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Abstract

In this paper, we formulate a quasi-contraction type non-self mapping on Takahashi convex
metric spaces and common fixed point theorems that applies to two pairs of mappings. The
result generalizes the fixed point theorems of some previous authors.
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1. Introduction and Preliminaries

Gajic and Rakocevic [1] proved a quasi-contraction common fixed point theorem for non-self
mappings on Takahashi convex metric spaces for a pair of mappings. In their work they
generalized the theorems by Jungck [2], Das and Naik [3], Ciric et al. [4], Ciric [5] and Imdad
and Kumar [6]. In this study, we extend the theorem by Gajic and Rakoc[ evic [1] to apply for
two pairs of mappings in metric spaces.

The following are the preliminaries required in this paper.

Given two non-self mappings f,g: K = X we say that x € K is coincidence point if fx = gx.
We term the point y € X as a point of coincidence if y = fx = gx where x is a coincidence
point. We also say that f and g are coincidentally commuting if fgx = gfx whenever x is a
coincidence point.

If K is a subset of X, we denote the boundary of K as K.
Here, we provide the definition of a Takahashi convex metric space which is useful for future
discussion.
Definition 1.1. [7]. Let X be a metric space and 1 = [0,1] be the closed unit interval. A
mapping W: X X X X I = X is said to be a convex structure on X if for all x,y € X; A € I,

d(u, W (x,y,1)) <d(ux)+duy)
for every u € X. The metric space (X,d), together with the convex structure is called the
Takahashi convex metric space.

If (X, d) is a Takahashi convex metric space, then for every x,y € X, we term
seg[x, yl: = {W(x,y,1): 1 € [0; 1]}.
We will use the following property for a Takahashi convex structure in a metric space (X, d).
Lemma 1.2. [7] Let x, y € X and z € seg[x. y], then for all u € X we have
d(u,z) < max{d(u,x),d(u,y)}.
In Gajic and Rakoc[evic [1], the following theorem was proved:
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Theorem 1.3. Let (X,d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let C be a non-empty closed subset of X and 6C be
the boundary of C. Let g, f: C = X and suppose 5C # @. Let us assume that f and g satisfy the
following conditions:

(i) Forevery x,y € C,d(gx,gy) < M, (x,y) where

M, (x' y ) =

max{[w;[d(fx, fy)], w,[d(fx, gxX)], w3[d(fy, gy)], wald(fx, g¥)], ws[d(gx, )]},
w1:[0,+0) = [0,+),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < r forr > 0, and lim,_,.[r — w;(r)] = +oo,

(i) &€ < f(C),

(i) g(€)nCcfC)

(iv) fxe€edC = gx €Cand

(v) f(C) is closed in X.

Then there exists a coincidence point v in C. Moreover, if f and g are coincidentally
commuting, then v remains a unique common fixed point of f and g.

2. Results
This paper seeks to modify Theorem 1.3 to four non-self maps. We seek to prove the following
theorem.
Theorem 2.1. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X. Let 6K
be the boundary of K with K # @. Let mappings A,B,S,T : K = X. Assume that A,B,S and T
satisfy the following conditions:
(i) Forevery x,y € K,d(Ax,By) < M, (x,y), where

M, (x,y)

= max{[w;[d(Sx, Ty)], w,[d(Ax, Sx)], w3[d(By, Ty)], ws[d(Ax, Ty)], ws[d (Sx, By)]},
w1:[0,+0) - [0,+),i = 1,2,3,4,5 is a non-decreasing semicontinuous function from the
right, such that w;(r) < %rforr > 0, and limy o[ — 2w;(1)] = 400,
(ii) 0K € T(K), 6K c S(K),
(iii) Sx €K 2> Ax €K, Tx € 6K = Bx € K,
(iv) A(K)NK cT(K),B(K)NK c S(K) and
(v) S(K), T(K) are closed in X.
Then there exists a coincidence point z € K for A,B,S and T. Moreover, if each of the pairs
{A, S} and {B, T} is coincidentally commuting, then z remains a unique common fixed point of
AB,SandT.

Proof. Commencing with an arbitrary point w € §K, we construct a sequence {x,} of points in
K as follows:

From assumption (ii), there is a point xy € K such that Sx, = w. From (iii), Ax, € K.
According to (iv), we find x; € K such that Tx; = Ax,. We locate Bx;. We consider two
scenarios.

