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Abstract 
In this paper, we formulate a quasi-contraction type non-self mapping on Takahashi convex 

metric spaces and common fixed point theorems that applies to two pairs of mappings. The 

result generalizes the fixed point theorems of some previous authors. 
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1. Introduction and Preliminaries 

 

       and Rako  evi                     -                                              -     

                                                                                      
                                                                                      [5] and Imda  

                                                                              [1] to apply for 

two pairs of mappings in metric spaces. 

 

The following are the preliminaries required in this paper. 

Given two non-self mappings         we say that     is coincidence point if      . 

We term the point     as a point of coincidence if          where   is a coincidence 

point. We also say that   and   are coincidentally commuting if         whenever   is a 

coincidence point. 

 

If   is a subset of  , we denote the boundary of   as   . 

Here, we provide the definition of a Takahashi convex metric space which is useful for future 

discussion. 

Definition 1.1. [7]. Let   be a metric space and         be the closed unit interval. A 

mapping           is said to be a convex structure on   if for all           , 

                               

for every    . The metric space        together with the convex structure is called the 

Takahashi convex metric space. 

 

If       is a Takahashi convex metric space, then for every      , we term 

                                
We will use the following property for a Takahashi convex structure in a metric space      . 

Lemma 1.2. [7] Let       and           , then for all     we have 

                           
                          [1], the following theorem was proved: 
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Theorem 1.3. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   and    be 

the boundary of  . Let          and suppose     . Let us assume that   and   satisfy the 

following conditions: 

(i) For every                        where 

        
                                                                        
                               is a non-decreasing semicontinuous function from the 

right, such that         for    , and                   , 

(ii)        , 

(iii)            , 

(iv)            and 

(v)      is closed in  . 

Then there exists a coincidence point   in  . Moreover, if   and   are coincidentally 

commuting, then   remains a unique common fixed point of   and  . 

 

2. Results 

This paper seeks to modify Theorem 1.3 to four non-self maps. We seek to prove the following 

theorem. 

Theorem 2.1. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of  . Let    

be the boundary of   with        Let mappings            . Assume that       and   

satisfy the following conditions: 

(i) For every                       , where 

       
                                                                         

                              is a non-decreasing semicontinuous function from the 

right, such that       
 

 
  for    , and                    , 

(ii)                  
(iii)                        
(iv)                         and 

(v)           are closed in  . 

Then there exists a coincidence point     for       and  . Moreover, if each of the pairs 

      and          coincidentally commuting, then   remains a unique common fixed point of 

      and  . 

 

Proof. Commencing with an arbitrary point     , we construct a sequence      of points in 

  as follows: 

From assumption (ii), there is a point      such that      . From (iii),      . 

According to (iv), we find       such that        . We locate    . We consider two 

scenarios. 

 

(1) If      , then, using (iv), we can locate      such that        . We then find 

   . If it happens      , then, from (iv), we can find      such that        . If 

however      , because   is continuous in the third variable, there is           

such that                                . As  

                 , by (ii), there is      such that                    
  . 
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(2) (2) In the case where      , because   is continuous in the third variable, there is 

          such that                              . As  

                 , by (ii), there is      such that                    
  .  

 

In general, we construct the rest of the sequence by proceeding inductively using the following 

procedure. If       , then, by (iv), we choose          such that            . 

Similarly if         , then, by (iv), we choose         such that              . 

 

If however       , it means, by (iii), there is              and we can choose         

such that                               

Similarly if          , it means there is                  and we can choose         

such that                                      . 

Now we first prove that 

                            (2.1) 

 

Suppose we have            . Then we have        , which by (iii) means       . 

By (iv), this implies that            , which is a contradiction. Using a similar argument 

we have 

                                (2.2) 

 

We now prove that the sequences                        and          are bounded. For 

each    , let 

           

   

   

            

   

   

          

   

   

            

   

   

   

 

Let            . We want to show that 

                                             (2.3) 

Let us consider the case where         .  

