as to improve the short-term behaviour of the model while leaving the long-term behaviour
unchanged. Being the central part of the model, it is important to study the properties of coloured noise pro-
cesses in more detail. Coloured noise is a Gaussian process and it is well known that these processes can be
completely described by their mean and covariance functions see [14]. From Eq. (11) and from Fig. 1a, it is
easily seen that the mean approaches zero throughout and therefore requires little attention. The covariance,
however, depends not only on time but also on the initial values of u,(0) and v,(0). This immediately gives rise
to the question of how to actually choose or determine these values. Let’s consider the covariance matrix of
the stationary process u in the stochastic differential equations of the form (13). It is known (see e.g.,[8]) that
covariance function can now be described by

(;—I;:FP-i-PFT-i-GQGT. (15)

By equating dP/d¢ to 0, we can find the steady state covariance matrix P. This matrix can then be used to
generate instances of coloured noise processes. This way of generating instances of u vector ensures that

Mean of the coloured processes Variance of coloured processes
0.015 1.4
A mean of u 1(t) “““ variance of u ’ t)
S ____ meanof uz(t) 1.2 F — variance of u2(t)
0.01 s e meanofu,y | | - variance of u,(t)
. . meanof u,(t) L variance of u, (t)

0.005 08| ;

06F |

04 F /e e .

-0.005 ]
0.2

—0.01 0 20 40 60 80 100 0 20 40 60 80 100
time time

(a)al=02=a3 =04 =1 (b)al=a2=a3 =04 =1

Auto—covariance of the coloured processes
T

+ - auto—covariance of u,(t)
——aut-ocovariance of u,(t)
‘‘‘‘‘ auto—covariance of us(t)

auto—covariance of u (t)

auto—covariance

0 20 40 60 80 100
time

()al=a2=a3=04=1

Fig. 1. (a) The mean goes to zero and (b,c) the variance and auto-covariance of coloured noise processes started from non-stationary to
stationary state.
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the process is sampled at its stationary phase thus removing any artefacts due to a certain choice of start values
that would otherwise be used. The auto-covariance is depicted in Fig. 1c. Note that the behaviour of a physical
process in this case depends on the parameters in the Lagrangian auto-covariance. Of course short-term dif-
fusion behaviour is controlled by the auto-covariance function. This provides room for the choice of param-
eters e.g., oy, d,... The mean, variance and the auto-covariance are not stationary for a finite time ¢ but as
t — 0o, they approach the limiting stationary distribution values as shown in Fig. la—.

5. Modelling dispersion of pollution in shallow water by using coloured noise force

Let us consider the following stochastic differential equation,
X (1) 2 £ (X (), )de + g(X (1), HAB(2). (16)

As stated earlier, the model in Eq. (16) is not physically accurate. The shortcoming of these traditional particle
models is caused by the fact that the driving noise in the stochastic differential equations (1)—(2) and (16) are
modelled as Brownian processes and as a result, have independent increments for time periods ¢ < T (see
e.g., [8,14.4]). Rather, for t < T it is more realistic to assume that the increments are correlated. Therefore,
for short time scales, a coloured force is applied so as to take into consideration the short time correlation
behaviour.

5.1. The particle model forced by coloured noise

To model dispersion in shallow waters we have developed an extension of the particle model which is driven
by coloured force. Such type of particle model is often referred to as the random flight model found in [1]. In
this extension, the coloured noise process is generalised to (u,(¢), v,(¢)) which represents the velocity of the
particle at time ¢ in, respectively the x and y directions. This way the Lagrangian auto-covariance processes
can be modelled more accurately by taking into account the characteristics of the turbulent fluid flow for
t < Tp. By using the following set of equations the random flight model remains consistent with the advec-
tion—diffusion equation (6) for long period simulations while modelling accurately the short-term correlation
of the turbulent fluid flows. In this application, unlike in [15], we choose longer length of the coloured noise,
that is » = 4 and more experiments for simulations of the advection and diffusion of pollutants in shallow
waters are carried out. Thus we use the following coloured noise:

