ISSN 1995-0802, Lobachevskii Journal of Mathematics, 2019, Vol. 40, No. 2, pp. 183-188. (© Pleiades Publishing, Ltd., 2019.

Fixed Point Theorem for F-contraction Mappings,
in Partial Metric Spaces

S. Luambano', S. Kumar?*, and G. Kakiko?"™*

(Submitted by E. K. Lipachev)

'Department of Mathematics, College of Natural and Mathematical Sciences,
University of Dodoma, Dodoma, Tanzania

’Department of Mathematics, College of Natural and Applied Sciences,
University of Dar es Salaam, Dar es Salaam, Tanzania
Received October 1, 2018; revised November 16, 2018; accepted November 16, 2018

Abstract—The purpose of this paper is to establish a fixed point theorem for F-contraction
mappings in partial metric spaces. Also, as a consequence, a fixed point theorem for a pair of
F-contraction mappings having a unique common fixed point is obtained. In particular, the main
results in this paper generalize and extend a fixed point theorem due to Wardowski 2012 in which
F-contraction was introduced as a generalization of Banach Contraction Principle. An illustrative
example is provided to validate the results.
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1. INTRODUCTION

The notion of F-contraction mappings was introduced by Wardowski [8] as a generalization of
Banach Contraction [5] and proved to be very useful in the existing metric fixed point theory. This gave
rise to numerous fixed point results for F-contraction mappings as extension and its generalizations.
Wardowski [8] introduced an F-contraction mapping and defined it as follows:

Definition 1. [8] Let (M,d) be a metric space, a mapping T : M — M is said to be an F-
contraction on M, if there exists T > 0 such that for all x,y € M
d(Tz, Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)), (1)

and F : Ry — Ris a mapping satisfying the following conditions:
F1: F isstrictlyincreasing, that is forall x,y € Ry such thatz <y = F(z) < F(y);
F2: For each sequence {a, }n>1 of positive numbers lim a,, =0, if and only if lim F(ay,) =
- n—oo n—oo
F3: There exists k € (0,1) such that lim o*F(a) = 0.
a—0t

We denote the set of all functions satisfying the conditions F'1 — F3 by Ap.

From F1 and the contractive condition 1, we observe that every F-contraction is necessarily
continuous. The following Example 1 is one amongst the examples of F-contractions [7]:

Example 1. Let F: Ry — R be defined by F(a) =In(a). It is clear that F' satisfies F'1 —
F3for any k € (0,1). Each mapping T': M — M satisfying d(Tx,Ty) > 0= 7+ F(d(Tz,Ty)) <
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F(d(x,y)) is an F-contraction such that d(Tx, Ty) < e "d(x,y) forall z,y € M, Tz # Ty. Obviously,
for all z,y € M such that Tax = Ty, the inequality d(Tz, Ty) < e~ "d(z,y) holds and T is a Banach
contraction. One can find more examples in [8].

A partial metric space was introduced by Matthews [6], which is a generalization of metric space and
admits non-zero self distance:

Definition 2 [6]. Let X be a non-empty set. A partial metric space is a pair (X,p), where p is
a function p: X x X — R™*, called the partial metric, such that for all z,y,z € X the Jollowing
axioms hold: (Pl): x =y < p(z,y) = p(x,z) = p(y,y); (P2): p(x,z) < p(z,y); (P3): p(z,y) =
p(y,x); and (P4): p(z,y) < p(z,z) + p(z,y) — p(z, 2).

Clearly, by (P1)-(P3), if p(x,y) = 0, then 2 = y. But the converse is in general not true.

One among the classical examples of partial metric spaces is a pair ([0, 00),p) where p(x,y) =
max{z,y} forall z,y € [0,00). One can find more examples in [3, 6].

Each partial metric p on X generates a T topology 7, on X whose basis is the collection of all open
p-balls {By(z,€) : x € X,e > 0}, where By(x,€) = {y € X : p(x,y) < p(z,z) + e} forallz € X, and e
is a positive real number.

2. PRELIMINARIES

The following are some basic concepts and preliminaries useful for the establishment of our results:
Bukatin et al. [3] provided the following definition regarding the convergence and Cauchy sequences in
partial metric spaces.

Definition 3 [6]. Let (X, p) be a partial metric space. Then,

(i) a sequence {x,} in (X,p) is said to be convergent to x € X if and only if p(z,z) =
limy, 00 p(ZL‘, 5L'n)§

(ii) a sequence {z,} in (X,p) is a Cauchy sequence if and only if limy, 00 P(Tn, Tm) exists
and is finite;

(iii) a partial metric space (X,p) is said to be complete if every Cauchy sequence {x,} in X
converges with respect to the topology 1y, to a point x € X such that p(z,x) = limy, ;m—oe0 D(Tn, Tm).