(1) If Bxq € K, then, using (iv), we can locate x, € K such that Bx; = Sx, We then find
Ax,. If it happens Ax, € K, then, from (iv), we can find x; € K such that Ax, = Tx;. If
however Ax, & K, because W is continuous in the third variable, there is 4,, € (0,1)
such that W (Sx,, Ax,, 1,,) € seg[Sx,, Ax,] N 6K. As
W(Sx,,Ax,,A,,) € 8K, by (ii), there is x3 € K such that Tx; = W(Sxy, Ax,,1,5,) €
oK.
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(2)  (2) In the case where Bx; € K, because W is continuous in the third variable, there is
211 € (0,1) such that W (Txq, Bxy, A11) € seg[Txy,Bx;] N K. As
W (Txq,Bxq,141) € 6K, by (ii), there is x, € K such that Sx, = W(Txy,Bx,411) €
oK.

In general, we construct the rest of the sequence by proceeding inductively using the following
procedure. If Ax,, € K, then, by (iv), we choose x,,41 € K such that Tx;,,1 = AXxpp.
Similarly if Bx,,41 € K, then, by (iv), we choose x5,45 € K such that Sx,,,,» = BXy,41.

If however Ax,, & K, it means, by (iii), there is A, », € (0,1) and we can choose X1 € K
such that Tx2n+1 = W(sz-n, Ax2n, AZTL,ZTL) € K.

Similarly if Bx,,1, € K, it means there is A3y,41 2141 € (0,1) and we can choose X3,,42 € K
such that Sx5p45 = W(TX2n11, BXans1, Aans1,2n+1) € OK.

Now we first prove that
AxZn * Tx2n+1 = Bx2n_1 = an (21)

Suppose we have Bx,,_1 # Sx,,. Then we have Sx,, € 6K, which by (iii) means Ax,, € K.
By (iv), this implies that Ax,, = Tx,,41, Which is a contradiction. Using a similar argument
we have

Bxon+1 # SXonsz = AXan = TXon4q (2.2)

We now prove that the sequences {Sx,,}, {Axy,}, {BX2n+1} and {Tx,,4+1} are bounded. For
eachn > 1, let

Dy = (U{szi}> U <U{szi+1}) U (U{SXZL'}) U <U{Tx21+1}>-
i=0 i=0 i=0 i=0

Let a;,, = diam(D,;). We want to show that

a, < max{d(Sxo, Ax,;), d(Sxo, Bxzj41}, 0<j<n—1 (2.3)
Let us consider the case where a,, = 0,n > 1.
If a,, = 0 we have Sxy = Axq = Bxy; = Tx;. We shall show that Sx; is a common fixed point
of A and S. As the mappings A and § are coincidentally commuting at the coincidence point x,,
we have

Sxg = Axy = SSxy = SAxy = ASx, 24)
From (i), we have for some t = 1,4 or 5,

d(SSxO, SxO) = d(ASXO,Bxl) < Mw(SxO,xl)
= max {w,[d(5Sxq, Tx1)], w2 [d(ASxqy, SSxo)], w3[d(Bxq, Tx1)],
Wy [d(ASXO' Txl)]ﬁ Wg [d(SS'xOP Bxl)]}
= max {w4[d(5Sxq, Sxg)], w,[d(SSxq, SSx)], w3 [d(Sxo, Sxo)],
w4 [d(SSx0,Sx0)], ws[d(SSx, Sx0)]}
= w[d(55x¢,Sx)]

1
< Ed(SSxO,SxO) for d(SSxq,Sxy) > 0

= d(SS.xo,Sxo) = 0
= SSXO = S.xo.
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Hence Sx, is a fixed point of S. From (2.4), we have S5x, = ASx,, which implies
d(ASxy, Sx) = 0, making Sx, a fixed point of 4 too.

Using a similar argument we have Tx; = Sx; being a common fixed point of T and B. Hence,
z = Sx; is a common fixed point of all four mappings 4, B, S and T.

