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ABSTRACT. In many situations the arising mappings need not be self-mappings.
It is well known that metrically convex metric spaces are desirable for the study

of fixed points of non-self mappings. Partial metric spaces are generalization

of the notion of a metric space that allows non-zero self distance. In this paper,

we present a common fixed point theorem for weakly compatible mappings on

complete metrically convex partial metric spaces. Our main result general-

izes a common metric fixed point theorem due to Ciri¢ and Ume, which is an

extension of a metric fixed point theorem due to Rhoades, to partial metric

spaces.

1. Introduction and Preliminaries

A metric fixed point theorem is an extension in some sense of the well
known Banach’s fixed point theorem or the Banach contraction principle.
Jungck [3] introduced and studied the notion of compatible mappings, and
proved a common fixed point theorem for the mappings on complete metric
spaces. Nadler [14] initiated the study of fixed points for multi-valued con-
traction mappings on metric spaces, and proved the version of the Banach
contraction principle for the mappings. Kaneko and Sessa [5] extended the
notion of compatible mappings due to Jungck [3] to include multi-valued
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mappings, and proved some metric fixed point theorems for single-valued
and multi-valued mappings.

Assad and Kirk [11] initiated the study of fixed points for non-self map-
pings on metric spaces, and proved fixed point theorems for single-valued
and multi-valued contraction mappings on complete metrically convex met-
ric spaces. Rhoades [2] introduced a class of single-valued generalized con-
traction non-self mappings, and proved a fixed point theorem for the class
of mappings, which generalizes the theorem due to Assad and Kirk [11].
The results due to Rhoades [2] were extended and improved by Cirié¢ [7].
Rhoades [1] proved a fixed point theorem for multi-valued generalized con-
traction non-self mappings, a generalization of the fixed point theorems due
to Ciri¢ [7] and Rhoades [2].

Ahmed and Rhoades [9] extended the notion of compatible mappings
due to Jungck [3], and proved some common fixed point theorems for com-
patible single-valued and multi-valued non-self mappings. Ciri¢ and Ume
[8] further extended the notion of compatible non-self mappings to weakly
compatible non-self mappings, and they used improved versions of the meth-
ods by Ahmed and Rhoades [9] and Rhoades [1], to established a common
fixed point theorem, an extension of the theorem due to Rhoades [1] for two
multi-valued and one single-valued weakly compatible mappings.

Partial metric spaces were introduced by Matthews [12] while studying
denotational semantics of data flow networks, showing that the Banach’s
contraction principle generalizes to partial metric spaces. Partial metrics
have many applications; In particular, they are desirable in modeling of
partially defined information, often encountered in computer sciences [10].
Matthews [13] studied topological aspects for partial metric spaces. Aydi,
Abbas and Vetro [4] initiated the study of fixed points for multi-valued
contraction mappings on partial metric spaces; They introduced and studied
the notion of partial Hausdorff metric, and obtain a generalization of the
Nadler’s fixed point theorem for multi-valued contraction mappings [14] to
partial metric spaces.

Recently, there has been several studies on possible generalizations of the
existing metric fixed point results to partial metric spaces. This paper forms
a part of the studies for metric fixed point results for weakly compatible
mappings.

The purpose of this paper is to generalize a metric fixed point theorem
due to Ciri¢ and Ume [8] to partial metric spaces.

We will require the following definitions and preliminary results to prove
our results.

Definition 1.1. Let X be a non-empty set. Let T : X — 2%, where
2% denotes the collection of all non-empty subsets of X, be a multi-valued
mapping and f: X — X be a single-valued mapping, then a point t € X is
called a common fixed point of T" and f if t = ft € T't.
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Definition 1.2 ([10]). Let X be non-empty set. A partial metric space
is a pair (X, p), where p is a function p : X x X — R, called the partial
metric, such that for all z, y, z € X :

(P1) z =y & p(z,y) = p(z,z) = p(y,);
(P2) p(z, ) < p(z,y);

(P3) p(z,y) = p(y, z); and

(P4) p(z,y) + p(2,2) < p(x,2) + p(2,9).

Clearly, by (P1) - (P3), p(z,y) = 0 implies = y. But, the converse is in
general not true.

A basic example of partial metric space is the pair ([0, 00),p) where
p(z,y) = max{x,y} for all z,y € [0,00). More examples of partial met-
ric spaces may be found in [13, 10].

