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Abstract. In this paper, we formulate a common fixed point theorem for four non-self
mappings in convex partial metric spaces. The result extends a fixed point theorem by Gaji¢
and Rakocevié [Pair of non-self mappings and common fixed points. Appl. Math. Comp.
187 (2007), 999-1006] proved for two non-self mappings in metric spaces with a Takahashi
convex structure. We also provide an illustrative example on the use of the theorem.
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1. INTRODUCTION AND PRELIMINARIES

Gaji¢ and Rakocevié [5] proved a common fixed point theorem for non-self map-
pings on a Takahashi convex metric space for a pair of mappings. In their work, they
generalized the theorems by Jungck [7], Das and Naik [4], Cirié¢ et al. [3], Ciri¢ [2] and
Imdad and Kumar [6]. In this study, we extend the theorem by Gaji¢ and Rakocevié
to apply for two pairs of non-self mappings in convex partial metric spaces.

We now introduce those results which will be of use in this paper.

Definition 1.1. [8] A partial metric on a non-empty set X is a mapping p :
X x X — [0,00) such that for all x,y,z € X,
(P0): 0 < p(z,7) < p(z,y),
(P1): x =y if and only if p(z,z) = p(z,y) = p(y,y),
(P2): p(z,y) = p(y, =) and
(P3): p(.’L’, y) < p(:m Z) + p(z, y) - p(z, Z)
A pair (X, p) is said to be a partial metric space.



From Definition 1.1, we deduce that for all z,y, z in a partial metric space (X, p),

we have:
(1.1) (i) p(z,y) =0 implies x = y,
(1.2) (i) p(z,y) < p(x,2) +p(2,9).

Proof. If p(z,y) = 0, then p(z,z) = 0 because 0 < p(z,z) < p(z,y) from (PO).

Similarly, p(x,y) = 0 implies p(y,y) = 0 because 0 < p(y,y) < p(x,y). Hence

p(z,y) = 0 implies p(x, z) = p(z,y) = p(y,y) = 0. From (P1) this means that x = y.
From (P3), we infer that

p(f,y) < p(JJ, Z) +p(z7y).

O

As an example, let X = RT and let p : RT x Rt — R, p(z,y) = max{z,y}.
Then (X, p) is a partial metric space.

Each partial metric p on X generates a Ty topology 7, on X with a base being the
family of open balls {B,(z,¢) : x € X,e > 0} where By(z,¢) ={y € X : p(z,y) <
p(z,x) +e} forall z € X and € > 0.

A sequence {z,} in a partial metric space (X, p) converges to z € X if and only if

pla,x) = lim p(,a,).

n— oo

Definition 1.2. [8] Let (X, p) be a partial metric space and {z,} be a sequence
in X. Then
(i) {xn} converges to a point x € X if and only if p(z,x) = limy, 4o p(z, Tn),
(ii) {zn} is called a Cauchy sequence if limy, 1400 P(@n, Tm) exists and finite,
(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence
{z,} In X converges, with respect to 7,, to a point x € X such that

p(z,r) = n nligl+oop(xna Tm).

Lemma 1.3. [8] If p is a partial metric on X, then the mapping p* : X x X —
[0, +00) given by
p*(@,y) = 2p(z,y) — p(z,z) — p(y,y)

is a metric.

In this paper we will denote p°® as the metric derived from the partial metric p.



Lemma 1.4. [8] Let (X,p) be a partial metric space and {x,} be a sequence in
X. Then
(i) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in
the metric space (X, p®),
(ii) (X,p) is complete if and only if (X, p®) is complete. Furthermore, lim,,_, o p(Zp, x)
is zero if and only if p(z, z) = limy, oo P(Tp, &) = liMy m—sco D(Tny Tm)-

We define 0-complete partial metric spaces.

Definition 1.5. [8] Let (X, p) be a partial metric space and {z,} be a sequence
in X. Then
(i) the sequence {z,} is called 0-Cauchy if limy, 100 P(Tn, Tm) = 0,
(ii)) (X,p) is said to be 0-complete if every 0-Cauchy sequence {x,} in X converges,
with respect to 7,, to a point x € X such that p(x,z) = 0.

We define a convex partial metric space.

Definition 1.6. [10] Let (X,p) be a partial metric space and I = [0,1] be the
closed unit interval. A mapping W : X x X x I — X is said to be a convex structure
on X if for all (x,y,t) € X x X x I,

p(u, W(z,y,t)) <tp(u,z) + (1 —t)p(u,y)

for every u € X. A partial metric space (X, p), together with the convex structure
W, is called a convex partial metric space.