Bukatin et al. [3] proved the following lemma which is useful in our discussion.

Lemma 1[3]. Let (X, p) be a partial metric space. Then the mapping p® : X x X — [0, 00) given
by p*(z,y) = 2p(x,y) — p(x,z) — p(y,y) for all x,y € X defines a metric on X.

Bukatin et al. [3] also proved the following lemma regarding Cauchy sequence and completeness of
a partial metric space.

Lemma 2[3]. Let (X, p) be a partial metric space. Then:

(i) a sequence {z,} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the
metric space (X, p®); (ii) a partial metric space (X,p) is complete if and only if the metric space
(X, p®) is complete.

Some researchers have attempted to generalize, improve and extend the notion of F-contraction
mappings to partial metric spaces. For instance Nazam et al. [7] introduced an improved F-contraction
of rational type in partial metric spaces and used it to prove a common fixed point theorem for a pair
of self mappings. The following definition was given by Nazam et al. 2017 regarding an improved F-
contraction of rational type.

Definition 4 (Nazam et al. 2017).  Let (M,p) be a partial metric space. The mapping
T: M — M iscalled an improved F-contraction of rational type, if for all mi,mo € M we have
T+ F(p(T(m1),T(ms))) < F(N(mqy,ms)) for some F € Ap, 7 > 0and

p(ma, T(m1))p(ma, T(mz2)) p(ml,T(ml))P(mij(mﬂ)}
L+ p(m1,m2) T 14+ p(T(ma), T(ma))

N(m1, mg) = max {p(ml, ma),

The following Theorem was given by Nazam et al. [7] regarding F-contraction of rational type.

Theorem 1[7]. The contractions H,T : X — X on a complete partial metric space X such that
either H or T is continuous and (H,T) is a pair of improved F-contraction of rational type have
a common fixed point z of (H,T) in X such that P(z,z) = 0.
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Wardowski [8] proved the following results using F-contraction mapping.
Theorem 2 [8]. Example 1. Let (M,d) be a complete metric space and let T : M — M be an

F-contraction on M. Then T has a unique fixed point xo € M and for every x € M the sequence
{T"z},en converges to xy.

In this article we generalize Theorem 2 to partial metric spaces to obtain some fixed point theorems
for F-contraction mappings in partial metric spaces.

3. MAIN RESULTS

Definition 5. Let (X,p) be a partial metric space. The mapping T : X — X is said to be an
F-contraction on X if there exists T > 0 and F € Ap such that forall x,y € X,

p(Tx, Ty) > 0= 7+ F(p(Tz,Ty)) < F(p(z,y)). (2)

The following theorem is the extension of Theorem 2 to partial metric spaces.

Theorem 3. Let (X,p) be a complete partial metric space and let T : X — X be an F-
contraction map on X, then T has a unique Jixed point v € X such that p(v,v) = 0.

Proof. Let xg € X be any arbitrary point and fixed. We define a sequence {z, }nen € X such that
Tpy1 = Ty, foralln =0,1,2,.... Also we denote a,, = p(zpt1,Ty), foralln =0,1,2, ... If there exists
no € N such that z,,,41 = zp,, then Tx,,, = x,,. This will end the prooif. Now suppose a,, > 0 for all
n € N with x,,41 # x,. Then by the contractive condition (2) of Definition 5 we have

F(ap) < Flap—1) — 7 < F(ap—2) — 27 < F(ap—3) — 37 < ... < F(ag) — nr. (3)
From (3) we obtain li_}rn F(a,) = —oc. Since F' € Ap, then by (F'2) of Definition 1 we get

lim ay, = 0. (4)
By (F'3) of Definition 1, there exists & € (0, 1) such that
nli_)noloankF(an) = 0. (5)
Following (3) for all n € N we have
an"(F(an) — F(ag)) < —a,"nt < 0. (6)
Taking into account (4) and (5) and letting n — oo in (6) we obtain
Jim na,® = 0. (7)

Since (7) holds, then there exists n; € N such that na,* < 1, for all n > ny. This implies that
an <n Y*foralln > ny. (8)

Next we show that {z,, },en is a Cauchy sequence.
Consider n, m € N such that m > n > nq, then by (8) and axiom (P3) of Definition 2 we have
m—1

