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Abstract

A spatio-temporal inviscid instability of a mixed forced-free convection
boundary layer is investigated. The base flow considered is the self-similar flow
with free-stream velocity u, ~ x". Such a boundary-layer flow presents the
unusual behaviour of generating a region of velocity overshoot, in which the
streamwise velocity within the boundary layer exceeds the free-stream speed.
A linear stability analysis has been carried out. Saddle points have been located
and a critical value for the buoyancy parameter, G, ~ 3.6896, has been
determined below which the flow is convectively unstable and above which the
flow becomes absolutely unstable. Two spatial modes have been obtained, one
mode being convective in nature and the other absolute. The convective-type
spatial mode shows mode crossing behaviour at lower frequencies. Thermal
buoyancy is shown to be destabilizing to the absolutely unstable spatial mode.

1. Introduction

The linear spatio-temporal stability analysis has become an important tool for investigating
the initial stages of transition to turbulence. The properties of linear stability of boundary-layer
flows are determined from the dispersion relation

D(a, 2;R) =0,

where « and 2 are the wavenumber and the wave frequency, respectively. R represents the
parameters of the problem. Traditionally, two approaches are used to determine the linear
stability, namely a temporal stability analysis in which « is real and €2 is complex and a spatial
stability analysis in which « is complex and €2 is real. The temporal approach is satisfactory
for closed flows such as Taylor—Couette flow but is inadequate for open flows, such as flow
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past a flat plate where spatial growth/decay may occur. For a more complete analysis for open
flows, the spatio-temporal analysis where both o and 2 are complex valued is necessary.

A parallel flow is absolutely unstable if localized disturbances grow exponentially,
eventually contaminating the entire flow. A flow is convectively unstable if disturbances are
convected from the source (see Huerre and Monkewitz 1990).

Extensive studies on absolute/convective instability of rotating disc boundary-layer flows
have been conducted by, among others, Lingwood (1995) and Turkyilmazoglu et al (2000).
A comprehensive review on absolute/convective instability of shear layers is given by Huerre
and Monkewitz (1985). Investigations on absolute and convective instabilities in mixed
convection boundary layers have been reported for flows over isothermal vertical walls by,
among others, Krizhevsky et al (1996) and Moresco and Healey (2000) where they showed
that reverse flow regions are more prone to absolute instability.

The current study aims to explore absolute/convective instability in mixed forced-free
convection boundary-layer flow over a horizontal surface. This study has been prompted
by results obtained in temporal stability studies of mixed forced-free convection boundary
layers by Denier and Mureithi (1996), Denier et al (1997), Mureithi et al (1997) and Mureithi
and Mason (2002). Such boundary layers were found to be characterized by internal regions
of ‘supervelocities’ due to acceleration of the boundary-layer flow by a buoyancy-induced
pressure gradient.

In section 2, the governing equations for the flow and the boundary-layer equations are
formulated. In section 3, the linearized spatial stability equations are presented. Formulation
of the absolute-convective stability is presented in section 4. Discussion of our results is given
in section 5 and conclusions are drawn in section 6.

2. Formulation of the problem

A two-dimensional flow of a viscous incompressible fluid, of density o and kinematic
viscosity v, over a heated flat plate is considered. The equations governing the motion of
the fluid in non-dimensional form and under the Boussinesq approximation are

V.-q=0,

3 1
—+q-V)q=—-Vp+—V3q+bT —c,
<az q )q PtV

0 1 ’
—+q-V|T= V°T,
ot Pr Re

where T (x, y, t) is the temperature distribution function and

qu(u’ U), bT:(Ov G)v cT= <07 5_124[1+ﬂ(T0_T00)]>

with the superscript ‘T’ representing the transpose. Here Pr is the Prandtl number, G =
GrRe™? is the buoyancy parameter introduced by Denier and Mureithi (1996) with Gr =
gBL*(Ty — Ts)/v? being the Grashof number, B the coefficient of volume expansion, v the
kinematic viscosity and g the acceleration due to gravity. All velocities have been non-
dimensionalized by the free-stream speed U, distances by a typical length-scale L (for
example, distance measured from the leading edge of the plate), pressure by poU2,, time by
L /Uy and temperature by (T — Ts,), Where T, is the free-stream temperature and Ty is the
temperature of the plate. Here py is the density at temperature 7y and the Reynolds number
Re is defined as Re = U, L /v.
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2.1. Boundary-layer equations