Each partial metric p on X generates a T topology 7, on X whose basis
is the collection of all open p-balls {B,(z,¢) : z € X, ¢ > 0} where
By(z,e) = {y € X : p(z,y) < p(x,x) + ¢} for all z € X and ¢ is a real
number.

Let (X, p) be a partial metric space, A any non-empty subset of the set
X and x an element of the set X. It is well known [15] that z € A, where
A is the closure of A, if and only if p(x, A) = p(x, z). Also, the set A is said

to be closed in (X, p) if and only if A = A.
Definition 1.3 ([10]). Let (X, p) be a partial metric space. Then:

(i) A sequence {z,} in (X, p) is said to converge to some = € X if and
only if p(z,x) = lim p(x, x,).
n—oo
(ii) A sequence {z,} in (X, p) is a Cauchy sequence if and only if

lim p(zp, xm,) exists and is finite.
7,Mm—00

(iii) A partial metric space (X, p) is said to be complete if every Cauchy
sequence {z,} in X converges with respect to the topology 7, to a
point € X such that p(x,z) = lim p(x,, zy).

n,Mm— 00

Lemma 1.4 ([10]). Let (X, p) be a partial metric space. Then the map-
ping p* : X x X — [0, 00) given by
p*(x,y) = 2p(z,y) — p(z, ) — p(y,y)
for all x,y € X defines a metric on X.

Lemma 1.5 ([10]). Let (X, p) be a partial metric space. Then:

(i) A sequence {x,} is a Cauchy sequence in (X, p) if and only if it is a
Cauchy sequence in the metric space (X, p®).

(ii) A partial metric space (X, p) is complete if and only if the metric
space (X, p®) is complete.
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Let (X,d) be a metric space and CB(X) denotes the collection of all
non-empty bounded closed subsets of X. For A, B € CB(X), define

H(A, B) = max {supd(a, B),supd(b, A)}
acA beB

where d(z, A) = inf {d(x, a) : a € A} is the distance from a point z € X to
the set A € CB(X). It is well known [14] that H is a metric, called the
Pompeiu-Hausdorff metric, on CB(X) induced by the metric d. The metric
space (CB(X), H) is complete whenever (X, d) is complete.

Definition 1.6 ([4]). Let (X, p) be a partial metric space and CBP(X)
denotes the collection of all non-empty bounded and closed subsets of X.
For A, B € CBP(X) and z € X, define

HP(Av B) = maX{ép(Av B)v 5117(B7 A)}
where p(x, A) = inf {p(z,a) : a € A}, 6,(A, B) = sup{p(a,B) : a € A} and
0p(B, A) =sup{p(b, A) : b € B}. Then the mapping H, is a partial metric,
called the partial Hausdorff metric, on CBP(X ) induced by the partial metric
p.
Lemma 1.7 ([4]). Let (X,p) be a partial metric space. Let A, B €
CBP(X) and q > 1. Then for any a € A, there exists b € B that depends

on a such that
p(a,b) < gHp(A, B).

Pathak [6] introduced and studied the notion of f-weak compatible map-
pings, and proved coincidence and metric fixed point theorems for single-
valued and multi-valued f-weak compatible mappings, an extension of the-
orems due to Kaneko and Sessa [5].

Definition 1.8 ([6]). Let (X, d) be a metric space and F : X — CB(X)
and f : X — X be mappings. The mappings I’ and f are f-weak compatible
if fFz € CB(X) for all z € X and the following limits exist and satisfy:

(i) im H(fFxy, Ffzr,) < lim H(Ffz,, Fz,), and
(ii) lim d(fFzp, fr,) < lim H(F fz,, Fx,), whenever {z,} is a se-
quence in X such that Fz,, - A € CB(X) and fz, — s € A.

Example 1 in Pathak [6] shows that compatible mappings F' and f are
f-weak compatible mappings, but the converse may not hold.

Ciri¢ and Ume [8] extended the notion of f-weak compatible mappings to
weakly compatible mappings, which drop the following strict requirements
of Definition 1.8 namely: fFz € CB(X) forallz € X, A € CB(X) and f
and F' must be self-mappings.