If (X, p) is a convex partial metric space, then for every x,y € X, we define
(1.3) seglz,y] = {W(z,5,1) : ¢ € [0,1]}.

In this study, we will use the following properties for a convex partial metric space
with convex structure W.

Lemma 1.7. Let z,y € X where (X,p) is a convex partial metric space with
convex structure W. Let w € seg[z, y]. Then for all u € X, we have

(i) p(u, w) < max{p(u,x),p(u,y)},
(ii) p(z,w) < p(z,y).

Proof. Suppose I' = max{p(u, x),p(u,y)}. Applying Definition 1.6, we have
p(ua w) < tp(u,x) + (1 - t)p(uvy)
<D+ (1-4)T
=T
= max{p(u, x)ap(u7 y)}



We have proved Lemma 1.7 (i). Now let us set = u in Lemma 1.7 (i). We get

p(z,w) < max{p(z,z), p(z,y)}
= p(z,y), from PO of Definition 1.1.

Definition 1.8. [1] Let (X, p) be a partial metric space and B C X. Then

(i) B issaid to be bounded if there is a positive number M such that p(x,y) < M
for all x,y € B,
(ii) if B is a bounded set, the diameter of B is defined as

diam(B) = sup {p(u,v)}.
u,vEB

Let f : C'— X be a mapping, where C C X. We say that f is a self mapping if
C = X, otherwise f is called a non-self mapping. If there is an element x € C such
that fx = x, we say that = is a fized point of f in X.

Suppose we have two mappings f,g : C — X, with C C X. Let there be z € C
such that fo = gr = w. We say that x is a coincidence point of f and g in X. If
x = w, then we call x a common fixed point of f and g in X.

Suppose we have two mappings f,g : C' — X with C C X. We say f and g are
coincidentally commuting if for all x € C, we have

fr=gx = fgx =gfx.

In this paper, we aim to extend the following theorem by Gaji¢ and
Rakocevié¢ [5] which proves the existence of a common fixed point for non-self map-
pings in context of metric spaces under specified conditions.

Theorem 1.9. [5] Let (X,d) be a complete Takahashi convex metric space with
convex structure W which is continuous in the third variable. Let C' be a non-empty
closed subset of X and OC' be the boundary of C. Let f,g : C — X and suppose
OC # (). Let us assume that f and g satisfy the following conditions:

(i) For every x,y € C,d(gz, gy) < M (x,y) where M, (x,y) =
max{w [d(fz, fy)], w2ld(fz, g2)],ws[d(fy, gy)], wald(fz, gy)],
wsld(gz, fy]}, w; : [0,+00) = [0,400),i € {1,2,3,4,5} is a
non-decreasing semicontinuous function from the right, such that
wi(r) <r for r > 0, and lim, _, o [r — w;(r)] = 400,

(ii)) oC C f(C),

(iii) ¢(C)NC C f(C),
(iv) fxedC = gx € C and
(v) f(C) is closed in X.



Then there exists a coincidence point v in C. Moreover, if { f, g} are coincidentally
commuting, then v remains a unique common fixed point of f and g.

We now proceed to the main results.

2. MAIN RESULTS

In this section, we extend Theorem 1.9 to two pairs of non-self mappings. We

prove the following assumption:

Theorem 2.1. Let (X, p) be a complete convex partial metric space with convex
structure W which is continuous in the third variable. Let C be a closed subset of
X with a non-empty boundary OC. Let
S, T,A,B:C — X. Let us assume that S,T, A and B satisfy the following condi-
tions:

(i) For every z,y € C,p(Ax, By) < M, (x,y) where

M, (z,y) = max {wi[p(Sz, Ty)], wa[p(Aw, Sz)], ws[p(By, Ty)], wa[p(Az, Ty)],
ws[p(Sz, By)]}, wi @ [0,+00) — [0,+00), i = 1,2,3,4,5, is a non-decreasing
semicontinuous function from the right, such that w;(r) < r/2 for r > 0, and
limy,— 4 oo [ — 2w;(1)] = +00.

(ii)) 0C C TC,0C C SC,
(iii) Sx € 0C = Az € C;Tx € 0C = Bx € C,
(iv) ACNC CcTC,BCNC C SC and
(v) SC, TC are closed in C.
Then there exists a coincidence point z € C for A, B, S and T. Moreover, if each of
the pairs {S, A} and {T, B} is coincidentally commuting, then z remains a unique

common fixed point of A, B, S and T.