du(f) = — 7-wi (1)dt + 1 dB(?), dvi (#) = —7-v.(t)dt + oudB(2),

duy(t) = — 7wy (t)dt + - aoui (£)dt,  dvy(t) = —7-0,(£)dt + 7- o0, (2)dt 7
dus(t) = — - us(t)dt +7-caup(1)dt,  dos(t) = Tivg(t)dt+—ocwz(t) (17)
du4(t) — L ( )dt +L d4u3(t)dt dl)4(t) lv4(t)dt + —(X4Ug(t)dt

dX(¢) = [U+0'u4(t ( )/H aaf ds, )

dy(f) = [V+av4 t)+< )/H-l— }

These systems of vector equations are Markovian we shall refer to this set of equations as the random flight
model. The random flight model (17) and (18) is integrated for many different particles. Note that at the start
of the simulation all particles have initial Gaussian velocities (u4(0), v4(0)) with zero mean and variance that
agrees with covariance matrix P at a steady state.

6. The spreading behaviour of a cloud of contaminants

The characteristics of a spreading cloud of contaminants due to Brownian motion and coloured noise pro-
cesses are discussed in the following sections.
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6.1. Long-term spreading behaviour of clouds of particles due Brownian motion force

Let us, for now assume there is no drift term in Eq. (16) that is, f(X(¢),7) =0, and let
g(X(t),1) = V2D.

It follows that,
dx (t) 2 v2DdB(y). (19)

By applying following theorem which is found in [11], that for any continuous function we have the following
theorem.

Theorem 1. Let g(x) be continuous function and {B(t),t = 0} be the standard Brownian motion process [ 11].
For each t > 0, there exits a random variable

f@=l}www,

which is the limiting of approximating sums

F(g) = kﬁ;g(zk_n’) [B(zk_"’) _B(k2;"1t)] ’

as n — oo. The random variable ¥ (g) is normally distributed with mean zero and variance

VMWM=A?MM,

if f(x) is another continuous function of x then F (f') and ¥ (g) have a joint normal distribution with covariance

t
€7 ()7 (@) = | /el
to Eq. (19), it can be shown that the variance of a cloud of contaminants grows linearly with time:

Var[X(¢)] 9Dt + constant. (20)

For more detailed information as well as the proof of this theorem, the reader is referred to [ 111 for example.

6.2. Long-term spreading behaviour of clouds of contaminants subject to coloured noise forcing

As discussed in Section 5 with, for example, u(¢) from Eq. (11) as the coloured noise forcing and still
assuming there is no background flow, the position of a particle at time ¢ is given by

dX(?) = ouy(1)dt = X(¢) =X(0) + a/otul(m)dm. (21)

For simplicity, yet without loss of generality, let X(0) = %;(0) =0, for i = 1,2,...,n. Now, Eq. (11) leads to
uy(m) = a f;' e T dB(k), and consequently,

X(0) R0, Ty / t (1 - e*fﬁ’*@)dg(k). (22)

Using Theorem 1, the position of a particle at time ¢ is normally distributed with zero mean and variance
VO gy 12 (1 ) 1 Lo (1 )]

Thus, a position of a particle observed over a long time span as modelled by the coloured noise process u; (¢)
behaves much like the one driven by Brownian motion with variance parameter ¢}T> . Hence, the dispersion
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coefficient is related to variance parameters o?o2T> = 2D. We can clarify this by considering Eq. (22), where
the second part is u;(¢) itself;

X(6) = oTL[uB() — ui(r)], where uy(£) = oy / te—#“—’f)dB(k).

0

Let us now rescale the position process in order to better observe the changes over large time spans. Doing so,
for N > 0, we get

Xn(t) = \/LA_[X(M) 6Ty | B + %ul (t)] , (23)

where E(t) =2 (IIV;) remains a standard Brownian motion process. For sufficiently large N it becomes clear that
Eq. (23) behaves like Brownian motion:

Xy(t) =~ ooy TLB(2).