Definition 1.9 ([8]). Let (X, d) be a metric space and K be a non-empty
subset of X. The mappings F' : K — CB(X) and f : K — X are said to
be weakly compatible on K if, for any sequences {x,} and {y,} in K such
that fx, € K, Fx, N K # @, the following limits exist and satisfy:
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(i) limsup D(fyp, Ffz,) < limsup H(F fx,, Fx,), and

n—oo n—oo
(ii) imsupd(fyn, fz,) < limsup H(F fz,, Fx,), whenever {y,} € Fx,N
n— 00 n—0o0

K and lim d(yn, fz,) =0.

Definition 1.10 ([11]). Let (X, d) be a metric space. If for each z,y € X,
x # y there exists z € X, x # y # z, such that d(z, 2) + d(z,y) = d(z,y),
then X is said to be a metrically convex metric space.

Lemma 1.11 ([11]). Let (X, d) be a metrically convex metric space and
K a non-empty closed subset of X. Then for given x € K, y ¢ K, there
exists z € 0K, boundary of K, such d(x, z) + d(z,y) = d(x,y).

Analogous to Definition 1.10 we have the following definition.

Definition 1.12. Let (X,p) be a partial metric space. If for each z,
y € X, x # y there exists z € X, x # y # z such that p(z, z) + p(z,y) =
p(z,y) + p(z,2), then X is said to be a metrically convex partial metric
space.

Example 1.13. Let X = [0,00) be equipped with a partial metric
p(x,y) = max{z,y} for all z, y € X. Clearly, (X, p) is a metrically convex
partial metric space. Observe that for any =, y € X, there is a z € X with
x < z <y such that p(x, z) + p(z,y) = p(x,y) + p(z, 2).

Remark 1.14. Note that when p = p® in Definition 1.12, we have
p*(x,y) = p*(z, z) + p°(2z,y). Therefore, if (X,p) is a metrically convex
partial metric space, then (X, p®) is a metrically convex metric space. Also,
by Lemma 1.4 p*(z,y) = p°(x, 2) + p*(x, z) simplifies to p(x,y) + p(z,2) =
p(x, 2) + p(z,y).

The following result, a generalization of Lemma 1.11 to partial metric
spaces, is immediate.

Lemma 1.15. Let (X, p) be a metrically convex partial metric space and
K a non-empty closed subset of X. Then given x € K, y ¢ K, there exists
z € OK, boundary of K, such p(z, z) + p(z,y) = p(x,y) + p(z, 2).

Definition 1.16. Let (X, p) be a partial metric space and K be a non-
empty subset of X. Let F': K — CBP(X) and f: K — X be mappings. If
for any sequences {z,} and {y,} in K such that fz, € K, Fx, N K # &,
the following hold:

(i) limsup p(fyn, F'fz,) < limsup Hy(F fx,, Fx,), and

n—00 n—0o0
(ii) limsup p(fyn, fr,) < limsup Hy(F fx,, Fx,), whenever
n—oo n—oo

{yn} € Fz, N K and nhrgop(ym fzn) =0.
Then, the mappings {F, f} are said to be weakly compatible on K.

Ciri¢ and Ume [8] established the following common fixed point theorem.
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Theorem 1.17. Let (X, d) be a complete and metrically convex metric
space and K be a non-empty closed subset of X. Let the mappings F,
G:K — CB(X) and f : K — X satisfy the following condition:

d
H(Fa,Gy) < hax { VLD g pa), iy G,
D(fx, Gy) + D(fy, Fz)
a+h

(1.1)

2
and

2
forall z,y € X, WhereO<h<§,a21—|—1+h,

(i) 0K C fK, FKNK C fK, GKNK C fK,

(ii) fr € 0K = Fx C K and Gz C K,

(iii) {F, f} and {G, f} are weakly compatible mappings, and
(iv) f is continuous on K.

Then, there exists a point s in K such that s = fs € FsNGs.

In this paper Theorem 1.17 is generalized to partial metric spaces.

2. Main results

The following theorem is a generalization of Theorem 1.17 to partial met-
ric spaces.

Theorem 2.1. Let (X, p) be a metrically convex complete partial metric
space. Let K be a non-empty closed subset of X. Let the mappings F,
G:K — CBP(X) and f: K — X satisfy the following condition:

H(Fz,Gy)

< hmaX{p(f:v,fy)’p(mFx)’p(fy’Gy)jp(fx,Gy) +p(fy,Fw)} 2.1)

a a+h
2

and

2
forall z,y € X, WhereO<h<§,a21—|—1+h,

(i) 0OKC fK, FKNK C fK, GKNK C fK,

(ii) fr€e 0K = Fx C K and Gz C K,

(iii) {F, f} and {G, f} are weakly compatible mappings, and

(iv) f is continuous on K.

