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Abstract

In this paper, we derive and analyse rigorously a mathematical model of control strategies (scree-
ning, education, health care and immunization) of HCV in a community with inflow of infected im-
migrants. Both qualitative and quantitative analysis of the model is performed with respect to sta-
bility of the disease free and endemic equilibria. The results show that the disease free equili-
brium is locally stable at threshold parameter less than unity and unstable at threshold parameter
greater than unity. Using Lyapunov method, endemic equilibrium is globally stable under certain
conditions. Numerical simulation of the model is implemented to investigate the sensitivity of
certain key parameters on the HCV model in a community with inflow of infected immigrants.
However, analysis shows that screening, education, health care and immunization have the effect
of reducing the transmission of the disease in the community.
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1. Introduction

Hepatitis C is a blood borne liver disease, caused by the Hepatitis C Virus (HCV), first identified by [1]. More-
over, the link between infectious diseases and screening must be understood in relation to infectives on the
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spread of HCV infections. [2] analysed the screening of HCV in a health maintenance Organization. Mathemat-
ical modelling of the spread of infectious diseases continues to become an important tool in understanding the
dynamics of diseases and in decision making processes regarding diseases intervention programs for disease in
many countries. For instance, [3] formulated and analysed a mathematical model on the effect of Treatment and
Infected Immigrants on the spread of Hepatitis C Virus disease at Acute and Chronic stages. [4] considered SEI
(Susceptible-Exposed-Infective) epidemic model with acute and chronic stages. [5] investigated the effects of a
HCV educational intervention or a motivational intervention on alcohol use and sexual risk behaviours among
injection drug users. [6] studied the potential impact of vaccination on the hep C virus epidemic in injection drug
users. [7] presented the study on immunization strategies in chronic HCV infection. [8] reported that HCV pa-
tient education is associated with positive outcomes in various models of HCV care. However, in all the above
studies, none of them incorporated the HCV infectiology and control strategies (screening, education, health
care and immunization) in a community with inflow of infected immigrants. The aim of the paper is to have a
deeper understanding of the effects of screening, education, health care and immunization in controlling the
spread of HCV.

2. Model Formulation

A mathematical model is proposed and analysed to study the effect of screening, education, health care and im-
munization on the spread of HCV disease in the community. The model has five epidemiological classes: The
susceptible S, exposed individuals E, the acute Infectives A, the chronic infectives C and recovered
group R. Total population at time t is given by:

N(t)=S(t)+E(t)+A(t)+C(t)+R(t). 1)

The interaction between the classes is being assumed as follows: Exposed individuals, acute infected and
chronic infected immigrants enter into the population with the rates =, 7,,7, respectively. Susceptible indi-

viduals are infected with the HCV virus at a rate v, where o = % and f(i=1,2) are effective con-
tact rate of individuals with acute and chronic hepatitis C respectively. It is assumed that the rate of contact of
susceptibles with chronic individuals is much less than that of acute infectives (ﬂz < ,Bl) because at chronic
stage, people become aware of their infection and may choose to use control measures and change their beha-
viour and thus may contribute little in spreading the infection. The control variable based on screening pro-
gramme aimed at, reduces the inflow of infected immigrants into the community at the rate r and 7 is the
control variable based on education, health care and immunization to decrease the infection contact rate.

Taking into account the above considerations, we then have the following schematic flow diagram (Figure 1):
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Figure 1. Model flowchart.
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From the above flow chart, and with
(,BlA"‘ ﬂzc)

U:T and ® =Q(1-x, —t7, —171;),

the model will be governed by the following system of equations:

Z—f = Q(l—ﬂz1 -1, —2'7[3)—(1—77)1)8 +oR—uS
dE
E:le +(1-n)vS—(0+k, +u)E
dA
E:Qrﬁ2+6’E—(k1+pl+a+y)A )
dC
E: Qrz, +k,E +klA—(,02 +d +y)C
drR
e P A+ p,C—(o+u)R
with nonnegative initial conditions and N(0)>0.
where

p(i=1 2) are the effective contact rates of individuals with acute and HCV respectively,

(1 =1, 2,3) are the rates at which exposed, acute and Chronic infected immigrants enter into the population
respectively,

Q s the recruitment rate,

0 is the rate of progression to acute infected class from exposed class,

k; (i =1 2) are the rates at which acute and exposed infective develop chronic respectively,

P (i =1, 2) are the rates at which acute and chronic individuals recovered respectively,

a is the death rate of acute infected group due to the disease,

o isthe rate at which infectious humans after recovery become immediately susceptible again,

s the natural death rate,

d is the death rate of chronic infected group due to the disease,

7 is the screening rate of infected immigrants.