To show the uniqueness of the fixed point, let z’ be also a fixed point of A, B, S and T. Then for
somei =1,4o0r5,

d(z,z) = d(Az Bz")
< max{w,[d(Sz,Tz")], w,[d(Az,Sz)], ws[d(Bz',Tz")],
wy[d(Az,Tz")], ws[d(Sz,Bz")],}
= max {w;[d(z,2")]}
< %d(z,z’) ford(z,z') >0
=d(z,z)=0

>z=1z.
Hence when a,, = 0,z = Sx, is the unique common fixed point of 4, B,S and T.

We now consider the cases when a;,; > 0.

Case 1: Consider the case where a,, = d(Sx,;, Ax,;) forsome 0 < i,j <n— 1.
Subcase (1.1): Ifi = 1 and Sx,; = Bx,;_, we have for some s € {1, 2, ..., 5}
an = d(Sx34,Axy;) = d(Axzj, Bxyi_q)

< My (x2j, X2i-1)

< <1vs(an)

< Ean,

which is a contradiction. Hence i = 0.

Subcase (1.ii): If however i = 1 and Sx,; # Bx,;_1, it implies Sx,; € seg[Ax,;_,, Bx,;_1] and
hence by Lemma 1.2 we have
an = d(Sxy;, Axy;) < max{d(Ax,;, Bxyi—1), d(Axyi-2, Ax,5)} .

Subcase (1.ii.1): If d(Ax,j, Bxg;—1) = d(Axzi_5, Ax,;), we have
a, = d(szl-, szj) < d(szj,szl-_l),

which leads to the contradiction in Subcase (1.i).
Subcase (1.ii.2): Otherwise if d(Aij, szt—l) < d(szl-_z,szj), then for
k:2i—2 <2k +1 < 2j, and for some s, t € {1,2, ...,5}, we have
a, = d(szl-,szj) < d(szi_z,szj)

< d(Axzi—3, Bxgk41) + d(Axyj, Bxok 1)

< My (%2i-2, Xz141) + Moy (%2, X2k41)

< ws(ay) + wi(ay)
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1 1
< Ean +Ean
=a,,

which is a contradiction. Hence i = 0.

Case 2: The case where @, = d(Ax,;, Bx,j41) leads to a contradiction by Subcase (1.1).
Case 3: The case where a;,, = d(Axy;, Ax,;) leads to a contradiction by Subcase (1.ii.2).
Case 4: If a, = d(Bxyi41,Bx;j41) thenfork : 2i + 1 < 2k < 2j + 1, and for some
s,t €{1,2,...,5}, we have

an = d(BX2i+1, BX2j41)
< d(Axyk, Bxzi11) + d(Axzk, Bxzj41)

< My (Xok, X2i41) + Mw(ka;x2j+1)
=< Ws(ay) + wt(an)

which is a contradiction.

Case 5: If a,, = d(Tx3i41,Bx2j41) for some 0 < i,j <n — 1, then:
Subcase (5.i): If Txpi41 = Axy;, we have ay = d(Txpi41, BXzj41) = d(Axy;, Bxajyq), which
is a contradiction by Subcase (1.1).

Subcase (5.ii): Otherwise if Tx;,q # Ax,; then Tx,; ., € seg[Bx,;_4,Ax,;] and hence by
Lemma 1.2,

an = d(Txpi41,Bxzj41) < max{d(Bxpi_1,Bxzj41), d(AXz;, BX3j41)}

This means we have either d(Tx2i+1, Bx, j+1) < d(Bx3;_1, Bx;j4+1), which is a contradiction
by Case 4 or d(Tx2i+1, Bx2j+1) < d(Ax;i, Bx;j4+1), which is a contradiction by Subcase (1.1).

Case 6: If a;, = d(Tx341,Axy;) for some 0 < i,j <n — 1, then:

Subcase (6.1): If Tx3;41 = Axy; we have a, = d(Txpi41,Axy;) = d(Axy;, Axy;), which is not
possible by Subcase (1.ii.2)

Subcase (6.ii): Otherwise if Tx,;,q # Axy; then Tx,;,1 € seg[Bx,;_1, Ax,;] and hence

a, = d(Tx2i+1,Ax2]-) < max{d(szj,BxZi_l),d(Ale-,szj)}. This implies we have either
d(szH_l,szj) < d(Ax;j, Bxz;_1) which is a contradiction by Subcase (1.i) or else we have
d(szH_l,szj) < d(Axy;, Axy;) which is a contradiction by Subcase (1.ii.2).