Then, the mappings f, F' and G have a common fixed point. i.e, there exists
a point s in K such that s = fs € FsNGs.

Proof. We will construct three sequences: {z,} C K, {y,} C FKUGK,
and {z,} C fK N K in the following way: Let zy be an arbitrary point of
OK. Since zg € 0K and 0K C fK, we can find a point x¢g € K such that
fxg =20 € OK. By Theorem 2.1(ii) we have Fxg C K, and by Theorem 2.1
(i) we can find a point 1 € K such that fzq € Frg C K. Set y1 = 21 = fz1.
Let g be any real number such that

2
g>1 and qh:t<§. (2.2)
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Since y1 € Fzg, by Lemma 1.7, there exists a point y9 € Gx1 such that

p(y1,y2) < qHp(Fxo, Gz1).

Clearly, 2 may or may not be a point in K. If y» € K then by Theorem
2.1 (i), there exists a point xo € K such that fzo = 20 = yo € Gzy. If
y2 € K, Using Lemma 1.15, we set zo € 0K such that p(y1, z2) +p(22,y2) =
p(y1,y2) +p(22, 22). Since zo € OK and 0K C fK, there exists zo € K such
that faog = 290 € OK.
Two possibilities to consider:
1

P2 12) < 3101, 92) + P2, 22)] 08 p(91, 22) < 3ol v2) + p(e2, 2]

1
For p(z2,12) < 5[29(1/17 Y2) + p(22, 22)], choose a point y3 € Frg C K such

that p(y2, y3) < ¢Hp(Gzq, Fzg). Since Fxg C FK N K, by Theorem 2.1(i)
we can find x5 € K such that fozs3 =y3 € Faro C K.

1
For p(y1, 22) < §[p(y1,y2)—|—p(z2, 29)]. Asyy € Fxg, Choose y3 € Gxa C K

such that p(y1,y3) < qHp(Fxo,Gzy). Since y3 € GK N K C fK, we can

find a point z3 € K such that fzg =y3 € Gzo C K.

In general, we construct the sequences {z,} C K, {y,} C FKUGK, and

{zn} C fK N K such that:

(1) Yn € Fop_1, or y, € Gop_y,

(i) zp = fz, € K,

(iii) y, = 2z, if and only if y,, € K, and in this case y, 11 satisfies the fol-
lowing condition: yn+1 € Fa,, and p(yn, Ynt1) < ¢Hp(Grp_1, Fzy),
if y, € Gxyp_q, or
Yn+1 € Gy, and p(yn, Ynt1) < ¢Hp(Frp—1, Gay), if y, € Frp_q.

(iv) yn # 2z, whenever y, ¢ K, when z, € 0K satisfies p(yn—1, 2n) +
p(zm yn) = p(yn—la yn) + p(zm Zn)-

There are two possibilities to consider:

. . 1

(lva) if p(zm yn) S §p(yn—17 yn)
ify, € Grp_1, then ypy1 € Fay, and p(yn, Ynt1) < ¢Hp(Grp_1, Fxy,)
or
ify, € Fry_1, theny, 1 € Gz, and p(yn, Ynt+1) < ¢Hp(Fan—1,Gxy).

. 1
(IVb) p(yn—la Zn) < §[p(yn—17 yn) +p(zm Zn)]a then:
if y, € Faxp_1, then y,—1 € Gry_o and yn11 € Fx,, is such that

P(Yn—1,Ynt+1) < qu(G$n—2a Fxy), or
if y, € Gxp_1, then y,_1 € Fa,_o and y,1+1 € Gz, is such that

p(yn—lv yn—l—l) < qu(F$n—27 G:En)

Remark 2.2. We note that if z, # y,, (when z, € 0K and z, ¢ FK U
GK), then z,11 = ypy1 € K and 2,1 = yp—1 € K.
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We now estimate p(zp, 2p+1)-

By construction of {z,}, clearly, if p(z,, z,+1) = 0 for some n, then z, 5 =
zy for all k > 1.

Now suppose that p(z,, zn+1) > 0 for all n. By Remark 2.2 we have three
possibilities to consider.