6.3. The analysis of short-term spreading behaviour of a cloud of contaminants

For scalar coloured noise, it can be shown using Eq. (12) that

Covittrsatt] = Eltrsatts] = E[praty] = %«%Tﬁf. (24)
From Eq. (24), It follows that,

Elu.u,| = oclTLeJTTL,

Varlx ] = o? /0 t /0 t %ochLe;(TIL;S)drds. (25)

The integration of Eq. (25) can easily be yielded by separately considering the regions 7 < s and 7 > s, and it
can be shown that

(26)

? £ 2T t2 243
Var[X,] = 02T} ( ) _ChTLe ol

212 6T 2 6
Since we are interested only in the short time analysis, Eq. (26) is considered only for very small values of ¢ in a
sense that for ¢t < T the variance of a cloud of particles shortly after deployment is then given by the follow-
ing equation:
1
VarlX,| = —ozochLtz. (27)

With the constant dispersion coefficient D = £¢%«}T7, the variance of the cloud of particles, therefore initially
grows with the square of time:

VarlX (1)] = Tﬂﬂ. (28)

6.4. The general long-term behaviour of a cloud of contaminants due to coloured noise

Let us assume that there is no flow in the model and therefore have

dX () = ou (Ndr — X (£) = / taul(s)ds ui(s) = o /0 e aph),

X() = <T_L> oo / / bk k) 55 45dBk), x(0)=0
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It can then be shown that

us(s) = TL / "N s — k) dB(K), (29)

where 0 < m < s < t. Since k < s, the position of a particle due to coloured noise force Eq. (29) is given by

X(f) = <_L> —_— / / 1") dsdB(K).

In general, a position due to u,(¢) force is X (¢ fo ou,(s) ds, and it follows that
X(1)2 (iy_loﬁfx / | / B elef(Sik)(s_—k)n_l dsdB(k) (30)
Ty 1 “Jo |Jo (n—1)! -

Careful manipulation using integration by parts of the integral within the square brackets of Eq. (30), yields

X0 (1) (%L)n_lagcxi /0 1+ JdB#) forn > 1. (31)

Finally, with the aid of Theorem 1 whose proof is found in [11], the variance of a cloud of contaminants can be
computed as described in the sections above. The derivation of velocity v,(z) of the particle along the y direc-
tion proceeds completely analogously. Let us now compute the variance of the general equations for position
given by Eq. (31)

VarlX (¢) TL)2Hoc / 1. JPdk. (32)

For ¢ > 0,0; > 0, and T, > 0, the process again behaves like a Brownian process with variance parameters

T16*[[L,o? as t — oo. Thus the appropriate diffusion coefficient from Eq. (20) is equals D = @Eﬁ This
relation is important because it gives a criterion for various choices of parameters o;, i = 1,...,n, Ty, > 0.Ina
simulation the constant dispersion coefficient D often is specified whereas ¢ must be solved in terms of the
other parameters.

7. Discrete version of the particle model driven by brownian motion

Analytical solutions of stochastic differential equations do not always exist due to their complexity and
nonlinearity. Therefore, stochastic numerical integration schemes are often applied [13,2]. An example of a
numerical scheme is the Euler scheme which, although not optimal in terms of order of convergence, is easy
to implement and requires only O(A¢) in the weak sense [9]. Here the time interval [fy, 7] is discretised as
Lh=0<ti<h<---<t,1<t,=T, with A(tk) = 41 — AB(tk) :B(tk+1) —B(tk), for k= 0,1,...,n.