In the limit of a large Reynolds number the flow develops a boundary layer of thickness
O(Re™"?) attached to the leading edge of the plate. The boundary-layer scalings are

y=Re 'Y, (u(x,y),v(x,y), T(x,y) = (i(x,Y), Re""*v(x, Y), T),

px,y) = P(y)=—1ul+G Re™ 2 p(x, V),

Wher§ u.(x) is the scaled free-stream speed, p(x, Y) is the buoyancy-induced pressure term
and P (y) is the hydrostatic pressure satisfying the equation

dP gL

dy U2
This hydrostatic pressure gradient balances the gravitational force. The pressure component
—%uf(x) has been introduced to accommodate a possible non-uniform streaming velocity
u,(x) in the far field.

Substituting these scalings in the governing equations and taking the formal limit
Re — 00, we have the coupled boundary-layer equations

[1+B(To — Tl

ou dJv
_M+_U=O’
dx dy
ou _ou du ap d0°u
—+ (X)=—=%—G Re™ V22 4 —,
o Py Ty © ax Tarz
. 2.1
2P _7
aYy
_dT _dT 1 9°T
U—t+V— = — —,
X Y  Proy?
with boundary conditions
i=v=T-T,(x)=0, at Y =0,
2.2)

i—u,(x), T—0, as Y — oo.

If the buoyancy parameter is scaled such that buoyancy has an O (1) effect on the leading-
order boundary-layer flow, then we require G = Re'/?G, with Gy = O(1). It is instructive
to note the effect of the buoyancy parameter Gy on the basic flow. In the limit Gy — 0,
the buoyancy-induced horizontal pressure gradient appearing in the second equation in (2.1)
vanishes, the energy and momentum fields decouple and the governing equations reduce
to those for the usual forced convection boundary layer in which the temperature of the
basic flow is essentially passive. Conversely as Gy — oo equations (2.1) must be rescaled as
(u, v, p, T) = (Gé/sﬁo, G(l)/st')o, Gal/sfa, Tp) with the new boundary-layer variable given by
= G(l)/ ’Y, and in this new limit the flow is governed by the free-convection boundary-layer
equations. In the current study attention is restricted to the intermediate regime Gy = O (1)—
such flows are commonly referred to as mixed forced-free convection boundary layers.
Equations (2.1) admit a family of self-similar solutions given by

u=x"f'(m, T=x""V200m), p=x"q0),
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where the similarity variable is 7 = ¥ x"~/2 and the far-field is taken to be u, = x". Under
this transformation, system (2.1) reduces to

" =n(f?=1)=Lm+ D) ff" +2ngGo+1(n—1)Gong’,

=6, 2.3)
Pr ’

0" — 7[(5,1 —DOf —(n+1)f01,

subject to the boundary conditions
fO=f0)=0, 60)=1, [f(o0)=1 ¢(00)=60(c0)=0. (2.4

The boundary-layer equations describe the self-similar flow over a wedge making an angle
nm/(n+1). We note that the only choice of similarity variable which allows for the plate
temperature to remain constant is for n = 1/5. For the sake of definiteness we will focus
on this case and make some comments regarding the behaviour of the flow for other
values of n.

The two-point boundary value problem described by (2.3) with boundary conditions
(2.4) was solved by using a standard shooting technique which employed a fourth-order
Runge—Kutta quadrature scheme as the integrator.