Case 1. Let z, =y, € K and z,+1 = yn+1 € K. Suppose, without loss
of generality, that z, = y, = fxn, € Fxp_1. Then z,11 = ypy1 € Gy,
Zn—1 = fxn_1, and y, and y,11 satisfy p(yn, Ynt1) < qu(F$n—la Gzr,). By
(2.1) and (2.2) we have the following:

P(Yn, Ynt+1) < qHp(Fan_1, Gzy)
< tmax {M P(fEnts Fn 1), p( fm Gan).
a

p(f$n—17 G$n) + p(f$na F$n—1) }

a+h

IN

p(2n_1, 2
t max {%7 p(zn—la Zn)a p(zm Zn—l—l)a

p(zn—la Zn—l—l) + p(Zm zn)
2.3
a+h (2:3)
Clearly if (2.1) holds for some hy > 0, then it holds for any h with
h <h<g'and in particular for§<h<g:>g< 2h” <§
1—13?; ’ 1p R T A )
Then o < 1 and P < 3 Using (2.1) we have,
3p(fz, fy
HP(F:E7 Gy) S hmaX {%7]9(](17’ F:E)vp(fyv Gy)7
F
p(fz, Gy) ;rp(fy, :v)} (2.4)

From (2.3) and by Definition 1.2 (P4) we have,

P(2n—1,2n) + D(2n, Znt1) }

o) < tmx {1, 50), P 201, :

< tmaX{p(zn—la Zn)a p(zm Zn—l—l)}'
2
Hence, as z, = Yn, Znt1 = Yn+1 and t < 3 We necessarily have

P(Yns Ynt1) < tp(2n-1, 2n)- (2.5)
which follows
P(Zn, Zns1) < tp(2n—1,2n). (2.6)

We notice that (2.5) and hence (2.6) hold, whenever y,, = z,, regardless of
whether y,11 = 2,11 or not.
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Case 2. Suppose z, = y, € K, but z,11 # yni1 € K. Then z,11 € 0K
is such that
P(Yns 2n+1) + P(2n+1, Ynt1) = P(Yns Yn+1) + P(2n+1, 2nt1)-
This implies that
PYn, 2nv1) < P(Yn> Ynt1)
since
P(Zn+1, 2n+1) < P(2n+1, Ynt1) (see Definition 1.2).
By implication of (2.5) we conclude

p(zm Zn—l—l) < tp(zn—lv Zn). (27)

Case 3. Suppose z, # yn. Then z, € 0K, zp11 = Ynt1, 2n-1 = Yn—1,
and
P(Yn—1,2n) + (2, Yn) = P(Yn—1,Yn) + P(2n, 2n). (2.8)
Assume that p(zy, zn+1) < p(Yn—1,Yn). Then by (2.5) we have

P(2n; 2ng1) < tp(2n—2, Zn—1).

Suppose
P(zn, 2n41) > P(Yn—1, Yn) (2.9)
From (2.8) and Definition 1.2 the following are the possibilities:
1
P(zn: Yn) < 5P(Yn-1,4n)  OF (2.10)
1
p(zm yn—l) < §p(yn—17 yn) (2'11)

Assume (2.10) holds. Suppose, without loss of generality, y, € Fx,—1. Then
Zn-1 = Yn-1 = fTn_1 € GTp_2, Yn # 2n = fn.

By construction of {y,} as in (iva), we have
Ynil = Znt1 = foni1 € Gy
such that
P(Yn, Yn+1) < qHp(Fn—1, Gay).
By (2.2) and (2.4) we have
P(Yn, Yn+1) < qHp(Fn-1, Gap)
< tmax{p(frn-1, frn), P(fTn-1, FTn-1), p(fTn, GTn),
p(frn—1,Gxn) +p(fon, Fan,—1) }
2
< tmax {p(frn-1,2n), P(Un—1,Yn), P(2n, 2nt1),

p(yn—l, zn—l—l) +p(yn7 zn) }
2

Since by (2.8) and (2.9), p(Yn—1, 2n) < P(Yn—1,Yn) < P(2n, 2n+1), we have
p(yn—la Zn+1) + p(zna yn) < p(yn—la Zn) + p(zna yn) - p(zm Zn)

(2.12)
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+ p(znv zn—l—l)
= P(Yn—1,Yn) + P(2n, 2n41) < 2P(2n, 2p41). (2.13)
Thus, from (2.12) we have