Proof. Commencing with an arbitrary point w € 9C, we construct a sequence {z,,}
of points in C' as follows:

From assumption (ii), there is a point z¢ € C such that Szqg = w. We find Axo.
Then we proceed inductively as follows.

If Azy, € C, then, by (iv), we choose xa,11 € C such that Txa, 1 = Azay,.

If however Axs, ¢ C, because W is continuous in the third variable, it means
that, by (iii), there is Agp 2, € (0,1) such that

W(Sl‘gn, Al‘gn, )\Qn,Qn) c oC.
By (ii), this means we can choose z,4+1 € C such that

Tﬂl‘n_;,_l = W(ngn, Azgn, )\Zn,Qn) c 0C.



We then determine Bxoy 1.

If Bxo,y1 € C, then, by (iv), we choose zg,2 € C such that
Sx2n+2 = B(EQnJrl.

However if Bxo,+1 ¢ C, because W is continuous in the third variable, this means
there is >\2n+1,2n+1 € (0, 1) such that

W(Txoni1, Bront1, Aont1,2n41) € OC.
By (ii), this means we can choose 42 € C such that
S$n+2 = W(Tl‘gn_H, Bl‘2n+1, )\2n+1,2n+1) € 0C.

We then determine Axo,4o.
We show that, for n > 1, we have

(21) Axgn 75 Tx2n+1 = Bxo,_1 = Sxop,.

Suppose we have Bxy,_1 # Sxa,. Then we have Sxs, € C, which by (iii) means
Axo, € C. This, by (iv), implies that Axg, = Txa,+1, which is a contradiction.
Using a similar argument we have

(22) BCEQnJrl 7& Sx2n+2 = A.’Egn = TSUQnJrl.

We now prove that the sequences {Sxza,}, {Axan}, {Bxans1} and {Txo,41} are
bounded. For each n > 1 let

D, = ( L_J {A$2i}> U ( L_J {B$2i+1}> U ( L_J{szi}> U < O {Txgzqu}),

1=0 1=0 =0

n>1.
Let av, = diam(D,,). We show that

(2.3) o, < max{p(Szg, Azs;),p(Sxo, Brojy1},0<j<n—1

Let us consider the case where «,, = 0,n > 1.
This means p(Sxg, Azg) = p(Axo, Bx1) = p(Bx1,Tx1) = 0. Applying (1.2) this
means
Sxg = Azg = Bxy =Tx,.
We shall show that Sz is a common fixed point of S and A. As the mappings S
and A are coincidentally commuting at the coincidence point xg, we have

(24) Sxg = A$0 = S5Sxg = SAJ?O = AS$0



From (i), we have

p(SSxg, Sxo) = p(ASxo, Bx1) < M, (Sxo, 1)
= max{w1 [p(SSzo, Tx1)],wa[p(ASxzq, SSxo)], ws[p(Bx1, Tx1)],
wya[p(ASzg, Tx1)],ws[p(SSxo, Bx1)|}
= max{wi [p(SSzo, Sxo)], w2[p(SSxo, SSxo)], ws[p(Sx0, ST0)],
wa[p(SSxo, Sxo)], ws[p(SSx0, Sx0)]}
< we[p(SSxg, Sxp)], for some ¢ € {1,2,3,4,5},

< %p(SS:UO,SxO), for p(SSxg, Sxg) >0
= p(SSxg, Szg) = 0.

By (1.2), this implies
(25) Ssmo = Sl'().

Hence Szg is a fixed point of S. From (2.4) we have SSxg = ASxzo. Thus (2.5)
implies ASzy = Sxg, making Sx( a fixed point of A too.
Using a similar argument we have Tr; = Sz being a common fixed point of T
and B. Hence, z = Sz( is a common fixed point of all four mappings S, T, A and B.
To show the uniqueness of the fixed point, let 2z’ be also a fixed point of S,T, A
and B. Then we have

p(z,2") = p(Az, B2')
< max{w1[p(Sz, T2")],wa[p(Az, S2)],ws[p(Bz', Tz")],
walp(Az, T2")],ws[p(Sz, B2')|}
= max{w [p(z, 2")], w2 [p(z, 2)], ws[p(z’, 2')],

walp(z, "), ws[p(z, )]}
< wi[p(z, 2")] for some i € {1,2,3,4,5}

1
< gp(z, ), for p(z,2") >0,

=p(z,2)=0
=z =z, by (1.1).

