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System identification and mode shape
correlation techniques are methods which
have been proposed for localization of
damage in structures. Their success,
however, depends on the quality and
completeness of the measured data and in
many cases accurate localization is
d i f f i cu l t .  Th i s  pape r  p r e sen t  a  new
damage indicator utilizing the elements
strain e n e r g i e s  o f the validated
analytical models before and after the
occurrence of damage. It is shown that
for equality on the two sets of energy,
stiffness of damaged elements have to
reduce hence localized. The accuracy of
localization depends on the ability of
the validated models to reproduce modes
of the structure rather than on the
accuracy of the updated parameters. The
method is demonstrated using simulated
damage in beam elements.

NOMENCLATURE

u strain energy of an element
uref strain energy of an element

per unit flexural  rigidity
R radius of c u r v a t u r e  o f

deflection shape of an element
DI damage indicator
CDI cumulative damage indicator

3)
flexural  rigidity of an element
mode shape deflection within
an element

[Kel element stiffness matrix per
unit flesural  rigidity

-45 slope of element deflection

1 INTRODUCTION

Vibration methods have in recent years
been proposed as alternative technology
for nondestructive t e s t i n g  (NDT) o f
structures. The simplest application of
a vibration technique in NDT is the
monitoring of changes in structural
dynamic characteristics, particularly
natural frequency, from the moment when
the s t ruc tu re  was first Put into
service. In  th i s ca se  a change in
natural frequency indicates a structural
change and often imply a damage has
occurred. Alternatively in. quality
control applications, variation in
natural frequency f rom an average
expected “normal” variation may also
indicate improper structural integrity
of a p r o d u c t  111.  T h e  o t h e r  m o r e
advanced app l i ca t i on  o f vibration
methods is not only the detection but
also the localization of the damage in
the structure.

A number of publications on damage
localization methods exist [2-61. The
proposed methods are based on mode shape
correlation, system identification
/analytical model improvement and
pattern recognition. With system
identification/analytical model
improvement the stiffness matrix of the
validated models before and after the
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OCCUPP~~C~  of the damage are compared so
as to identify regions of change. The
success, however, depends  on the
accuracy o f  the  sy s t em identification
algorithm used which in most cases is
deteriorated by measurement noise and
incompleteness of the measured data.
Mode shape correlation technique also
suffer the problem of measurement noise
and incompleteness in the measurement
coordinates.

This paper p r e sen t  a new damage
indicator. The analytical models before
and after the occurrence of the damage
are validated using measurement data
before and after the damage is detected.
Analytical mode shapes are then computed
from the two validated models. The mode
shapes are used to compute element
strain ene r gy  b e f o r e  and  a f t e r  t he
occur rence  o f the damage. Using
simulated damage on beam t:,rpe elements,
it is shown that for equality on the two
sets of energy, stiffness of damaged
elements in the damaged structure has to
be reduced hence localized. The strain
energy method is demonstrated using
fixed-fixed beam and a plane frame with
successful results. The localization
accuracy depends only on the ability of
the validated models to reproduce modes
o f  the  s t ruc tu re  r a the r  than  on  the
physical m e a n i n g  o f the stiffness
parameters.

2. THEORY

Consider a structure made of beam type
elements. T h e  s t r a i n  e n e r g y  i n  a n y
element is a function o f  the  second
derivative of the elements deflection
curve and the flexural  rigidity.

2
dx (1)

where R is the radius of curvature.

Lets define a reference strain energy to
b e the energy Per unit flexural
rigidity. Thus, the reference strain
energy of an element becomes:

uref

(2)

Consider a damage in an element where
that d a m a g e  i s r e p r e s e n t e d  b y  a
reduction in flexural rigidity. It is
po s tu l a t ed  tha t  f o r  a  g i v en  mode  o f
v i b r a t i on  the  cu rva tu r e  o f  a beam
element will increase i f  i t s  s t i f f n e s s
is reduced. The increased curvature
implying a reduction in R and therefore
an increase in reference strain energy.
Thus for a given element and a given Jth
mode of vibration, the following hold::