Case 7: If a,, = d(Tx3i41,TX2j41) forsome 0 < i,j <n — 1, then:

Subcase (71) If Tij+1 = Aij, we have an, = d(szH_l, Tx2j+1) = d(TxZi+1, Aij)
which a contradiction by Case 6.
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Subcase (7.ii): Otherwise if Tx,j,q # Ax,j, then Tx,j,q € seg[Bx,j_q1, Axy;] and hence
an = d(Tx2i+1'Tx2j+1) < max{d(Tx2i+1,Bx2j_1),d(szHl,szj)}.

This implies we have either d(Tx2i+1,Tx2j+1) < d(Tx3i41,Bx3j_1), which results in a
contradiction by Case 5 or else we have d(Tx2i+1,Tx2 j+1) < d(Txzi41,Ax;), which is a
contradiction by Case 6.

Case 8: If a,, = d(Sxy;, Bx5j41) for some 0 < i,j <n — 1, then:

Subcase (8.i): If i = 1 and Sx,; = Bxp;_ 1 then @, = d(Sx3;, Bx3j41) = d(BX3i—1, Bx3j41),
which is not possible as per Case 4. Hence i = 0.

Subcase (8.ii): If however i > 1 and Sx,; # Bx,;_ 1, it means that Sx,; €

seg[Ax,;_», Bxy;_1]. This implies that

an = d(Sxy;, Bxyjy1) < max{d(Axy;—1Bx;j41),d(Bxzi—1,Bxzj41)}. This leads to a
contradiction by Subcase (1.i) when

d(SxZi, Bx, j+1) < d(Axyi_2,Bx;j41) and a contradiction by Case 4 when it happens that

d(Sxi, Bxzj41) < d(Bxpi—q,Bx;j41). Hence i = 0.
Case 9: If a;, = d(Sxy;, Sx;;) for some 0 < i < j <n—1, then:

Subcase (9.i): If i = 1 and Sx,; = Bx,;_1, then we have
an = d(Sxy;, Sxz;) = d(Sx34, Bx,j_1), which leads to a contradiction according to Case 8.
Hence i = 0.

Subcase (9.ii): If i = 1 and Sx,; # Bx;;_4, it implies that Sx,; € seg[Ax;;_,, Bx;;_4] and
d(Sxz1,Sx5;) < max{d(Sxz;, Axyj—), d(Sxz:,Bxzj-1)}.

If it happens d(S Xpi, SX; j) < d(Sle-, Ax, j—z), we get a contradiction by Case 1. However if it
happens that d(szl-,sz j) < d(Sle-, Bx, ]-_1), then we get a contradiction by Case 8. Hence
i=0.

Case 10: If a, = d(Sx3;, Txj41), for some 0 <i,j <n—1, we have
Subcase (10.i): If i = 1 and Sx,; = Bx,;_4 then we have
a, = d(szl-, Tx2j+1) = d(Tx3j4+1,Bx2i-1), which is not possible as per Case 8. Hence i — 0.
Subcase (10.ii): If however i = 1 and Sx,; # Bx,;_4 it implies that
Sx,; € seg[Ax,;_5,Bx,;_4] and
d(SxZi, Tx2j+1) < max{d(Tx2j+1,Ax2i_2), d(Tx3j41,Bx2i—1)}. This leads to contradictions
by Case 6 and Case 5. Hence i = 0.
We have considered 10 possible cases for «,, and conclude that
a, € {d(Sxo,szj), d(SxO,szj), d(SxO,Bx2j+1),d(SxO,Tx2]-+1)},
for some 0 < j < n — 1. By the construction of the sequences, we have
d(SxO,szj) < max{d(SxO,szj_z),d(SxO,szj_l)} and
(Sxo, Tx2j+1) < max{d(SxO, szj), d(Sxg, Bx3j-1)}. Thus we have now proved (2.3) that is,

an < max{d(Sxo,szj),d(Sxo,Bx2j+1)},O <j<1
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Consider the case where max{d(Sxo,szj)} < max{d(SxO,Bx2j+1)}, 0<j<n-—1. Then
we have for some 0 < j <n — 1, and for some u € {1,2, ..., 5}
ap < d(SxO,Bx2j+1)
< d(Sx0,Ax,) + d(Axg, Bxzj11)
< d(Sxy, Axg) + wylay,]
< d(Sxg, Axg) + 2wy [ay,]
= a, — 2wy [a,] < d(Sxy, Axg).