)_((tk+1)=)_((tk)+[ ( )/H+ ] (t) + V2DAB(t;), (33)
Y (tis1) :7(zk)+[ ( ) /H+ ] (tx) + V2DAB(t;), (34)

where X (#,1) and Y () are the numerical approximations of the X (#,,) and Y(¢,,) positions respectively
due to the traditional particle model. The noise increments AB(#;) are independent and normally distributed
N(0,A(t;)) random variables which can be generated using e.g., pseudo-random number generators. The do-
main information consisting of flow velocities and depth is computed using a hydrodynamic model known as
Waqua see [10]. The flow averaged fields are only available on grid points of a rectangularly discretised grid
and therefore, interpolation methods are usually used to approximate the values at other positions.
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7.1. Boundaries

Numerical schemes such as the Euler scheme often show very poor convergence behaviour [9]. This implies
that, in order to get accurate results, small time steps are needed thus requiring much computation. Another
problem with the Euler (or any other numerical scheme) is its undesirable behaviour in the vicinity of bound-
aries; a time step that is too large may result in particles unintentionally crossing boundaries. To tackle this
problem we define two types of boundaries. Closed boundaries representing boundaries intrinsic to the
domain, and open boundaries which arise from the modeller’s decision to artificially limit the domain at that
location. Besides these boundary types we also define what happens if, during integration, a particle crosses
one of these two borders;

e In case an open boundary is crossed by a particle, the particle remains in the sea but is now outside the
scope of the model and is therefore removed;

e In case a closed boundary is crossed by a particle during the advective step of integration, the step taken is
cancelled and the time step halved until the boundary is no longer crossed. However, because of the halv-
ing, say n times, the integration time is reduced to 27"A¢, leaving a remaining (1 — 27")A¢ integration time.
This means at least another 2" — 1 steps need to be taken at the new integration step in order to complete
the full time-step A¢. This way, shear along the coastline is modelled;

e If a closed boundary is crossed during the diffusive part of integration, the step size halving procedure
described above is maintained with the modification that in addition to the position, the white noise process
is also restored to its state prior to the abandoned integration step. Again the process of halving the time
step and continuing integration is repeated until no boundaries are crossed and the full A¢ time step has
been integrated.

8. Numerical experiments

Before applying both the traditional model (1)—(2) and the part model forced by coloured noise (17)—(18) to
a real life pollution problem, we have created a domain for test problem. In this case, we have considered a
channel domain with flow field (see Fig. 2). In order to compare the spreading behaviour of a cloud of con-
taminants some experiments using both particle models have been carried out. The Table 1 below summarises
the simulation parameters that have been used in the experiments:
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p mmw —— ———w——————™

e ——_— =% X

-
T

g SRR

e

- S S

P

P V-
T

. . _1. = 5 = 1. 2
x[grid-index n] % 104

Fig. 2. Domain showing flow velocity and a point at which particles are released.
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Table 1
The simulation parameters of the particle model for the dispersion of pollutants in shallow waters
Channel Unit Value North sea Unit Value
# of steps - 8999 #of steps - 2499
At s 864 At s 864
Particles - 40,000 Particles - 400,000
o1, 00 - 06121,062:0.2 1,00 - 0612170(2:0.2
o3, 04 — 0(321.2,0(422 o3, 04 — o3 =1.2,0€4=2
Tracks - 5 Tracks - 5
Grid offset m (—21,600, —21,600) grid offset m (40,550, 500,000)
Grid size - 105 x 105 Grid size - 201 x 201
Cell size m 400 x 400 Grid size m 800 x 800
Tnit. point m (0,0) Init. point m (1.35 x 10°, 5.7 x 10%)
D m/s? 3 D m/s? 3
Ty s 30,000 TL s 30,000
a x10° 40,000 particles by CN, t=9504s<TL b x10° 40,000 particles by BM, t=9504s<TL
2i 2
1.5 1.5
1 1
E 0s : E os
3 :
£ 0 . £ 0 &
=2 =
5 -0.5 | 5 05
> | >
-1 | -1
-1.5 -1.5
2 2 |
-2 -1 0 1 2 -2 -1 o 1 2
x[grid-index n] x10° ¥[grid-index n] x10°
c x40 40,000 particles by CN, t=864000>TL d x10° 40,000 particles by BM, t=864000>TL
2 2B
1.5 1.5
1 1
E 0.5 E 0.5
(] @
2 0 2 o
) -
505 505
== =
-1 -1
-1.5 =-1.5
-2 -2
-2 -1 0 1 -2 - 0 2
x[grid=index n] x[grid-index n] x 10"