PWn» Ynt1) < tp(2n, Znt1) (2.14)
Since Y41 = Znt1, from (2.14), (2.10) and (2.7),

(2, 2nt1) < P(Zn, Yn) + P(Yn, Ynt1)

1
< 2Pp(Yn—1,Yn) + tp(2n, Zny1)

2
1 2
< §tp(zn_2, Zn—1) + gp(zn, Zn+1)

So we have

1 1
gp(zn, Znt1) < §tp(zn_2, Zn—1)

3
P(%n, Zn+1) < §tp(zn_2, Zn—1). (2.15)

Similarly, (2.15) can be established in case y, € Gx,_1.
We now consider a case when (2.11) holds.
Suppose, without loss of generality that vy,, € Fx,_1. Then

Yn—1 € Gxp_o.
By construction of {y,} as in (ivb) and (2.4), we have
P(Yn-1,Yn+1) < qHp(Grng, Fizp)

3p(f$n;27 f$n) ,p(f!l?n—% GZEn—Q)v p(f:Env FZEn)’

p(f$n—2a F:En) + p(f$na G$n—2) }
2

< tmax{

3p(zn—2, 2
< tmaX{Mvp(zn—%Zn—l)vp(znazn-l-l)v

4
p(zn—%yn—l—l) +p(zmyn—1) } (2.16)
2
Since yp—1 = zp—1 from (2.11) and (2.5),
1 1 1 2
p(zn,yn_1) < Ep(yn—layn) < Etp(zn—% Zn—l) < B) X gp(zn—% Zn—l) =

1
gp(zn—% Zn—l)-

4
P(2n—2,2n) < D(2n—2, 2n-1) + P(Yn—1,2n) < gp(zn_z, Zn—1)-

P(Zn—2,Un+1) < P(Zn—2,2n-1) + P(Yn—1, Yn+1)-
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From (2.16), we have

p(yn—h yn—l—l) <t max{p(zn_g, zn—l)v p(znv zn-l-l)v

2 1

gp(zn—l, Zn—1) + §p(yn—1, Ynt1)} (2.17)
If we suppose that p(yn—1,Yn+1) > tmax{p(zn-2, 2n-1), P(2n; Zn41)},
then by (2.17), we have

2 1
P(Yn—1,Yn+1) < t[gp(zn—z, Zn-1) + §p(yn—1, Yn+1)]
2 1
< gtp(zn—z, Zn-1) + gp(yn—l, Yn+1)

Thus, p(Yn—1, Yn+1) < tp(zn—2, 2n—1) which is in contradiction with
(2.9). Therefore, we have
P(Yn—1,Yn+1) < tmax{p(zn—2, 2n—-1), P(2n, 2n+1) }- (2.18)

By the definition of partial metric (see Definition 1.2), (2.11), (2.5) and
(2.18), we have

(2, 2nt1) < P(Un—152n) + P(Yn—1, Yn+1)
1
< §p(yn—1, Yn) + P(Yn—1:Yn+1)
1
< §tp(zn—2a Zn—l) + tmaX{p(zn—2a Zn—l)a p(Zn, zn—l—l)}
1
< §tp(zn_2, Zn—1) + tp(2n—2, Zn—1) + tp(2n, Zn+1)
1 2
< 57529(%—27 Zn—l) + tp(zn—% Zn—l) + gp(znzn—l—l)
3 2
< §tp(zn_2, Zn-1) + gp(zn, Zn+1)
Therefore,
3
P(%n, 2n41) < §tp(zn_2, Zn—1). (2.19)

Similarly, if y, € Gx,—1 it can be shown that (2.19) holds.
Thus, by (2.6), (2.7) and (2.19) for all n > 2 the following holds:

3
p(zna Zn—l—l) = §tmaX{p(zn—2a Zn—l)a p(zn—la Zn)}

3 ,
Since §t < 1, by adapting the approach by Ciri¢ [7] we can show that {z,}

is a Cauchy sequence, and therefore converges to a point s in K, as K is
closed and therefore complete. Since p(yn, Yn+1) < p(zn, 2n+1), then {y,}
converges to s € K.