Alternatively, if max{d(Sxo,szj)} > max{d(SxO, Bx2j+1)}, 0 <j <n -1, then for some
0 <j<n-1andforsomev € {1,2,...,5} and Subcase (1.ii.2) we have
ap < d(SxO,szj)
< d(Sx¢,Axo) + d(Axg, Axy})
< d(Sxg, Axg) + 2w, [ay,]
= a, — 2w,[a,] < d(Sxy, Axp).

Thus in both cases we have for some s € {1, 2, 3,4, 5}
an — 2wg[a,] < d(Sxg, Axg) (2.5)

By assumption (i), there is 1 € [0, +00) such that for each s € {1,2, ..., 5}, we have
r — 2wg[r] > d(Sxo, Axy) for r > ry. Thus, there is a subsequence {a,} of {a,} and
s €{1,2,...,5} such that for each n we have

a, — 2wgl[a,] < d(Sxq, Axg).

Thus by (2.5), a, <19, n=1,2, ..., and also
a:= lir_P a, = diam(D) < r,.
n—-+oo

We have hence proved that {Sx,,,}, {TX2n+1}, {AX2y}and {Bx,,44} are bounded sequences.

To prove that {Sx,,}, {Tx2n41}, {Ax2,} and {Bx,,41} converge in K, we reflect on the set

En = (G{szi}) u (G{sziﬂ}) u <D{Sx2i}> u (G{szHl}).

n=23,...
By (2.3) we have
en: = diam(E,,) < sup{d(Sxyn, Axz;), d(Sxon, Bx2j41)},n = 2,3, ...
jzn

If Sx5, = Bxy,_1, we have, as in Case 1 and Case 8, for each j > n, and for some

u€{12,..,5}

en < s_l;lp{d(szj,BxZn_l),d(Bx2j+1,Bx2n_1),d(szj,BxZn_l),},n =23,...
jzn

< 2wylen_1]- (2.6)
If however Sx,, # Bx,,_1, it implies Sx,, € seg[Ax,,_2, Bx,,_1]- Hence, as in Case 1 and

Case 8, for each j = n and for some u € {1,2, ...,5}, we have,
en < Sgp{d(AXZn—z'szj), d(Bxzn_1,A%3}), d(AXzn_2,BXzj41), d(BXzn_1, Bx;
j=n
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< 2wy (en_z)- (2.7)

By (2.6) and (2.7), there is a subsequence {&,} of {e,} and some s € {1,2,...,5} such that for
each n, we have
&n < 20wglen_2],n = 2,3, ...
< &gp-2- (2.8)
We note that e, > e,,,; for every n. Let lim,,_,, e, = lim,,_,, &, = e. We claim that e = 0.
If e > 0, then by (2.8) and assumption (i) we have
lim g, < Tlli_{{;logn‘z >e<e,

n—oo

which is a contradiction. Hence e = 0.

This means that the sequences {Sx,,}, {TXx2n41}, {Ax2,} and {Bx,,,4} converge to a point z.
Since {Sx,,,}, {Tx2n4+1} € K and S(K), T (K) are closed in the complete metric space X, we
conclude that

lim Sxpp, = lim Txppyq = lim Axyy = lim Bxgnyy =2 € S(K) N T(K). (2.9)

As z € S(K), there is a point u € K such that Su = z. We show that u is a coincidence point of
A,BandS.

d(Au, Bxyp41) < max{w; [d(Su, Txzp41)]; w2[d(Au, SW], w3[d(Bxani1, TX2n41)],
wy[d(Au, Txzn41)], ws[d(Su, Bxani1)]1}
= max{w; [d(z, Txyp+1)]; w2[d(Au, 2)], w3[d(Bxan+1, TX2n41)],
wy[d(Au, Txzn11)], ws[d(z, Bxani1)]}.

Taking n — +oo and applying (2.9) we get

d(Au,z) < max{w,[d(z, 2)], w;[d(Au, 2)], w3[d(z, z], w4 [d(Au, 2)], ws[d(z, 2)]}
< w;[d(Au, z)] for some i € {2,4}
< d(Au,z) ford(Au,z) > 0
= d(Au,z) =0

= Au =z

Using a similar procedure, when we expand d(Ax,,, Bu), we get Bu = z making u a

coincidence point of A, B and S. By the coincidental commutativity of S and A we have
SAu = ASu = Sz = Az.