Hence when «,, = 0, z = Sz is the unique common fixed point of S, T, A and B.
We now consider the cases when «,, > 0.
Case 1: Consider the case where o, = p(Sx;, Axs;) for some

0<:,j<n-—1.



(1. i) If ¢ > 1 and Sxo; = Bxg;—1 we have

o = p(Sxa;, Axej) = p(Axa;, Bra—_1)
< My, (22, 2—1)

< ws(ay,) for some s € {1,2,3,4,5}

< 50(7“

which is a contradiction. Hence ¢ = 0.
(1.ii) If however ¢ > 1 and Sxg; # Bxg;_1, it implies
Sxq; € seg[Axa;_o, Bxa;—1] and hence, by Lemma 1.7 (i), we have

oy, = p(Sxai, Axgj) < max{p(Azsj, Broi—1),p(Axai—o, Axaj)}.

(1111) If p(AZL'Qj, B(EQl‘,l) 2 p(AlL'Qi,Q,Al'Qj), we have

Qi = p(Swa;, Axaj) < p(Axej, Brai—1),

which leads to the contradiction in (1.i), meaning that i = 0.
(1.i.2) Otherwise, if p(Axq;, Broi—1) < p(Azai—_9, Axgj), then for some k such
that 2¢ — 2 < 2k + 1 < 2j and for some s,t € {1,2,...,5 }, we have

ay = p(Sxai, Axgj) < p(Axgi_z, Axj)
< p(Awgi—2, Bxagy1) + p(Axaj, Braks1), by (1.2)
< My (w2i—2,T2i—1) + My, (225, 2i-1)

< ws(om) + wi(om)

< §an + §an

= 0y < Qp,

which is a contradiction. Hence ¢ = 0.
Case 2: The case where «,, = p(Axs;, Bzxoj11) leads to contradiction by (L.i).
Case 3: The case where o, = p(Axg;, Azs;) leads to contradiction by (1.ii.2).



Case 4: If o, = p(Bxo;41, Brojy1) then for k such that 204+ 1 < 2k < 2j +1 and
for some s,t € {1,2,...,5}, we have

oy = p(Bxaiy1, B$2j+1)

(
(Ao, Braiy1) + p(Axar, Brojy1)

IN N

M, (o, T2ig1) + Moy (T2k, T2j41)

IN

ws (o) 4 wi (o)
1

< ia" + ian

= ap < Qp,

which is a contradiction.
Case 5: If a, = p(T'w2;41, Bxajq1) for some 0 < i,j <n — 1, then:
(51) If T1‘2i+1 = Amgi, then we have

an = p(Tw2i41, Brajr1) = p(Axi, Braji1),
which is a contradiction by (1.i).
(5.ii) Otherwise, if Txg;41 # Awxg; then Tao,11 € seg[Bxa;—1, Axo;] and hence by
Lemma 1.7 (i) we have

an = p(Tx2i41, Braji1) < max{p(Bxi_1, Braji1), p(Axa;, Braji1)}

This means we have either p(T'wo;41, Bxaji1) < p(Bwxa—1, Bxajq1), which is a con-
tradiction by Case 4 or p(T'z2i+1, Bxojt1) < p(Axe;, Bxaj+1), which is a contradic-
tion by (1.i).

Case 6: If o, = p(T'x9i41, Axo;) for some 0 < 4,5 <n —1, then:

(6.1) If Two; 11 = Axg;, then we have a,, = p(T'x2i41, Axaj) = p(Aza;, Axa;) which
is not possible by (1.ii.2)

(6.i1)) Otherwise, if Tag;11 # Awxg;, then Tag;11 € seg[Bxa;—1, Axg;] and hence
apn = p(Toi41, Axa;) < max{p(Axsj, Bxoi_1), p(Axa;, Axe;)}. This implies we have
either p(Txit1, Axa;) < p(Axej, Bxo;—1), which is a contradiction by (1.i) or else
we have p(Txgi11, Axa;) < p(Axg;, Azg;), which is a contradiction by (1.ii.2).

Case T: Suppose a,, = p(Txgi41,Tx2j4+1) for some 0 <4,j <n—1.

(71) If Txgj41 = Axaj, we have oy, = p(T'w2i41, Tx2541) = p(T'T2i41, Axaj), which
is a contradiction by Case 6.

(7.11) Otherwise if T'zo;41 # Axoj, then Txoj41 € seg[Bxo;_1, Aza;] and hence
an = p(Txoi41, Trjp1) < max{p(Txait1, Braj_1), p(Tr2i41, Azj)}.