If     , we have                . We shall show that      is a common fixed point 

of   and  . As the mappings   and   are coincidentally commuting at the coincidence point   , 

we have 

                             (2.4) 

From (i), we have for some       or  , 

                                   

                                                                                   

                                  

                                                                                   

                                  

                                           

                          
 

 
                              

                                          

                                    . 
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Hence     is a fixed point of  . From (2.4), we have          , which implies 

             , making     a fixed point of   too. 

 

Using a similar argument we have         being a common fixed point of   and  . Hence, 

      is a common fixed point of all four mappings       and  . 

 

To show the uniqueness of the fixed point, let    be also a fixed point of       and  . Then for 

some       or  , 

 

                    

                                                             
                                 
                                

             
 

 
                      

                       
                   
 
Hence when            is the unique common fixed point of       and  . 

 

We now consider the cases when     . 

 

Case 1: Consider the case where                 for some           . 

Subcase (1. i):  If     and              we have for some             
                                ) 

                      

               

        
 

 
  , 

which is a contradiction. Hence    . 

 

Subcase (1.ii): If however     and            , it implies                         and 

hence by Lemma 1.2 we have 

                                                    

 

Subcase (1.ii.1): If                              , we have  

                                

which leads to the contradiction in Subcase (1.i). 

 

Subcase (1.ii.2): Otherwise if                                 then for 

                , and for some              , we have 
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which is a contradiction. Hence    . 

 

Case 2: The case where                    leads to a contradiction by Subcase (1.i). 

Case 3: The case where                   leads to a contradiction by Subcase (1.ii.2). 

Case 4: If                      then for               , and for some  

             , we have 

                    

                                     

                                   

                     

      
 

 
   

 

 
   

          
which is a contradiction. 

 

Case 5: If                     for some          , then: 

Subcase (5.i): If            , we have                                   , which 

is a contradiction by Subcase (1.i). 

 

Subcase (5.ii): Otherwise if             then                         and hence by 

Lemma 1.2, 

 

                                                          

 

This means we have either                                  , which is a contradiction 

by Case 4 or                                , which is a contradiction by Subcase (1.i). 

 

Case 6: If                   for some          , then: 

  

Subcase (6.i): If             we have                               , which is not 

possible by Subcase (1.ii.2) 

 

Subcase (6.ii): Otherwise if             then                          and hence  

                                                  . This implies we have either 

                              which is a contradiction by Subcase (1.i) or else we have 

                            which is a contradiction by Subcase (1.ii.2). 

 

Case 7: If                     for some          , then: 

 

Subcase (7.i): If            , we have                                     

which a contradiction by Case 6. 
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Subcase (7.ii): Otherwise if            , then                         and hence 

                                                        . 

 

This implies we have either                                  , which results in a 

contradiction by Case 5 or else we have                                , which is a 

contradiction by Case 6. 

 

Case 8: If                   for some          , then: 

 

Subcase (8.i): If     and              then                                   , 

which is not possible as per Case 4. Hence    . 

 

Subcase (8.ii): If however     and             ,  it means that      
                  . This implies that 

                                                       . This leads to a 

contradiction by Subcase (1.i) when 

                                 and a contradiction by Case 4 when it happens that 

                                . Hence    . 

 

Case 9: If                 for some            , then: 

 

Subcase (9.i): If     and            , then we have 

                              , which leads to a contradiction according to Case 8. 

Hence    . 

 

Subcase (9.ii): If     and            , it implies that                         and 

                                                 

If it happens                             , we get a contradiction by Case 1. However if it 

happens that                            , then we get a contradiction by Case 8. Hence 

   . 

 

Case 10:  If                  , for some          , we have 

Subcase (10.i): If     and             then we have  

                                  , which is not possible as per Case 8. Hence    . 

Subcase (10.ii): If however     and             it implies that 

                        and 

                                                     . This leads to contradictions 

by Case 6 and Case 5. Hence      
We have considered 10 possible cases for     and conclude that 

                                                          

for some         . By the construction of the sequences, we have 

                                              and 

                                           . Thus we have now proved (2.3) that is, 
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Consider the case where                                            . Then 

we have for some        , and for some              
                 

                                

                         
                          
                      . 
 