From (2.9), z € T(K) means there is v € K, such that Tv = z. We show that Bv = z.

d(z, Bv) = d(Au, Bv)
< max{w; [d(Su, Tv)], w,[d(Su, Au)], w;[d(Tv, Bv)],
w4[d(Au, Tv)], ws[d(Su, Bv)]}
= max{wl [d(Z, Z)]' w3 [d(Z, Z)]' w3 [d(Z, BU)], Wy [d(Z, Z)]' Ws [d(Z, BU)]}
< w;[d(z,Bv)] forj =3 or5,
< d(z,Bv) ford(z,Bv) >0
= Bv = z.
Thus v is a coincidence point of B and T. By the coincidental commutativity property, we have
BTv=TBv = Bz=T z.
d(Az,Bz) < max{w,[d(5z,Tz)], w,[d(Sz, Az)], ws3[d(Tz, Bz)],
w,[d(Az,Tz)], ws[d(Sz, Bz)]}
= max{w;[d(Az, Bz)], w,[d(Az, Az)], w;[d(Bz, Bz)],
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w4|d(Az,Bz)], ws[d(Az, B2)]}
< w;[d(Az,Bz)] fori € {1,4,5}
< d(Az,Bz) for d(Az,Bz) >0
= Az = Bz.
Hence we have
Az=Bz=8z=Tz. (2.10)
Now we consider the following:

d(z,Bz) = d(Au, Bz)
< max{w;[d(Su, Tz)], w,[d(Au, Su)], w3[d(Bz,Tz)],
wy[d(Au, Tz)], ws[d(Su, Bz)]}
< max{w;[d(z, B2)], w,[d(z,z)], w3[d(Bz, Bz)],
Wy [d(Z, BZ)]' Wg [d(Z, BZ)]}
< a)j[d(z, Bz)] forj € {1,4,5}
< d(z,Bz)ford(z,Bz) > 0
=d(z,Bz) =0
= Bz = 2z.
From (2.10) we conclude that
Az=Bz=S5Sz=Tz =z

This means that z is a common fixed point of 4, B, S and T.

We now show that z is unique. Suppose z' is also a common fixed point of 4, B, S and T. We get

d(z,z") = d(Az Bz
< max{w,[d(Sz,Tz")], w,[d(4z,Sz)], ws[d(Bz',Tz")],
wy[d(Az, Tz")], ws[d(Sz, Bz")]}
< max{w, [d(z,z")], w,[d(z,2)], w3[d(z',2")], w4ld(z,2")], ws[d(z 2')]}
< wild(z,z")] for k € {1,4,5}
<d(zz") ford(z,z") >0
=d(z,z)=0
>z=17.

This proves that the common fixed point of 4, B, S and T is unique.
If we define w[r] = hr for 0 < 2h < 1, we get the following corollary:

Corollary 2.2. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X and §K
be the boundary of K, with 8K # . Let the mappings A,B,S,T: K = X. Suppose that A, B, S
and T satisfy the following conditions:

(i) Forevery x,y € K we have d(Ax, By) < hM(x,y), where 0 < 2h < 1 and
M(x,y) = max{d(Sx,Ty),d(Ax,Sx),d(By,Ty),d(Ax,T y),d(Sx, By)},

(ii) SK < T(K), 5K < S(K),

(iii) Sx €E6K > Ax € K,Tx € 6K = Bx € K and

(iv) S(K),T(K) are closed in X.
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Then there exists a coincidence point z for A, B,S and T in K. Moreover, if each of the pairs
{A, S} and {B, T} is coincidentally commuting, then z remains a unique common fixed point of
AB,SandT.

We deduce another corollary by letting A = B. When this is the situation, in the proof for
Theorem 2.1, Case 4 is identical to Subcase (1.1). Moreover, Subcase (1.i) enables us to change
the property in Theorem 2.1(i) from w [r] < r/2 forr > 0 to w4 [r] < r forr > 0.