The implication here is that when a
damage takes place, there is a local
stiffness reduction. For a given
vibration mode, the damaged element
t ends  t o  f l e x  more  than  be f o r e  the
damage was inflicted. The other elements
will have fairly the s a m e  d e g r e e  o f
flexing as before the damage took place.
However, inspection of equation (1)
shows that comparing strain energy may
not be very useful for damage
localization, since the reduction of the
d e n o m i n a t o r  o c c u r  w h e n  t h e r e  i s  a
reduction in the numerator. Furthermore,
the stiffness parameters of the elements
before and after the ocurance  of damage
may not be known accurately.

Inspection of equation (2) suggest that
the reference strain energy could be a
more meaningful too1 for damage
localization provided the deflection
shape of an element is known accurately.
Thus we define Damage Indicator as
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percentage change in reference strain
energy:

The damage indicators are summed over
several modes in the frequency range of
interest to define the Cumulative Damage
Indicator (CD1).

mode i

(5)

How do we determine the reference strain
energy of the elements before and after
damage has occurred? If we could
accurately measure mode shapes of the
structure when  i t was  b rough t  i n to
service and some times later then the
reference strain energy is computed by:

ut-e* = 0 . 5  {V’}’ [Ke]  ( V ” } (6)

In practice it is not feasible to
detw-mine  the reference strain energy
from measurement of mode shapes since
the  l a t e r  a r e  o f t en  i ncomp l e t e  and
contaminated. The approach which has
been found promis ing  i s  t o first
formulate analytical mode l  o f the
structure. Then  pe r f o rm t e s t  on  the
structure prior to the occurence  of the
damage and update the analytical model
using test data. When a damage has
occurred further tests are done on the
structure and the original analytical
model is updated using test data of the
damaged structure. The updated/validated
analytical models before and after
damage has occurred are then used to
compute mode shapes and hence evaluate
reference strain energy using (6).

In the study reported in this paper the

inverse eigenvalue sensitivity algorithm
with virtual pe r tu rba t i on  o f the
stiffness matrix [6],  was used in
analytical model improvement with good
results. It would be of interest to find
ou t  the suitability of other system
identification algorithms. The strain
energy balance method is demonstrated by
simulation examples.

3. SIMULATION EXAMPLES

3.1 EXAMPLE 1: A FIXED-FIXED BEAM

A beam of rigidity 5000 Nm’, mass per
unit length 3.5 kg/m and length 2.5 m
was simulated with both ends fixed. Beam
point receptances at 0.25 m and 1.0 m
from one of the ends (nodes nl and n4 in
figure 1) were simulated by modeling
u s i n g  a  1 0  e l e m e n t s  F E  m o d e l .  T h e
receptances cover the frequency range of
50 Hz to 250 Hz at 1 Hz interval and
were contaminated by 5 percent mean zero
random errors to simulate measurement
noise. An initial analytical model wa5
assumed with flexural  rigidity 5300 Nm
and mass per unit length 3.3 kg/m. The
contaminated receptances were used to
update the initial parameters using a
frequency domain inverse eigenvalue
sensitivity algorithm with virtual
perturbation of the stiffness matrix
[6].  The  upda t ing was  pe r fo rmed  by
adjusting the parameters of the ten
elements independently and result in a
validated model of the undamaged beam.

A damage was then simulated in element 9
(between nodes n8 and n9j  by a 20 %
r educ t i on  in flexural rigidity. The
point receptances at nodes nl and n4
were then simulated using exact flexural
and mass parameters. The receptances
were also contaminated by 5 % random
errors and used to update the initially
assumed theoretical parameters.

Table 1 shows the parameters of the
validated models of the beam before and
after simulation of the damage. In both
updating CaSeS contaminated transfer
receptances at nodes n6 and n8 in
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add i t i on  to  n l and n2 were dS0
simulated for excitations at nl and n4.
These were used as control measurements
for “mode shape” correlation purposes as
required by the updating algorithm.