Alternatively, if                                            , then for some 

        and for some             and Subcase (1.ii.2) we have 

               

                              

                          
                      . 

 

Thus in both cases we have for some               
                             (2.5) 

By assumption (i), there is           such that for each            , we have 

                    for       Thus, there is a subsequence      of      and  

              such that for each   we have 

                       
 

Thus by (2.5),                 and also 

     
    

               

We have hence proved that                        and          are bounded sequences. 

 

To prove that                        and           converge in  , we reflect on the set 

           

  

   

            

  

   

          

  

   

            

  

   

   

         
By (2.3) we have 

                
   

                                      

If             , we have, as in Case 1 and Case 8, for each    , and for some  

            

      
   

                                                           

                 . 
 

(2.6) 

If however            , it implies                        . Hence, as in Case 1 and  

Case 8, for each     and for some            , we have,  
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                . (2.7) 

By (2.6) and (2.7), there is a subsequence      of       and some             such that for 

each  , we have 

                      

           . (2.8) 

We note that         for every  . Let                    . We claim that    . 

If      then by (2.8) and assumption (i) we have 

   
   

      
   

           

which is a contradiction. Hence    . 

 

This means that the sequences                        and           converge to a point  . 

Since                    and           are closed in the complete metric space  , we 

conclude that 

   
   

        
   

          
   

        
   

                    (2.9) 

 

As       , there is a point     such that     . We show that   is a coincidence point of 

    and  . 

 

                                                                     
                                    

                                                        
                                   

 

Taking      and applying (2.9) we get 

                                                                      
              for some         
          for           

            

       
 

Using a similar procedure, when we expand           , we get      making   a 

coincidence point of     and  . By the coincidental commutativity of   and   we have 

               
From (2.9),        means there is    , such that      . We show that     . 

 

                 

                                                  
                              
                                                                    
                 for     or    

             for           

         . 

Thus   is a coincidence point of   and   . By the coincidental commutativity property, we have 
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                    for             
                for            

        . 

Hence we have 

                            (2.10) 

Now we consider the following: 

 

                 

                                                 

                              
                                              

                            
                 for            

             for            

              

        . 

From (2.10) we conclude that 

               
 

This means that   is a common fixed point of       and  . 

 

We now show that   is unique. Suppose    is also a common fixed point of       and  . We get 

 

                    
                                                   
                                 
                                                                     
                for           
            for           

              

        . 
 

This proves that the common fixed point of       and   is unique. 

 

If we define          for       , we get the following corollary: 

 

Corollary 2.2. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   and    

be the boundary of  , with     . Let the mappings            . Suppose that       

and   satisfy the following conditions: 

 

(i) For every       we have                   where        and 

                                                           
(ii)                  
(iii)                       and 

(iv)         ) are closed in  . 
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Then there exists a coincidence point   for       and   in  . Moreover, if each of the pairs 

      and       is coincidentally commuting, then   remains a unique common fixed point of 

      and  . 

 

We deduce another corollary by letting    . When this is the situation, in the proof for 

Theorem 2.1, Case 4 is identical to Subcase (1.i). Moreover, Subcase (1.i) enables us to change 

the property in Theorem 2.1(i) from           for     to          for    . 

 

Corollary 2.3. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   and    

be the boundary of  , with     . Let the mappings          . Suppose that     and   

satisfy the following conditions: 

 

(i) For every                        where  

        
                                                                      where 

                               is a non-decreasing semicontinuous function from the 

right, such that         for    , and                   , 

(ii)                  
(iii)                        
(iv)                         and 

(v)           is closed in  . 

Then there exists a coincidence point     for     and  . Moreover, if each of the pairs 

      and          coincidentally commuting, then   remains a unique common fixed point of 

    and  . 

Remark 1: If we set                                                                    [1]. 

 

Remark 2: If we set                                                                 [5]. 