3. Model Analysis

The model system of Equations (2) will be analysed qualitatively to get insight into its dynamical features which
will give a better understanding of the effects of screening, education, health care and immunization on the
transmission of HCV infection in the population with inflow of infected immigrants. The threshold which go-
verns elimination or persistence of HCV will be determined and studied. We begin by finding the invariant re-
gion and show that all solutions of system (2) are positive Vvt >0.

3.1. Invariant Region
In this section, a region in which solutions of the model system (2) are uniformly bounded is the proper subset
QcR’.

Let (S, E,AC, R) € R’ be any solution with positive initial conditions. Then from Equation (2) it is noted
that in the absence of the disease related mortality (i.e. d =0,a=0), the rate of change of the population is
given by,

dN

g SQaN. ®3)

Using Birkhoff and Rota’s theorem [9] on the differential inequality (3), the following expression is ob-

tained;
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N 39+(—”N(O)_Q)e-ﬂt @)
1 u

where N (0) is the value evaluated at the initial conditions of the respective variables.
Thus, as t — o in (4), the population size, N —>9, which implies that 0<N sg
u u

In respectof this, all

the feasible solutions of system (2) enter the region { (S E,AC, R) eR’>:N< Q}
U

Hence, Q is positively invariant and it issufficient to consider solutions in Q.

Furthermore, existence, uniqueness and continuation of results for system (2) hold in this region.

Lemma 1: The region Qc R’ is positively invariant for the model system (2) with initial conditions in
RS

3.2. Positivity of Solutions

Lemma 2: Let the initial data be {{S (0),E(0),A(0),C(0),R(0)20} e Rf} then, the solution set
{S(t),E(t),A(t),C(t),R(t)} of the system (2) is positive vt > 0.

Proof:
From the first equation of the model system (2), we have

?j—f =Q(1-zm, — 7, —t7y)—(1-17)vS +oR - 1S

ds

E+((l—77)u+y)8 =Q(1-z, — 1, — 71y )+ oR.
The Integration factor is B(t) = glo(lt-m)e(s) o , multiplying both sides by the integration factor and integrat-

ing leads to
%(SB(t)) = B(t)[Q(l—m1 -, —Tﬂ3)+6R:|

- B(t) ’Io ((-n)o(s)+4)ds (IO(Q(l—rﬁl—rﬂz—Tﬁ3)+GR)B(S)dS+C)ZO.

Equations for E(t), A(t),C(t) and R(t) can be similarly be obtained.

Thus S(t),E(t),A(t),C(t) and R(t) are positive Vt>0.
3.3. The Disease Free Equilibrium Point (DFE)
In the absence of the disease, which implies that (7, =7, =7, =0,E=0,A=0,C =0,R=0), the disease free
equilibrium points is given by

AOl =(SO’E01A\)1C0;R0)=[%,0,0,0,0].

3.4. The Effective Reproductive Number R.

In this section, the threshold parameter that governs the spread of a disease which is called the effective repro-
duction number is determined. Mathematically, it is the spectral radius of the next generation matrix [10].

This definition is given for the models that represent spread of infection in a population. It is obtained by tak-
ing the largest (dominant) Eigen value, (spectral radius) of

{aﬁ(mHavi(eo)y -
X oX;

where F is the rate of appearance of new infection in compartment i, V, is the transfer of individuals out of
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the compartment i by all other means and A, is the disease free equilibrium
Therefore,

(1-7) (BA+5,C) S

N
F = 0 (6)
0
and
(6+k,+u)E
V,=| (k+p +a+u)A-0E 7
(p, +d+u)C—k,E—kA

The partial derivatives if (6) and (7) with respectto E,AandC gives

(1-n)BS (1-n)BS

0
N N
F=0 0 0 (8)
0 0 0
and
O+Kk, +u 0 0
V = -0 ki+p +a+u 0 9
—k, —ky pp+d+u
In the absence of the disease and when N = 9 the matrix (8) becomes
U
0 1-mp (1-n)ps
F=|0 0 0 (10)
0 0 0
Now, taking the inverse of matrix (9) leads to
H1 H2 H3
vVi=l0 0 0 (11)
0 0 O
where
H1= (1_77)1310 + (1_77)ﬂ2 (6k1+k1k2+kzpl+kza+kzﬂ)
(O+k, +u)(k+p+a+u) (0+k,+u)(k+p +a+u)(p,+d+u)
H2 = (1_77)131 n (1_77)132k1
(ky+p+a+u) (k+p+a+u)(p,+d+pu)
H3= (1_77)ﬁz