This implies we have either p(T'w2;11,Tx2;+1) < p(Tx2i41, Bxa;j—1), which results
in a contradiction by Case 5 or else we have
p(Tx2i41, Tx241) < p(Tx2i41, Axa;), which is a contradiction by Case 6.



Case 8: Let a,, = p(Sxa;, Bxajy1), for some 0 <i,5,<n— 1

(8.i) If i > 1 and Sxzo; = Bxg;—1, then
an = p(Sxi, Brojy1) = p(Bxai—1, Brajy1) which is not possible as per Case 4.
Hence ¢ = 0.

(8.ii) If however ¢ > 1 and Swg; # Bxg;—1 it means that
Sxo; € seg[Axg;_o, Bxo;—1]. This implies that
an = p(Sx9;, Braji1) < max{p(Azzi—2, Braji1), p(Brai—1, Braji1)}-

This leads to a contradiction by (1.1) when
p(Sxai, Broji1) < p(Axg;—2, Brejy1) and a contradiction by Case 4 when it happens
that p(Sxo;, Brajy1) < p(Bxai—1, Braji1). Hence i = 0.

Case 9: Let us consider when o, = p(Sxa;, Sze;), for some 0 <i < j<n—1.

(9.4) If ¢ > 1 and Szo; = Bxgj_1 then we have
oy, = p(Sxoe;, Sxa;) = p(Sxa;, Braj_1), which leads to a contradiction according to
Case 8. Hence i = 0.

(9.ii) If ¢ > 1 and Swza; # Bxoj_1, it implies that Szo; € seg[Axaj_o, Bxoj_1] and
p(Swai, Swa;) < max{p(Sxe;, Axa;_2), p(Sw2i, Braj—_1)}.

If it happens p(Sxa;, Sxa;) < p(Sxe;, Axaj_2), we get a contradiction by Case 1.
However if it happens that p(Sxa;, Sxa;) < p(Swa;, Bxaj_1), then we get a contra-
diction by Case 8. Hence i = 0.

Case 10: Suppose o, = p(Sza;, Tx2j+1), for some 0 <4,j <n— 1.

(10.i) If ¢« > 1 and Sz9; = Bxg;—1, then we have

an = p(Sxai, Txoj41) = p(Tx2541, Brei—1) which is not possible as per Case 8.
Hence ¢ = 0.

(10.ii) If however ¢ > 1 and Swo; # Bwo;—1 it implies that
Sxo; € seg[Axg;_o, Bro;—1] and
p(Sxe;, Txoj11) < max{p(Txa;i1, Axoi—2), p(Tx2j11, Brai—1)}. This leads to con-
tradictions by Case 6 and Case 5. Hence i = 0.

We have considered ten possible cases for «,, and conclude from Cases 1, 8, 9 and
10 that for some 0 < j < n — 1 we have

(2.6) Qp € {P(Sxo,szj)ap(SSUo»Afzj),p(Smo,B$2j+1),P(S$o,T$2j+1)}~

Note that, from the construction of sequence, Sxzo; € C implies
Sw2; = Bxoj_1. This leads to

(27) p(SCL‘o,S.%‘Qj) :p(SLL'(LBQ?gj,l).

For Szy; ¢ C, we have Sxzy; € seg[Axa;j_o, Braj_1]. From Lemma 1.7 (i), this

implies

(2.8) p(Sxzo, Sza;) < max{p(Szg, Axa;j_2),p(Sxo, Broj_1)}.

10



From (2.7) and (2.8) we conclude that
(2.9) p(Sxo, Sxa;) < max{p(Sxo, Azs;_2),p(Sxo, Braj_1)}.
Using a similar argument we also have
(2.10) p(Sxo, Troj41) < max{p(Sxo, Braj_1),p(Sxo, Azaj;)}.
Applying (2.9) and (2.10) to (2.6) we get

o, < max{p(Szg, Azs;),p(Sxo, Brajy1)},0<j<n—1.

We have proved (2.3).
Consider the case where max{p(Sxzo, Azs;)} < max{p(Szo, Bxa;j+1)},
0 <j <n-—1. Then, for some u € {1,2,...,5}, (2.3) implies

an < p(Sx, Braji1)
p( xo) + p(Azxg, Bxajt1), by (1.2)
< p(Szo, Azg) + wyom)]
p(
p(

)
S, Axg) + 2wy o))
).

nn
8
e
N

Consider now, when max{p(Szo, Azs;)} > max{p(Szo, Braj+1)},
0 <j<n-—1. Then for some v € {1,2,...,5}, (2.3) implies

IN

Qn

(Szo, Axaj)

(Szo, Azg) + p(Azo, Axaj), by (1.2)
(

(

IN

IN

Sxo, Axg) + 2wy o), by (1.11.2)

p
p
p
p(Sxo, Axg).