 

We form the following corollary by setting       in Theorem 2.1, that is, setting      in 

Corollary 2.3. 

 

Corollary 2.4. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   and    

be the boundary of  , with     . Let the mappings        . Suppose that    and   

satisfy the following conditions: 

(i) For every                      where  

                                                                          and 

                               is a non-decreasing semicontinuous function from the 

right, such that         for    , and                   , 

(ii)                      
(iii)               and 

(iv)           is closed in  . 

Then there exists a unique common fixed point of S and T . 

 

We form yet another corollary from Corollary 2.4 by setting    . 

 

Corollary 2.5. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   and    
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be the boundary of  , with     . Let the mapping      . Suppose that   satisfies the 

following conditions: 

(i) For every                      where  

                                                                          and 

                               is a non-decreasing semicontinuous function from the 

right, such that         for    , and                   , 

(ii)              
(iii)        and 

(iv)      is closed in  . 

Then there exists a unique fixed point of S. 

If we let     in Theorem 2.1, to get the following corollary: 

 

Corollary 2.6.  

Let       be a complete Takahashi convex metric space with convex structure   which is 

continuous in the third variable. Let   be a non-empty closed subset of  . Let    be the 

boundary of   with        Let mappings          . Assume that     and   satisfy the 

following conditions: 

 

(vi) For every                      , where 

       
                                                                       

                              is a non-decreasing semicontinuous function from the 

right, such that       
 

 
  for    , and                    , 

(vii)           
(viii)                        
(ix)                    and 

(x)           are closed in  . 

Then there exists a coincidence point     for     and  . Moreover, if the pair          

coincidentally commuting, then   remains a unique common fixed point of     and  . 

 

When we set S = T in Theorem 2.1, we get the following corollary: 

 

Corollary 2.7. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   . Let    

be the boundary of   with        Let mappings          .  Assume that     and   

satisfy the following conditions: 

 

(xi) For every                       , where 

       
                                                                         

                               is a non-decreasing semicontinuous function from the 

right, such that       
 

 
  for    , and                    . 

(xii)          
(xiii)                  
(xiv)                         and 

(xv)       is closed in  . 

Then there exists a coincidence point     for     and  . Moreover, if each of the pairs       
and          coincidentally commuting, then   remains a unique common fixed point of 

    and  . 
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We form another corollary by setting     in Theorem 2.1. 

 

Corollary 2.8. Let       be a complete Takahashi convex metric space with convex structure 

  which is continuous in the third variable. Let   be a non-empty closed subset of   . Let    

be the boundary of   with        Let mappings            . Assume that       and   

satisfy the following conditions: 

 

(i) For every                     , where 

     
                                                                         

                               is a non-decreasing semicontinuous function from the 

right, such that       
 

 
  for    , and                    . 

(ii)                  
(iii)                        
(iv)                         and 

(v)           is closed in  . 

Then there exists a coincidence point     for       and  . Moreover, if each of the pairs 

      and          coincidentally commuting, then   remains a unique common fixed point of 

      and  . 

  

Here we give an example on the use of our result (Theorem 2.1). 

 

Example 2.1: Let                  and             . 

Let       
 

 
  for              . We note that       

 

 
 . Define             by 

    
                
            

 ,                       
             
            

  

 

    
                

            
 ,                       

             

            
 . 

 

We have                             both of which are closed. We also have  

                  . 

We find out that                      and                     . Similarly 

                     and                     . 

We note that       and       are both coincidentally commuting at    , that is, 

               and              . We also note that all four mappings are 

discontinuous at    . Without loss of generality let    . 

 

Consider          . Then we have 

 

                  
 

 
          

For            we have 
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Finally, for                , we get 

                

                            
      

      
 

                      
      

      
 

                     
 

 
 

 

 
        

                    
 

 
         

                    
 

 
          

Thus in all cases, for every      , we have 

                                                       

                                

 

Thus all the conditions of Theorem 2.1 are satisfied and 1 is the unique common fixed point of 

      and  . 
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