(P +d+pc)

The spectral radius (dominant eigenvalue) of the matrix FV ™ is

(1-n)B06 . (1-17) B, (Ok, + kK, +k, o, + K2+ Kk, 1)
(O+k,+u)(k+p+a+u) (O+k+u)(k+p+a+u)(p,+d+u)

&
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Hence, the effective reproduction number of the model system (2) is given by
R _ (1_77)/7719 4 (1-n)5 (9k1+k1k2 +k2pl+k2a+k2u) _ (12)
C (0K tu)(krpratu) (O+k,+u)(k+pratp)(p,+d+p)

The effective reproduction number R, measures the average number of new infections generated by a typi-
cal infectious individual in a community with inflow of infected immigrants when screening, education, health
care and immunization strategies are in place.

Theorem 1: The disease free equilibrium of the model system (2) is locally asymptotically stable if R, <1
and unstable if R, >1.

Theorem 1 implies that HCV can be eliminated from the community when R, <1 if the initial size of the
sub population of the model are in the basin of attraction of the disease free equilibrium. That means if R, <1,
then on average an infected individual produce less than one new infected individual over the course of its infec-
tious period and the infection cannot grow.

From Equation (12), for R, to be less than 1 this will only be possible when 7 (which implies HCV educa-
tion, health care and immunization) are increased without bound in collaboration with other intervention strate-
gies to all people including immigrants in a given locality which may result into the decreasing effecton £, 5, .

In the absence of interventions (screening, education, health care and immunization) that is (r =0,n7= O),
R, is reduced to:

e

_ Bo .\ B, (0K, +kk, +k,p +k,a+k,u)
0 (O+ky+u)(k+p +a+pu) (O+k, +u)(k+p +a+u)(p,+d+u)

Thus R, <R,. Hence the presence of screening, education, health care and immunization can eradicate the
HCV infection if R, can be reduced to below unity.

3.5. Local Stability of Disease Free Equilibrium (DFE)

Local stability of disease free equilibrium A, , can be determined by the variational matrix J,, of the model
system (2). The Jacobian matrix at the steady states is given by;

—u 0 -p,(1-1n) ~p,(1-n) 0
0 —(O+ky+p)  A(1l-n) B (1-n) 0
J,=| 0 0 —(k,+p +a+u) 0 0 (13)
0 k, k, —(py+d+p) 0
1 0 0 (p1+a) P2 _(5"'/1)_

The local stability analysis of the Jacobian matrix (13) of the system (2) can be done by the trace/determinant
method. Where by matrix (J,,) is locally asymptotically stable if and only if the trace of matrix (Jy,) is
strictly negative and its determinant is strictly positive. Whose trace and determinant are given by

Trace(Jgy ) =—u—(0+K, +p)—(k +p +a+u)—(p, +d+u)—(5+p1)<0 (14)
and
det(‘]m) =GN —0p1r3r4 _gkl P.ry _kzrz P.ry

where r=0+k,+u, L=k+p+a+u, =p,+d+u, t,=c+u, p=1-n)B, p,=1-1)pB,.

Hence det(Jy ) >0 if Op,rr, + 0k p,r, + K1, p,r, < LhLL,.

That is equivalent to

(6p.1sr, + 6k, p,r, + Ky, p,r,) -1
r‘1"‘2"3'"4

op,r.r, +0k p,r, +k,r,p,r,
since ( p.1r, 1 Po1y 22p24):R
r1r2r3r4

Thus, A,, is locally asymptotically stable if and only if R, <1. These results are summarized with the

©
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theorem 1.