Corollary 2.3. Let (X,d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X and 6K
be the boundary of K, with 6K # @. Let the mappings A,S,T:K — X. Suppose that A,S and T
satisfy the following conditions:

(i) Forevery x,y € K,d(Ax,Ay) < M, (x,y) where

My (x,y) =

max{w,[d(Sx,Ty)], w,[d(Ax, Sx)], w3[d(Ay, Ty)], ws[d(Ax, Ty)], ws[d(Sx, Ay)]} where
w1:[0,40) = [0,+0),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < r forr > 0, and lim,_,.[r — w;(r)] = +oo,

(ii) 6K € T(K), 6K c S(K),

(iii) Sx €K =>Ax €K, Tx € 6K = Ax €K,

(iv) A(K)NK cT(K),A(K)NK c S(K) and

(v) S(K),T(K) is closed in X.

Then there exists a coincidence point z € K for A, S and T. Moreover, if each of the pairs
{A, S} and {A, T} is coincidentally commuting, then z remains a unique common fixed point of
A SandT.

Remark 1: If we set S = T in Corollary 2.3, we get Theorem 1.3 by Gajic and RakocJevic [1].

Remark 2: If we set S = T = I in Corollary 2.3, we get the theorem as proved by Ciric [5].

We form the following corollary by setting A = B = I in Theorem 2.1, that is, setting A = [ in
Corollary 2.3.

Corollary 2.4. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X and §K
be the boundary of K, with 5K # @. Let the mappings S,T: K — X. Suppose that S and T
satisfy the following conditions:

(i) Foreveryx,y € K,d(x,y) < M, (x,y) where

Ma) (x, J’) = max{wl [d('sx' T}’)]' w3z [d(x' SX)], w3 [d()" TY)], Wy [d(x, TY)], Ws [d(sx' }’)]} and
w1:[0,40) = [0,+00),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < r forr > 0, and lim,_,[r — w;(r)] = +oo,

(ii) SxedK>x€K, Tx € 5K > x €K,

(iii) K cT(K),KcS(K) and

(iv) S(K),T(K) is closed in X.

Then there exists a unique common fixed point of S and T .

We form yet another corollary from Corollary 2.4 by setting S = T.

Corollary 2.5. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X and §K
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be the boundary of K, with 5K + @. Let the mapping S: K — X. Suppose that S satisfies the
following conditions:

(i) Forevery x,y € K,d(x,y) < M, (x,y) where

Mw (X, 3’) = max{w1 [d(sx' Sy)]' W» [d(x' SX)], w3 [d(y' Sy)]r Wy [d(xr Sy)]r Wsg [d(Sx, y)]} and
w1:[0,+0) - [0,+),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < r forr > 0, and lim,_ . [r — w;(r)] = +oo,

(ii) Sx € 6K > x €K,

(iii) K c S(K) and

(iv) S(K) is closed in X.

Then there exists a unique fixed point of S.

If we let B = I in Theorem 2.1, to get the following corollary:

Corollary 2.6.

Let (X, d) be a complete Takahashi convex metric space with convex structure W which is
continuous in the third variable. Let K be a non-empty closed subset of X. Let 6K be the
boundary of K with 6K # @. Let mappings A,S,T : K = X. Assume that A, S and T satisfy the
following conditions:

(vi)  Foreveryx,y € K,d(Ax,y) < M, (x,y), where

My (x,y)

= max{[a)l [d(SX, T}’)]' wr [d(Ax, SX)], w3 [d(y; TY)], Wy [d(Ax' T}’)]' Wg [d(Sx, J’)]},
w1:[0,4+0) = [0,+00),i = 1,2,3,4,5 is a non-decreasing semicontinuous function from the
right, such that w;(r) < %rforr > 0, and limy o [1r — 2w;(1)] = 400,
(vii) 0K € T(K),
(viii) Sx€SK=>Ax €K, Tx e 6K = Bx €K,
(ix) A(K)NK cT(K),K c S(K) and
(x) S(K), T(K) are closed in X.
Then there exists a coincidence point z € K for A,S and T. Moreover, if the pair {A,S} is
coincidentally commuting, then z remains a unique common fixed point of A,S and T.