P(@n, Tm) < P(Tn, Tng1) + D(@ni1, Tng2) + o+ P(@m-1,2m) — > px),25)
j=n+1

< p(mnaxn-l-l) +p(zn+1,zn+2) + ... +p(xm—1ymm) =ap + An+1 + oo+ ama
m—1 00 00
= Z a; S Zai S Z’i_l/k.
i=n i=n i=n

The convergence of the series S°°° i~1/* implies that li_)m p(Tn,Tm) = 0. By Lemma 1 we obtain that

for any n,m € N, p*(xy, p) < 2p(Tpn, ym) — 0 as n — oco. This implies that {z, },en is a Cauchy
sequence with respect to p® and hence converges by Lemma 2. Thus there exists v € X such that

p(v,v) = lim p(zn,v) = n’grgoop(a:m Tm).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.40 No.2 2019



186 LUAMBANO et al.

Since lirg p(xp, ) = 0, then we deduce that

p(v,v) = 0= lim p(zn,v). (9)

n—o0
By (9) it follows that 41 — v as n — oo with respect to 7;,. By the continuity of 7" it implies that

v= limz, = hm 0 Tty = hm Tmn =Tw.
n—o0o

From the contractive condition (2) we can write 7+ F(p(v,Tv)) < F(p(v,v)). This implies that
p(v,Tv) = 0 and by axioms (P1) and (P2) of Definition 2 we conclude that v =Twv. Hence v is a
fixed point of . We now prove that a fixed point is unique.

Suppose, there exists u € X such that u # v and v = Tu. From the contractive condition (2) we can
have

p(Tu, Tv) = p(u,v) >0 = F(p(u,v)) <7+ F(p(u,v)) =7+ F(p(Tu, Tv)) < F(p(u,v)).
This implies that F'(p(u,v)) < F(p(u,v)) which is a contradiction. Hence uw = v. Thus the fixed point
of T'is unique. 0

Corollary. Let (X, p) be a complete partial metric space and a contraction T : X — X satisfies
all conditions in Theorem 3. If we take F as defined in Example I, then T is a Banach Contraction
as generalized by Matthews [6].

We now present a fixed point theorem for a pair of maps satisfying F-contraction condition as an
extension of Theorem 3.

Theorem 4. Let (X,p) be a complete partial metric space and H,T : X — X be a pair of F-
contraction mappings, such that for all x,y € X we have

p(Hz,Ty) >0 =7+ F(p(Hz,Ty)) < F(M(z,y)),

where

p(z, Ty) + ply, Hz) } (10)

M(z,y) = max {p(w, y),p(x, Hz), p(y, Ty), 5

Then there exists a unique fixed point which is common for both H and T.

Proof. We first show the existence of a fixed point for both H and T'. Let ¢ € X be any arbitrary point
and fixed. We define a sequence {z,,} € X, foralln € N such that z,,11 = Hx,, and x,,19 = Tz for
n=20,1,2 ...

Now suppose that p(z,,41, Znt2) > 0, foralln € NU {0} with z,, 1 # 2,,12. Then by the contractive
condition (10) we have

T+ F $n+1733n+2)) =T+ F(p(meTxn—i-l)) < F(M(ajmifn—i-l))a

p(@n,Txn+1)+p(Tny1,Hx
M(zp, Tpi1) = max{p Ty Trt1), P(Tn, Hay), p(Xni1, TTnt), @n Ton+ )2 @n+1,H2n)

P(Tn,Tn42)+P(Tnt1,Tntl
max {p xnaxn-‘rl xn7$n+1)ap(l’n+171’n+2)y (@n.2nt2) 2( ntlond )}

P(En,Tnt1)+P(Tnt1,Tn+2)
p xnaxn-‘rl xn+laxn+2)a — 9 = =

= Imax {p(mna xn+l)7p(xn+17 xn+2) } .