Fig. 3. Dispersion of a cloud of 40,000 particles released in the idealised channel domain. (a) Due to coloured noise for ¢ < T, (b) due to
Brownian motion noise for ¢t <« Ty, (c) due to coloured noise for ¢ > Ty, and (d) due to Brownian motion noise for ¢ > Ty.

9. Summary of the simulation parameters of particle for pollutants dispersion in shallow waters

From now onwards in this paper, we shall denote Brownian motion by BM and coloured noise by CN.

We release 20,000 particles at the center point (0, 0) marked by “X” and the simulation starts at time £, = 0 in
the domain see Fig. 2. The scattering of a cloud of contaminants due to coloured noise or Brownian motions
forces is followed at a specified time steps after release. Generally a large number of particles are used [4] in
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numerical simulations. The simulations parameters that have been used for simulations of advection and dif-
fusion of pollutants in shallow waters in this article are summarised in the Table 1. The channel domain Fig. 2 is

atrack due to CN for t<30000s<TL b a track due to BM for t<30000s<TL
1000 1000
500 500
0 - 0
= s i
x 500 E .500 YA
@ @
= =
£ -1000 £ -1000
kel o
5-1500 5-1500
> >
-2000 -2000
-2500 -2500
.3 - - - _3 = i)
0%00 =-1000 0 1000 2000 3000 4000 0%00 -1000 0 1000 2000 3000 4000
x[grid-index n] x[grid-index n]
C X 10 a track due to CN, 0<t<6912000s d X 10 a track due to BM, 0<t<6912000s
2: - 2 "
1.5 e o B et S, O Y o k!
1 ‘ 1 o ?
3 | z IF p
= 05 = 05 E
4 ' .; 2z rof
€ 0 ~ g o0 L
o : - 3 s
o 0.5 S -0.5
= =
-1} -1
-15 -1.5
2 ] 2| - 1l
-2 -1 0 1 2, 2 -1 0 1 2,
x[grid-index n] x10 x[grid-index n] x10

Fig. 4. Tracking of a single marked particle in the channel domain.

6 Distribution of 20000 particles

‘‘‘‘‘ Traditional particle model
— Random flight model

variance

time[s] x10°

Fig. 5. The variance of a cloud of 20,000 particles in the idealised empty domain. There are two zones, one in which the variance grows
quadratically with time for # < Tt and another one it grows linearly with time for ¢ > 7.



1170 W.M. Charles et al. | Applied Mathematical Modelling 33 (2009) 1158-1172

mainly designed to discuss numerical problems that can be encountered in particle models see Section 7.1. The
results in the Figs. 3a—d and 4a—d show that the spreading of a cloud of particles as well as a marked particle. By
using the random flight model the short-term spreading is much smaller and moves persistently but slowly when
you consider the temporal time scales ¢ : ¢t < T, while it is random and faster when you use Brownian motion.

a x 10" 3 hours after start b x 10 6 hours after start
6.6 — 6.6
6.4 6.4
6.2 6.2
E "+ E i
= 6 ¥ = 6 b
2 B
E 538 £ 538
= =]
2 56 > 56
- >
5.4 5.4
/
5.2 5.2
5 / J 5! J
0.5 1 1.5 2 s 0.5 1 1.5 2 5
x[grid-index n] x 10 x[grid-index n] x 10

Fig. 6. (a) Example of tidally averaged flow fields 3 h after and (b) example of tidally averaged flow fields 6 h after.