= ay, — 2wy |y <
Thus in both cases, we have for some s € {1,2,...,5}
(2.11) ay — 2ws[a,] < p(Sxo, Axp).
By assumption (i) there is an rg € [0, +00) such that for each s € {1,2,...,5},
r — 2wg[r] > p(Sxo, Axg) for r > rg.

There is a subsequence {a,} of {a,} and s € {1,2,...,5} such that for each n,
we have

an — 2wslan] < p(Sxo, Axo).

11



Thus by (2.11), a, < rg. Thus we have

— 1 — 1 < .
a ngrfoo a, = diam(D) < rg
We have hence proved that {Sxa, }, {Txan+1}, {Axan} and {Bxa, 1} are bounded
sequences.
To prove that {Szao,}, {Txan+1}, {Azan} and {Bxa,+1} converge in C, we reflect

on the set
—+o0 —+oo —+o0 —+o0
n=23,...
By (2.3) we have for n =2,3,...
(2.13) en = diam(E,) < sup;j>n{p(Sxon, Axa;), p(Stan, Bxajt1)}.

If Sxo, = Bxo,_1 we have as in Case 1 and Case 8, for each j > n, and for some
we{l,2,...,5}

€n S Sup]Zn{p(AxQJ; B$2n_1),p(3$2j+17 BxQn—l)}a n = 27 3...
(2.14) < 2wy len—1].

If however Sxa, # Bxa,_1, it implies that Sz, € seg[Axa,_o, Bxa,_1]. Hence, as
in Case 1 and Case 8, for each j > n and for some
v e€{l,2,...,5}, we have

en < SUszn{p(Al‘Qn—m A$2j)7p(31‘2n—1, A$2j)yp(A$2n—2,B$2j+1),
p(Bl‘gn_l, B.’I}2j+1)}, n = 2, 37 e
(2.15) < 2wyen—a].

By (2.14) and (2.15), there is a subsequence {e,} of {e,} and s € {1,2,...,5}
such that for each n

en < 2wslen—a],n=2,3,...

(2.16) < én_a

We note that e,, > e, 11 for every n. Let lim,,_, 4 o €, = lim, o0 €, = €. We claim
that e = 0.
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If e > 0, then by (2.16) and assumption (i), we have

lim ¢, < lim &, o
n—-+oo n—-+oo

=e<e,

which is a contradiction. Hence e = 0.
We recall from (2.13) that e, = Diam(E,). Taking n,m — 400 in (2.12), we get

(2.17) lim p(Axon, Axey) = lim  p(Bzant1, Bramy1) = 0.

n,m—-4oo n,m—-4oo

This means both {As,} and {Ba2,+1} are Cauchy sequences.
Because X is a complete partial metric space, this means there is z € X such that

(2.18) lim Azs, = lim Bxa,41 = 2z and p(z,2) = 0.
— 400

n—-+4oo n—-+

Consider the subsequence Szs,, of Sz, such that Szg,, = Bxzg,,_1. Taking
ni — +00 we have

(2.19) lim Sz, = ngr-lr-loo Sxop, =

Jm m Bxg,,—1 =z, with p(z,z) =0.

li
n—-+oo
Using a similar argument we have

(2.20) lim Txopt1 = 2, with p(z,2) = 0.

n—-+oo

But SC,TC are both 0-complete. This implies z € SC and z € TC.
As z € SC, there is a point v € C such that Su = z. We show that u is a
coincidence point of A, B and S.

p(Au, Bxopt1) < max{w; [p(Su, Txant1)], w2 [p(Au, Su)],
w3[p(Boant1, Toon11)] walp(Au, Twon 1)),
ws[p(Su, Brani1)]}
= max{w1[p(z, Twon+1)], w2[p(Au, 2)], ws[p(Ban+1, Twon+1)],
walp(Au, Txon 1)), ws[p(z, Brant1)]}-
Taking n — 400 and applying (2.19) and (2.20), we get
P(Au, 2) < max{w[p(z, 2)], wa[p(Au, 2)], walp(z, 2], walp(Au, 2)], ws[p(2, 2)]}
< w;[p(Au, z)] for some i € {1,2,...,5}
< p(Au, z) for p(Au, z) > 0
= p(Au,2) =0
(2.21) = Au =z, from (1.1).
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Using a similar procedure, when we expand p(Axsa,, Bu), we get Bu = z, making
u a coincidence point of A, B and S. By the coincidental commutativity of S and A,
we have SAu = ASu = Sz = Az.