3.6. The Endemic Equilibrium Point A

Endemic equilibrium point A is a steady state solution in which the disease persists in the population (i.e.
E+#0,A=20,C=0,R=0)
. RA -,

(rlO +13R, _'14)A* +1

o (k,+p,+a+u)A" -2Qx,
’ (15)
C* _ rz +(Rerl_(l_n)ﬂlng*
(1_77)ﬁ29
R = [rs +p2(Rer1_r3)] A,

r7
where,

h :(9+k2 +y)(k1+p1+a+y) , L, =0tQr; —k,7Qry, 1y :(1_77)ﬂ10,

0+k,+u

r4=(1_77)ﬂ291 I=p0, g=p00, r7=r4(0'+,u), rs=Tz’
1-n)p 1-n)pr 1-n)pB

h=k+p+a+u, r10:( N) -, r11:( N) =, r12=( rSN) z,

e =Ny Ty =Kl N5 =000, hy="Nl, L, =Qmm+1;,
fe = Q(l_fﬂl — 17, _77[3) » hg =lighol; —Nighyl7 s Ty =Tighalz, Ty =Hghyly
and A" is the solution of the quadratic polynomial
t(A)=G(A) +H(A)+K =0 (16)
where,
G= [O'rs +0p, (rlRe - ra):|[r10 + 1R, — r4]+ I Ne (rlo + 3R, — r14)
H =(fg + R )+ Ryl =0, (R + R, =1, )+ 1y [O'rs +0p, (LR, - I’3)I’:|
+0ofly (rlo + 3R, — r14)_ Mot
K=y =Ly +OThy + 0,140

The equation, f (A*):O corresponds to a situation when the disease persists (endemic). In case of back-
ward bifurcation, multiple endemic equilibrium must exist.

However it is important to note that K is always positive if R, <1 and negative if R, >1.

Theorem 2: The HCV model with screening, education, health care and immunization interventions have:

i) Precisely one unique endemic equilibrium if K <0< R, >1.

ii) Precisely one unique endemic equilibriumif H <0 and K =0 or H?-4GK =0.

iii) Precisely two endemic equilibrium if K >0, H <0and H?-4GK >0.

iv) None otherwise.

Theorem 3: A unique endemic equilibrium point, A exists if and only if R, >1.

3.7. Global Stability of the Endemic Equilibrium Point A

The global stability of the endemic equilibrium A is analysed using the following constructed Lyapunov func-

tion by [11]



N. Ainea et al.

Theorem 4: If R, >1, the endemic equilibrium A of the model (2) is globally asymptotically stable.
Proof: To establish the global stability of the endemic equilibrium A, we construct the following Lyapunov
function:

E

+ A—A’“—A*IogA + C—C"‘—C”IogC + R—R“—R"‘IogR .
A C R

V(S*,E*,A*,C*,R*)z(S—S*—S*Iogs—]+(E—E*—E*Iog E J
S

By direct calculating the derivative of V along the solution of (2) we have;
dv _(S-§7 d_S+ E-E° d—E+ A-A d—A+ c-C’ d—c+ R-R"|dR
dt S dt E dt A )dt C dt R dt

Y _p g a7
dt

or

where,

o [(s-s) [[(1—n)<ﬂlA+ﬂZC)j_4mR+s*5R*+[(1—n)<ﬂlA+ﬂZC)]S
N S N

i OE’ +k2E+k1A+%k2E* +%klA*

{(1—77)(/31,:\* +ﬂZC*)JS* oEL

s

+p A+ p,C +%p1A* +%p2C* +Q(1-tm, — 17, —tmy) + 7 Q + 77,Q + 77,Q

. E-E') _
Q=—5R*—SS SR- % [9+k2+ﬂ]_[(1 ”)(ﬂ’ilmﬂzc)js*

. - a o
—%Q(l_fﬂl_fﬂz—fﬁa)_[( U)(ﬂl +5, )JS

N
- w [k1+pl+a+y]—0E*—§HE—AT*HZQ—EE*T@Q—%*T%Q
. g [p2+d+,u]—sz—klA*—(C:: kZE—(g KA
(O g peE g B

\Y V
Thus if P<Q then (L—tso; Noting that %—t:O if and only if S=S"; E=E"; A=A"; C=C";

R =R": Therefore, the largest compact invariant set in {(S*,E*,A*,C*,R*)eQ:Z—\:zo} is the singleton

{A} where A is the endemic equilibrium of the system (2). By LaSalle’s invariant principle, it implies that A
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is globally asymptotically stable in Q if P<Q.