For each ¥, denote by Y, one of the subsets Fx,_1, or Gx,,_1 which
contains y,. Then by (2.5) and (2.18), we have

Hp(Yna Yn—l—l) S hp(zn—la Zn)v
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or
Hp(Yn—la Yn—l—l) < hmaxp(zn_g, Zn—l)a p(zn—la Zn)-

Since {z,} is a Cauchy sequence so is {Y,,}. Therefore, {Y,} converges to

Y, for some Y in CB?(X), as (CBP(X), Hp) is a complete partial metric

space. So we have

p(s,Y) <p(s,z) forsome ze€Y
<p(8,Yn) + P(Yns 2) — P(Yn; Yn)
<p(s,yn) + Hp(Yn,Y) — Hyp(Yy, Yy)
<p(s,s) as n approaches oo.
Therefore,
p(s,Y)=p(s,s) =s€Y, since Y is closed. (2.20)

We now consider two subsequences {yy,} and {yn,} of {y,}, defined by
Yn; € Frp,_ NK and y,, € Gry,_ NK. Clearly, by construction of {y,} at
least one of the subsequences is infinite. Suppose, without loss of generality,
that {y,,} is infinite. For the sake of simplicity, we denote {yn,}, {Zn,},

and {zn;_, } by {y;}, {z;}, {wj_1}, respectively.
ffx; and Ffx;_1 are clearly well defined, as fx, = z, € K. Set

Lj = p(fy;, Ffrj-1)
and
Rj=Hy(Ffrn_j, Frj_1).
Since y; € Fxj_1, yj+1 € Gxj, then by (2.4) we have,
R; < Hy(Y ], Y1) + Hp(F frj1, Gxy)
< Hy(Y}, Yj1) + hmax {p(f fxj1, fx;), p(ffrj-1, fy;) + Ly,
p(fzj, Gry), p(f frn-1,Gry) + p(frj, Ffrj-1)}. (2.21)

Hence as fr; =y; € Fxj_1, yj41 € Gz; and Lj < p(fy;,y;) + R;, we have

, 2
Rj <H,(Y;,Yj41) + 3 max {(ffrj—1,y5), p(ffxi—1, Ty;) + p(fy;, y;) + Ry,
p(Yjs Yj+1), p(ffrj—1,y541) + R;} .

Therefore,
R; <3H,(Y;,Yj41) +2[p(ffxj—1,y;) +p(ffrj-1, fz;)
+p(fy;, y5) + p(Ws, viv1) + p(f frj—1,y41)] -

Since Y, — Y, fx; — s, yj4+1 — s, and as f is continuous, then the
sequence {R;} is bounded and hence {sup; R;} is a convergent sequence.
Also, since F' and f are weakly compatible mappings (see Definition 1.16),
and as frj_1 = zj_1 € K and nliigop(yj, fxj—1) =0, we have

limsup L; < limsup Ry, (2.22)

j—o0 j—o00
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and
limsupp(fy;, frj—1) < limsup R;. (2.23)

Jj—0o0 Jj—00
We denote limsup R; by R. Taking the upper limit in (2.21) and using
Jj—0o0

(2.22), (2.23) yields

2
R< 3 max{R, R, H)(Y,Y), R}.

2
So we have R < gR, since Hy(Y,Y) < R. Therefore, R = 0. Using (2.23),

we have p(fs,s) = 0. This implies s = fs (see Definition 1.2) (P3).
By (2.4), as y; € Fxj_1 we have,

p(yj, Gs) < Hy(Fxj_1,Gs)
< hmax{p(fan-1,s),p(frj1, Frja),p(s, Gs),p(frj-1, Gs)
+p(s, Fxj_1)}.
Taking the limit as j — oo and using (2.20) gives,

(s, Gs) < 3 max(p(s, ), (s, 5),p(s. G). pls. G3) + p(s. ).

< 2 [p(s, Gs) + p(s, s)], since p(s, s) < p(s,Gs).

3
Hence, p(s,Gs) = 0= p(s,Gs) = p(s, s), and therefore s € Gs.
By (2.1) we have,

p(F's,s) < Hy(Fs,Gs) < hmax{p(s, s), p(s, Fs),p(s,s),p(s,s) + p(s, Fs)}

and hence,

So we have p(s,Gs) <

p(s, Fs) =0=p(s, Fs) =p(s,s) = s € Fs.
Therefore, s = fs € F's N Gs, as desired.

Remark 2.3. If FK C K, GK C K and fK C K, then Theorem 2.1
holds without the requirement of metrically convex property of complete
partial metric space.

Acknowledgement. The authors are thankful to the learned referee for
his valuable remarks.
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