Suppose max{p(xn, Tn+1), P(Tnt1, Tni2)} = P(Tnt1, Tns2). Then
T+ F(p(Tn+1,Tn42)) < F(P(Tni1, Tnt2)) = F(P(Tnt1, Tnt2)) < F(p(Tnt1, Tnta)) — 7
which is a contradiction. Thus max{p(x,, zp+1), P(Tn+1, Tnt2)} = P(Tn, Tpt1). Hence we can write
F(p(xpt1,Tnt2)) < F(p(xn, ne1)) — 7ioralln € NU{0}. (11)
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Hence from (11) we have F'(p(zy, Zn+1)) < F(p(Tn—1,Tn—2)) — 27. Repeating these steps n-times we
get F(p(xn,xni1)) < F(p(xo,x1)) — n7 and we obtain

Tim F(p(itn, 041)) = —o0. (12)
By (F'1) of Definition 1 we obtain
Jim (p(zn, 2nt1)) =0 (13)
By (F3), there exists k € (0, 1) such that
i (p(2n, 20 +1))"F (p(2n, 1)) = 0. (14)

n—»c0
For alln € N we have
(P T 1)F(F(Pns s1)) = F(p(o,a1))) < —(p(ans as1))Fnr < 0.
Considering (12), (13) and letting n — oo in (14), we get Ji_)rrolon(p(:vn,xnﬂ))k =0, and there exists
ny € N, such that
n(p(xn, tni1))* < 1ioralln > ny. (15)

Next we will show that {z;, },en is a Cauchy sequence. Consider n,m € N such that m > n > nq,
then by (15) and axiom (P3) of Definition 2 we have

—

m—
p(xna xm) < p(l’m mn—i—l) +p(xn+ly mn+2) + ...+ p(mm—la xm) - p(xj, xj)
j=n+1
< p(@ns Tot1) + P(Tng1, Toy2) + oo+ P(Tm—1, Tm)

m—1 o] o]
=n g1t am =Y a; <> a; <y ik
i=n i=n i=n

The convergence of the series >25° i~!/* implies that 1i_>m p(xpn, zpy) = 0. By Lemma | we get that

for any n,m € N, p*(xp, xm) < 2p(zp, Tm) — 0 as n — oco. This implies that {z, },en is a Cauchy
sequence with respect to p®. Since (X, p) is complete then so is (X, p®), then there exists u € X
such that li_}rn p*(zn,u) = 0. Moreover by Lemma 2 p(u,u) = 1i_>m p(Tn,u) = liIE p(Tn, Tm). Then

we deduce that p(u,u) =0 = li_}rn p(zy,u). It follows that x,,11 — u and z,42 — u as n — oo with

respect to 7(p). Hence by the continuity of T" it implies that u = li_)m Ty = li_)m Tpt1 = li_}rn Tpto =

lim Txy,y1 =T lim x,4+1 = Tu. Hence from (10) we have
n—oo n—oo

T+ F(p(u, Hu)) = 7 + F(p(Hu, Tu)) < F(M(u,u)) = F(p(u,u)).
This yields that p(u, Hu) = 0 and by (P1), (P2) of Definition 2 we obtain that u = Hu. Thus Hu =
Tu = u. Hence (H,T) has a common fixed point u € X.

Next we will show that « is unique common fixed point of H and T'. Suppose that by contradiction
there exists z € X such that w # z and z = Tz. From the contractive condition (10) we have 7 +
F(p(Hu,Tz)) < F(M(u, 2)), where

M(u, z) = max {p(u, 2), p(u, Hu),p(z,Tz), p(u, Tz) —gp(z, Hu)}

~ max {p(u, 2), plu, ), p(z, ), L2 ;p(z’“) } — max {p(u, ), P 2) ‘2”9(2’“) } — p(u, 2).

We have 7 + F(p(Hu,Tz)) < F(p(u, z)) and we obtain that p(u, z) < p(u, z) which is a contradiction.
Hence u = z and w is a unique common fixed point of (H,T). O

Now we provide an illustrative Example 2 for Theorem 3.
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Example 2. Let X = [0, 1] and define p(z, y) = max{z,y} forallz,y € X. Then (X, p) is a complete
partial metric space. Define the mapping T : X — X such thatforallxz € X

T(x) = x/3, if ze€l0,1),
0, it z=1.

Clearly T is a self mapping. Define the function F : RT — R by F(r) = In(r) for all r € RT. Let
x,y € X such that p(Tz, Ty) > 0, this implies that 7 + F(p(Tz,Ty)) = 7 + Inmax{z/3,y/3}. Now
suppose that y > x without loss of generality and taking 7 < In 3 we obtain that

7+ Inmax{z/3,y/3} <In3+In(y/3) =Inp(x,y) = F(p(x,y)).

Similarly, if z > y we obtain that 7 + F(p(Tx,Ty)) < F(p(x,y)). Thus, the contractive condition (2)
is satisfied for all x,y € X. Hence all hypotheses of the Theorem 3 are satisfied and note that T' has
a unique fixed point x = 0. We also notice that 7" in Example 2 is not an F-contraction in (X, d) and
consequently Theorem 3 cannot be applied.
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