a x10° 400,000 particles by CN, t=19008s<TL b x10° 400,000 particles by BM, t=19008s<TL
6.6 6.6
6.4 6.4
6.2 B.2
E E
5 O 5 °
= E=
£ 58 £ 58
S5 58 556
> >
54 5.4
2.2 5.2
o 0.5 1 1.5 2 2 0.5 1 15 2
x[grid-index n] x10° x[grid-index n] x10°
Cc x10° 397426 particles by CN, t=1728000s>TL d x10° 3395956 particles by BM, t=1728000s>TL
6.6 6.6
6.4 6.4
8.2 8.2
T S
x B =< B
[1h] @
=) =
£ 58 £ 58
he) @ ©
S 56 & 558
> -
5.4 5.4
52 52
5 5
0.5 1 1.5 2 0.5 1 15 2
x[grid-index n] x10° x[grid-index n] x10°

Fig. 7. (a, b) Dispersion of a cloud of 400,000 particles released at (x,y) = (135 km, 570 km) in the Wadden sea by the particle model due
to coloured noise force for ¢+ < T and (c, d) dispersion of a cloud of 400,000 particles released at (x,y) = (135 km, 570 km) in the Wadden
sea the particle model driven by Brownian motion ¢ > T.
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However, in the long scale the spreading of a cloud has similar behaviours (see e.g., Fig. 3). This suggests that if
one is interested in the accurate modelling in the short-term behaviour for ¢ : t < T then using the traditional
particle model is not good, in that case it is better to use the random flight model [6].

In this paper, a series of experiments are carried out in a stationary homogeneous turbulent flow with zero
mean velocity. The Lagrangian time scale as Ty is introduced in the models. We also did an experiment in the
empty domain using random flight model as well as the traditional particle model so as to show the differences
between the small scale fluctuations and their similarity in the long scale fluctuations. The simulation of the
spreading of a cloud of 20,000 particles is tracked in an empty domain and its variance is computed. We have
shown that once the particles have been in the flow longer than the time scale T, the variance of the spreading
cloud grows linearly with time similar to the behaviour of the advection—diffusion equation. Before that time,
the variance grows with the square of time (quadratically), creating two different zones of diffusion see Fig. 5.
In Section 6.4 we have suggested that for ¢ > TL we can define a turbulent mixing coefficient similar to con-

. . . T2 H o?
stant dispersion coefficient D such that D = —4—
10. Application of both particle model due to brownian and coloured noise respectively in the dutch coastal waters

For comparison purposes we have applied both models to the simulations of the dispersion of pollutants in
the Dutch coastal waters in and around the Wadden sea. In this article, we choose a grid cell size of
800 m x 800 m this grid cell size is sufficiently small to model the dispersive effect of the tidal flow induced
by topographic variations. The interpolation methods can be employed to get data at arbitrary positions,
we have included few examples of the averaged flow field in the North sea (see Fig. 6). The spreading of a
cloud of 400,000 particles is tracked see Fig. 7a—d, a cloud of contaminants is released from a fixed grid posi-
tion and tracked by either a Brownian motion or a coloured noise force see Table 1, for the values of the sim-
ulation parameters.

11. Conclusions

The results show that the spreading of a cloud of particle for the short times scale is slow when it is driven
by coloured noise force while it is much faster when it is driven by Brownian motion on the same scale. There-
fore an improvement in modelling the dispersion of pollutants on a small time scale is achieved when a col-
oured noise force is employed. Thus, a particle model driven by coloured noise will provide the modeller with
an enhanced tool for the short-term simulation of the pollutants by providing more flexibility to account for
correlated physical processes of diffusion in the shallow waters. However, in this paper, a general analysis
shows that a process observed over a long time spans as modelled by the coloured noise force behaves much
like a Brownian motion model with variance parameter ¢T3 []._,a>. The use of coloured noise, however, is
more expensive in terms of computation and therefore it is advisable to use the particle model driven by col-
oured for short-term behaviour while adhering to the traditional particle model for long-term simulations.
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