An important characteristic of this buoyant boundary-layer flow is that it can develop
supervelocities, where the streamwise velocity acquires a velocity that exceeds the free-stream
value of unity, inside the boundary layer. Some typical results are shown in figures 1(a) and 2,
where we note that there is a finite region within the boundary layer where the streamwise
velocity overshoots its free-stream value. An in-depth analysis of this type of basic flow
has been presented by Denier and Mureithi (1996). Thermal buoyancy, through the pressure
term p(x, Y), induces an additional streamwise pressure gradient in the horizontal momentum
equation. Far enough from the heated surface the decelerating effect of the skin friction is out-
balanced by the increased acceleration, thus giving rise to supervelocities within the boundary
layer.

3. Spatial instability

Upon the basic boundary-layer flow (2.1) we superimpose inviscid disturbances proportional
to exp[Rel/ 2(iax —i21)], where  is a real prescribed frequency and o =« +ic; is the
complex ‘wavenumber’ that is to be determined. The equations governing the disturbance
amplitude can be placed in the form of the classical Taylor—Goldstein equation

e\ /¥, Q). _
<u_;> <ﬁ—a)V—[(u—;)uyy—GoTy]Vzo. G.1)

This equation, when supplemented by boundary conditions
V=0 on Y=0, V  bounded as Y — oo,

defines an eigenvalue problem for the complex eigenfunction V and the complex
‘wavenumber’ « as a function of the frequency €2. A downstream propagating mode is deemed
unstable if Im(«) < 0 and vice versa for an upstream propagating mode.

Equation (3.1) was solved by first replacing the homogeneous boundary condition V =0
on Y =0 by the inhomogeneous normalization condition Vy =1 on Y = 0. The resulting
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Figure 1. Plot of the similarity solutions (a) f’(n) and (b) 0(x) for various G values and for
n=1/5.

equation was then discretized using second-order accurate centred differences. The boundary
conditions were satisfied explicitly, with the far-field boundary condition being replaced by
the Robin-type boundary condition
19V
Vay
Newton iteration was then used to determine the complex value of « at which the remaining
boundary condition V = 0 on Y = 0 was satisfied.

The results are presented in figures 3 and 4. Figure 3 shows the presence of two
spatial modes in the complex a-plane, one defined for Gy < 3.7 and the other for Gy > 3.7.
Figures 4(a) and (b) show the real and the imaginary parts of « as functions of €2 at various
values of Gy. These results again show a distinction between the two spatial modes. The

—, Y — o0.
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Figure 3. Plot of ; (the imaginary part of «) versus «; (the real part of «) for various values of
Gy. Two spatial families are shown here.

findings suggest the necessity to look into the absolute/convective instability of the flow in an
effort to distinguish these modes of instability.

4. Absolute versus convective instability

In this case, both « and €2 in the dispersion relation D(«, 2; Go) = 0 are complex valued.
To determine the absolute/convective nature of instability, the Taylor—Goldstein

equation (3.1) was solved using a shooting technique for complex o = o, +ic; and complex

Q = Q;+iQ2;. The saddle points were located by solving for simultaneous zeros of the
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Figure 4. (a) The real and (b) the imaginary parts of « versus Q2 for Gy =2, 3, 3.6, 3.7, 4, 6. For
Gy < 3.7 mode crossing is observed when 2 < 0.5 .

dispersion relation and the complex group velocity, that is,
%2

D(a, 2, Go) =0,
o

0

with Pr fixed. The saddle points Q°(a”) of the dispersion relation in the complex a-
plane were determined using an iterative method described by Yin et al (2000). According
to the Briggs—Bers criterion (Briggs 1964, Bers 1975), a flow is absolutely unstable if
Im(€2) > 0 and two spatial branches, a*(Q2) and o~ (2), originating from distinct halves
of the a-plane, have a pinch-point occurring either in the lower or in the upper half of
the plane. If Im(2) <O at a pinch-point, the flow is convectively unstable. At a saddle
point ® and Q° are referred to as the absolute wavenumber and absolute wave frequency,
respectively.
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Table 1. Saddle points corresponding to various values of the buoyancy parameter, G.