When we set S =T in Theorem 2.1, we get the following corollary:

Corollary 2.7. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X. Let 5K
be the boundary of K with K # @. Let mappings A,B,S : K = X. Assume that A, B and S
satisfy the following conditions:

(xi) Forevery x,y € K,d(Ax,By) < M, (x,y), where

M, (x,y)

= mClX{[(JJl [d(SX, Sy)]; w» [d(Ax' SX)], w3 [d(By' 5}’)]' Wy [d(Ax' S}’)]' Ws [d(sx' B}’)]},
w1:[0,+0) - [0,+0),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < %rforr > 0, and limy o[ — 2w;(1)] = +00.
(xii) 6K c S(K),
(xiii) Sx € 6K = Ax,Bx € K,
(xiv) AK)NKcS(K),B(K)NnK c S(K) and
(xv)  S(K),is closed in X.
Then there exists a coincidence point z € K for A, B and S. Moreover, if each of the pairs {S, A}
and {S,B} is coincidentally commuting, then z remains a unique common fixed point of
A BandS.
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We form another corollary by setting x = y in Theorem 2.1.

Corollary 2.8. Let (X, d) be a complete Takahashi convex metric space with convex structure
W which is continuous in the third variable. Let K be a non-empty closed subset of X. Let 6K
be the boundary of K with 6K # @. Let mappings S,T,A, B : K = X. Assume that S,T,A and B
satisfy the following conditions:

(i) For every x,y € K,d(Ax, Bx) < M, (x), where

M, (x)

= max{[w,[d(Sx, Tx)], w,[d(Ax, Sx)], w3 [d(Bx, Tx)], ws[d(Ax, Tx)], ws[d(Sx, Bx)]},
w1:[0,+0) - [0,+),i = 1,2,3,4,5, is a non-decreasing semicontinuous function from the
right, such that w;(r) < %rforr > 0, and lim,_,o[r — 2w;(1r)] = +oo.
(ii) 6K € T(K), 6K c S(K),
(iii) Sx €K =2 Ax €K, Tx € 6K 2 Bx €K,
(iv) A(K)NK cT(K),B(K)NK c S(K) and
(v) S(K),T(K) is closed in X.
Then there exists a coincidence point z € K for A,B,S and T. Moreover, if each of the pairs
{S, A} and {T, B} is coincidentally commuting, then z remains a unique common fixed point of
AB,SandT.

Here we give an example on the use of our result (Theorem 2.1).

Example 2.1: Let X = [0, +0),K = [1,3] and d(x,y) = |x — y|.
Let w;[r] = %r fori € {1,2,3,4,5}. We note that w;[r] < %r. Define 4,B,S,T: K = X by

S = 2x*—1 forx€[1,2] Ay = x? forx€[1,2]
7 forx € (23] 1 forxe (23]
S = 2x—1 forx € [1,2] Ay = x3 forx € [1,2]
7 forx € (2,3] "2 forxe (23]

We have S(K) = [1,31],T (K) = [0, 127] both of which are closed. We also have

0K ={1,3} € S(K), T(K).

We find out that {x € K: Sx € 6K} = {1,2'/*} and A({1,2%/*}) = {1,V2} € K. Similarly
{x € K:Tx € 6K} = {1,2"/¢} and B({1,2"/¢}) = {1,V2} € k.

We note that {4, S} and {B, T} are both coincidentally commuting at x = 1, that is,

SA(1) = AS(1) =1and TB(1) = BT (1) = 1. We also note that all four mappings are
discontinuous at x = 2. Without loss of generality let y > x.

Consider x,y € (2, 3]. Then we have

1
d(Ax,By) =d(2,2)=0< §d(5x, Ty).

For x,y € [1,2], we have
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d(Ax, By) = |x* — y3|

X%y x* + 57|
|x2 + y3]

_xt—yo

x4+ y3

1 1
S§X§|2x4—2x6|

1

1
< 3 d(Sx,Ty).

Finally, for x € [1, 2], ¥ € (2, 3], we get
d(Ax,By) = |x? — 2|

2
=|x2—2||x + 2|
|x2 + 2|
_x* 4]
T x2 4+ 2]

<1><1|24 8|
372

1
= gd(Sx, Ty)

1
< § d(Sx, Ty).

Thus in all cases, for every x,y € K, we have
d(Ax, By) < max{ w,[d(Sx, Ty)], w,[d(Ax, Sx)], ws[d(By, Ty)],
w4[d(Ax, Ty)], ws[d(Sx, By)]}.

Thus all the conditions of Theorem 2.1 are satisfied and 1 is the unique common fixed point of
AB,SandT.
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