Figure 2 shows a plot of cumulative
damage indicator for the first 6 modes,
using exact modes of the undamaged and
damaged beam. The damage is perfectly
localized by a high negative value of
CDI for element 9.

Figure 3 is a plot of cumulative damage
indicator using modes of the models
validated using simulated noisy FRF
data. Again the damage in the 9th
element has been successfully localized.

Figure 4 is a p lo t  o f percentage
difference of stiffness parameters of
the models validated after and before
the occurrence of the damage. It can be
seen that localization is poor. System
identification on its own is not
reliable due to inaccuracy in the
updated parameters.

3.2 EXAMPLE 2: A PLANE FRAME

A plane frame made of 5 beam members, Bl
to B5, was simulated by a 14 elements 39
DOF model (figure 5). The frame was
simulated to be suppor ted  by soft
sp r i ng s  a s Thown. The simulated
stiffness (Nm ) a n d  m a s s (kg/m)
parameters were as follow:

Parameters of simulated Frame

EI 2 1 3 3 3 5208 1 4 2 9 2 9000 9000
M 6.280 3.925 5.495 4.710 4.710

Point receptances at midspan of beams B4
and B5 were computed at 0.5 Hz interval
in the frequency range of 50 Hz to 150
Hz. The receptances were contaminated by
5 % mean zero random errors to simulate
measurement noise.

Furthermore, an initial analytical model
was assumed with the following
parameters:

ofParameters & WaJ analytical

EI 25000 6000 10000 1 1 0 0 0
Mu 6.0 3.5 5.0 5.5

The initial model parameters
updated using the contaminated
receptances, to obtain a validated
of the frame before damage.

9000
5.5

were
point
model

To simulate a structural damage, the
node at mid span of beam member B3 was
remodeled into a pinned connection,
giving common horizontal and vertical
degrees of freedom for the two elements
j o ined  a t this point but separate
rotational degrees of freedom. The frame
now had 40 DOF after the damage. Using
the simulated parameters, point
receptances of the 40 DOF frame were
computed at the mid span of beams B4 and
85.  These were also contaminated by 5 %
mean zero random errors to simulate
measurement noise. The simulated
receptances were then used to update the
initial analytical model to ob t a in  a
validated model after the ocurance  of
the damage. In the updating the initial
model structure with 39 DOF was
maintained although the data belonged to
a 40 DOF system.

Figure 6 show the contaminated simulated
receptances before and after the damage.
The updated parameters before and after
damage are given in table 2. The
updating was performed using inverse
eigenvalue sensitivity algorithm with
virtual perturbation o f  the stiffness
matrix. In both updating cases transfer
receptances at the FE nodes of beams Bl
and B5 were also simulated with random
errors. These  we re  t aken  a s  con t ro l
measurements for “mode shape”
correlation purposes.

F i gu r e  7  show  a  p l o t  o f  cumu l a t i v e
damage  indicator (CDI) whereas figure 8
is a plot of damage indication by simply
taking  the difference in the validated
stiffness parameters.
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1  t c‘e I, he seen  that where analytical
.wdel i;.., .u;‘ement  failed to localize the
damage due inaccuracy in the parameters
and particularly made difficult due to
incorrect model structure, the stra in
energy method using cumulative damage
indicator has successfully localized the
damage to beam 83.

4. cONCLUSION

System i d e n t i f i c a t i o n  o r analytical
model improvement alone is not rel iable
for damage localization. A new damage
indicator utilizing reference strain
energy of beam type elements (or macro
elements) has been presented. Simulation
results show this indicator to be a very
e f f e c t i v e  t o o l  f o r  d a m a g e  l o c a l i z a t i o n
in beam type structures. The success of
the localization depends on the ability
o f  t h e  v a l i d a t e d  m o d e l s  t o  r e p r o d u c e
modes of the structure rather than on
the acc”racy o f the validated
parameters. F u r t h e r  w o r k  h o w e v e r  i s
r e q u i r e d  t o  a s s e s s  i t s  c a p a b i l i t y  a n d
limitations in real structure damage.
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Table 1. Validated stiffness parameter al beam before and after  damage
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