In the same vein, z € T'C' means there is v € C, such that Tv = z. We show that

Bv = z.

p(z, Bv) = p(Au, Bv)
< max{wi [p(Su, Tv)], w2 [p(Su, Au)], ws[p(Tv, Bv)],
wa[p(Au, Tv)], ws[p(Su, Bv)]}
— masc{uwr [p(z, 2), walp(z, 2)], wslp(z, BV),
walp(z, )], wslp(z Bo)]}
< wj[p(z, Bv)] for some j € {1,2,...,5}
< p(z, Bv) for p(z, Bv) > 0
= p(z,Bv) =0
= Bv =z, from (1.1).

Thus v is a coincidence point of B and T'. By the coincidental commutativity prop-

erty, we have

BTv=TBv= Bz="Tx.

Now consider the following:

p(Az, Bz) < max{w;[p(Sz,Tz)]|,ws[p(Sz, Az)]|,ws[p(Tz, Bz)],
walp(Az,Tz)],ws[p(Sz, Bz)]}
= max{w; [p(Az, Bz)|,ws[p(Az, A2)],ws[p(Bz, Bz)],
wa[p(Az, Bz)],ws[p(Az, Bz)|}
< w;[p(Az, Bz)] for i € {1,2,...,5}
< p(Az, Bz) for p(Az,Bz) >0
= p(Az,Bz) =0
= Az = Bz.

Hence we have

(2.22) Az=Bz=85z=T-x.
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Now we consider the following:

p(z, Bz) = p(Au, Bz), from (2.21)
< max{wi [p(Su, Tz)], wa[p(Au, Su)], ws[p(Bz, Tz)],
wa[p(Au, Tz)], ws[p(Su, B2)]}
= max{w [p(z, Bz)],wa[p(z.2)],ws[p(Bz, Bz)],
wy[p(z, Bz)|,ws[p(z, B2)|}.

This implies

p(z, Bz) < w;[p(z, Bz)| for some j € {1,2,...,5}
< p(z,Bz) for p(z,Bz) >0
= p(z,Bz) =0
= Bz =z by (1.1).

From (2.22) we conclude that
Az=Bz=852=Tz =z,
meaning that z is a common fixed point of A, B, S and T.

We now show that z is unique. Suppose 2’ is also a common fixed point of A, B, S
and T. We get

p(z,2") = p(Az, BZ')
< max{w1[p(Sz,T2")],wa[p(Az, S2)],ws[p(Bz', Tz")],
walp(Az, T2")],ws[p(Sz, B2}
= max{wi [p(z, 2')], walp(z, 2)], w3 [p(, 2')],
wa[p(z, )], ws[p(z, 2')]}-

This implies

p(z,2") <wklp(z, 2] for k € {1,2,...,5}
< p(z,2') for p(z,2") >0

=p(z2,2') =0
=z=127.
This proves that the common fixed point of A, B, .S and T is unique. ]

Remark 2.2. Theorem 2.1 leads to corollaries if we set the following:
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(i) A=B;
(il) A=B,S =T, we get Theorem 1.9;
(iii) A= B,S =T = I, we get an extension of a theorem proved by Ciri¢ [2] into
partial metric spaces;

(iv A=1;
(v) §=T;
(vi) x =y.

The proof given works even when we define C' as closed in (X, p®). This lead to
the following theorem.

Theorem 2.3. Let (X, p) be a complete convex partial metric space with convex
structure W which is continuous in the third variable. Let C be a closed subset of
X, the closure being taken with respect to (X,p®). Let OC, the boundary of C in
(X,p®), be non-empty. Let A,B,S,T : C — X. Let us assume that A, B,S and T
satisfy the following conditions:

(i) For every z,y € C,p(Ax, By) < M, (x,y) where

M (z,y) = max{wi[p(Sz, Ty)], w2 [p(Az, Sz)], ws[p(By, T'y)], wa[p(Az, Ty)],
ws[p(Sz, By)]},w; : RY — RT i = 1,2,3,4,5, is a non-decreasing semicontinuous
function from the right, such that w;(r) < r/2 for r > 0, and lim, _, 4 5 [r — 2w;(r)] =
+00.

(ii) 0C C SC,0C C TC,

(iii) Sx € 0C = Az € C;Tx € 0C = Bx € C,

(ivJACNC Cc TC,BCNC C SC and

(v) SC,TC are closed in C.