Go Q? Q? a? aiO
3.0 0.44007993  —0.030352823 0.050200291  —0.52098352
35 048272143  —0.0077020306 0.067388877  —0.53338200
3.6896  0.49895134 0.13559466 x 107> 0.073347948  —0.53828752
4.0 0.52801929 0.010354 372 0.082874924  —0.54793352
6.0 0.673 17876 0.082763 252 0.12704648 —0.586 663 96
8.0 0.795032 16 0.146776 31 0.15754692 —0.61525822
02 - - - - - T T
‘ o G, 8

0.1 0.15 0.2 0.25 0.3 0.35 04

0.05

0.1 0.15 0.2 0.25
o

Figure 5. Level curves €j =constant in the «-plane. Shown are saddle points for
Go =4 and G = 8. The calculated results show that (2°, «®) = ((0.528 01929, 0.010354 372),
(0.082874924, —0.54793352)) for Go=4 and (R0, % = ((0.795032 16, 0.146 776 30),
(0.157 548 83, —0.615 259 47)) for Gy = 8.
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The locations of the saddle points are given in table 1 and presented graphically in figure 5
for two representative cases of Gy.

5. Results and discussion

The self-similar basic flow solutions are presented in figures 1 and 2 for the case when
Pr = 1. The velocity overshoot behaviour is shown to increase with increasing Gg. This is
due to acceleration of the boundary-layer flow by the buoyancy-induced pressure gradient.
Increasing n, the pressure gradient parameter, results in decrease in the magnitude of the
overshoot, for a fixed G¢. Buoyancy effects are more dominant in flows with no free-stream
pressure gradient. The velocity overshoot causes the flow to have points of inflexion, thus
rendering the basic flow susceptible to inviscidly unstable short wavelength disturbances as
has been detailed by Denier et al (1997).

Figure 3 shows two spatial modes in the complex «-plane, each mode having a pair of
branches for a fixed value of G. For convenience, we will refer to these modes as mode 1
(defined for Gy < 3.7) and mode 2 (defined for Gy > 3.7). Mode 2 becomes more unstable
as Gy increases. The upstream branch of mode 2 is defined at very small wavenumber values
(or < 0.1). Presented in figure 4 is a plot of the real and imaginary parts of « as functions of
the real frequency 2 for various values of Gy. The figure confirms the presence of the two
distinct spatial modes, for the cases when G < 3.7 and G > 3.7, respectively. Mode 1 shows
evidence of mode crossing and stabilization when 2 < 0.5. Mode 2 becomes more spatially
unstable as G increases.

Table 1 shows the locations of saddle points corresponding to various values of Gy. Our
results indicate that there exists a critical value of G, given as G, &~ 3.6896, for n = 0.5 and
Pr =1, that marks the transition from one spatial mode of instability to another. In figure 5
spatial branches, &~ (€2;) and o™ (£2;), are shown at various fixed values of ;. Also presented
in figure 5 are some typical pinch-points in the lower half of the a-plane for the cases when
Gy =4 and Gy = 8. At the pinch-points Im(£2) > 0. From these results, we can ascertain
that spatial mode 2 (for Gy > G) is absolute in nature and mode 1 (Gy < Gy.) is convective.
These results also show that the absolutely unstable mode is destabilized by thermal buoyancy.

6. Conclusion

Linear stability analysis has been used to examine the role of thermal buoyancy on the
transition from convective to absolute instability in a mixed forced-free convection boundary
layer. From the absolute/convective analysis, a critical value G, = 3.6896, for the case
when Pr =1 and n =0.2, has been determined below which the flow is convectively
unstable and above which absolute instability sets in. The spatial stability results show two
spatial modes, one of which is destabilized by thermal buoyancy. The two modes have been
shown to be either absolutely unstable (Gy > G.) or convectively unstable (Gy < G¢.). The
absolute instability increases with increase in thermal buoyancy. The convective spatial mode
(Go < Gy.) has been shown to be characterized by very small wavenumbers (o < 0.1) and
by mode crossing behaviour at lower frequencies (2 < 0.5).
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