Then there exists a coincidence point z € C' for A, B, S and T. Moreover, if each of
the pairs {S, A} and {T, B} is coincidentally commuting, then z remains a unique
common fixed point of A, B, S and T.

Here we give an example on the use Theorem 2.3, as it is better suited for the
partial metric that we will use.

Example 2.4. Consider the partial metric space (Ry,p) where
p(z,y) = max{z,y} for all z,y € Ry. Let C = [0,2]. We note that C is closed in
the derived metric p*(z,y) = |z — y| and 0C = {0, 2}.

We define the mappings A, B, S,T : C' — R, as follows:

31, ze01] -1 zeoq]
A”’_{l, ze (1,2 Be {
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We have AC = [0,2] and BC = [0,3]. We also have TC = [0,63] and SC = [0, 26],
both of which are closed in (X, p®).

Sz € 9C implies z € {0,1/3} C C. Similarly Tx € 0C implies
x € {0,In3/1n64} C C. We also have 0K = {1,3} C SC,TC.

We note that {S, A} and {T, B} are both coincidentally commuting at x = 0: that
is, SA(0) = AS(0) and TB(0) = BT(0). We also note that all four mappings are
discontinuous at 1.

Let us define the functions g,h : C — R4 as

27+ — 1 64° — 1
= == h(z) = .
41 @)=

g(z) =

Both g and h are increasing functions. Using I’Hopital rule, we can show that, as
x — 0, we have h(z) — 3 and

log27 1
log4  0.42062

(2.23) g(x) =

Hence, for z € [0,1], we have

(2.24) 4% —1 < 2(64% — 1) < 0.43(64% — 1).

Wl =

We also have, from (2.23)

4 —1 < 0.42062(27° — 1)
(2.25) = 4% —1<0.43(27° — 1).

When z,y € [0, 1], with z <y, we have

p(Az, By) = p(3* —1,4Y — 1)
=max{3* — 1,4 — 1}
=4Y — 1, because x <y
< 0.43(64Y — 1), by (2.24)
— 0.43Ty
< 0.43max{Sx, Ty}
= 0.43p(Sz, Ty).
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When z,y € [0,1], with = > y, we have

p(Az, By) = p(3° — 1,47 — 1)

= max{4” — 1,4Y — 1}, because 3* —1 <4 —1
=4% — 1, because z >y

< 0.43(27% — 1), by (2.25)

=0.435z

< 0.43max{Sz, Ty}

= 0.43p(Sz, Ty).
For z,y € (1,2] we have

p(Az, By) = p(1,2)
= max{1, 2}
=2
<043 x6
< 0.43 max{6, Ty}
= 0.43max{Sxz, Ty}, because Sz =6
= 0.43p(Sz, Ty).

Consider when z € [0,1],y € (1,2] we get

p(Az, By) = p(3¥ — 1,2)

= max{3" — 1,2}
=2, because 3° —1 < 2 for z € [0, 1]
<0.43x8

= 0.43Ty because Ty = 8
< 0.43 max{Sz, Ty}
= 0.43p(Sz, Ty).

Consider when x € (1,2],y € (0,1).

p(Az, By) = p(1,4¥ — 1)
=max{1,4Y — 1}

1
- { 6, ye (0.5,1]
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For y € [0,0.5], we have

p(Az, By) = p(1,4" — 1)
=1
<043 x6
= 0.43Sx because Sx =6
< 0.43max{Sz, Ty}
= 0.43p(Sz, Ty).

For y € (0.5,1] we have

p(Az, By) = p(1,4¥ - 1)
=4Y -1
< 0.43(64Y — 1), by (2.24)
— 0.43Ty
< 0.43max{Sz, Ty}
= 0.43p(Sz, Ty).

Thus in all cases, for every x,y € C' we have
p(Az, By) < 0.43p(Sz, Ty) < Mo (z,y),
where

M, (z,y) = max {wl [p(Sz, Ty)], wa[p(Az, Sz)], ws[p(Ay, Ty)],
wWq [p(va Ty)]7 Ws [p(SZL', Ay)]}a

with w;[r] = 0.43r. We note that w;[r] = 0.43r < %7’.
As r—2w;[r] = r — 2 x 0.43r = 0.14r, we also have
lmy s oo 7 — 2w;[r] = limy 4 o0 0.147 = +00.
Thus all the conditions of Theorem 2.3 are satisfied and 0 is the unique common
fixed point of A, B,S and T.
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