3.8. Numerical Sensitivity Analysis

In determining how best to reduce human mortality and morbidity due to HCV, we calculate the sensitivity in-
dices of the basic reproduction number, R, to the parameters in the model using approach of [12]. These in-
dices are crucial in determining the importance of each individual parameter in transmission dynamics and pre-
valence of the disease. Sensitivity analysis determines parameters that have a high impact on R, and should be
targeted by intervention strategies. Sensitivity indices allow us to measure the relative change in a state variab-
lewhen a parameter changes [12]. When a variable is a differentiable function of the parameter, the sensitivity
index may be alternatively defined using partial derivatives.

Numerical values of sensitivity indices of R, to parameter values for the HCV model, evaluated using the
following estimated parameter values: g =035, B,=02, =05, k=03, k,=04, p =02,
p, =025, a=05, d=0.05, =04 and x=0.02.

Definition 1: The normalised forward sensitivity index of a variable “ p” that depends differentiable on a pa-
rameter “q” is defined as:

XP = ®.9 (18)
aq p
Having an explicit formula for R, in Equation (18), we derive an analytical expression for the sensitivity of

R, as X;° =&xi to each of parameters involved in R, . For example the sensitivity indices of R, with
og R

e

respectto S, and 6 are given by;
orR, 0

X = Re A 03341288785 and X p¢ =—%x—=-0.0303517690.
B R, GIZANS

Other indices
Re Re Re Re RE Re RE RS Re
XﬁS,X” X, ,xpz,xﬂ,xd X, ,Xkl andxkz,

are obtained following the same method and tabulated as follows:

From Table 1, it can be observed that when the parameters g,, f,, k, and k; are increased keeping the
other parameters constant they increase the value of R, implying that they increase the endemicity of the dis-
ease as they have positive indices. While the parameters r, a, p,, p,, d, 6 and u decrease the value of
R, when they are increased while keeping the other parameters constant, implying that they decrease the

Table 1. Numerical values of sensitivity indices of R, .

Parameter Symbol Sensitivity Index
n -0.666666666
B, 0.6658711218
P, -0.520211814
B 0.3341288785
a -0.251532594
d -0.104042362
I -0.100613037
H -0.0734173793
k, 0.05209089976
2 -0.0303517690
k 0.02807805705
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endemicity of the disease as they have negative indices.

The specific interpretation of each parameter shows that, the most sensitive parameter is the control based on
education, health care and immunization n, followed by effective contact rate of individuals with chronic dis-
ease f,, then recovered rate of chronic individuals due to treatment p,, effective contact rate of individuals
with acute £, followed by recovery rate naturally from acute a, death rate of chronic infected d, recovered
rate of acute individuals due to treatment p,, natural mortality rate . , rate at which exposed develop chronic
k,, the rate at which acute infective are detected by a screening method from exposed group 6, the rate at
which screened develop to chronic k, , which is the least sensitive parameter.

3.9. Numerical Simulations

In this section, we illustrate the analytical results of the study by carrying out numerical simulations of the model
system (2) using the following estimated parameter values: g, =0.38, 5, =0.001, 6=0.5, k, =0.5, k, =0.34,
o, =[0.02 - 0.5] , Py = [0.002 - 0.45], o= [0.13 - 0.5] , a=0.0034, d=05, u= [0.0001- 0.09] ,
Q= 5-85], 7 :[0.4-0.6], 7, =02, 7,=0.03, N :[2-15].

Figures 2(a)-(d) show the proportion of HCV exposed, infective populations (acute, chronic) and proportion
of HCV infectives all plotted against the proportion of susceptible population. This shows the dynamic beha-

9 p— 14 T
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Figure 2. Phase portrait of the dynamics of susceptibles and the infected and recovered population.
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viour of the endemic equilibrium of the model system (2) using the estimated parameter values above.

The phase portrait in Figures 2(a)-(d) shows that for any initial starting point or initial value, the solution
curves tend to the endemic equilibrium point A. Hence, we infer that the system (2) is globally stable about the
endemic equilibrium point A for the set of parameters above.

In Figures 3(a)-(d), the variation of proportions of exposed, recovered, acute and chronic infective popula-
tions for different rates of education, health care and immunization (77) is shown.

Figures 3(a)-(d), shows that the infected population decreases as the control strategies (education, health care
and immunization), z increased. This confirms that, if 7 is not effective the disease will invade the population.

Figures 4(a)-(d) shows the variation of proportions of exposed, acute and chronic infective populations and
recovered population for different rates of screening.

From Figures 4(a)-(d) we vary the screened rate of infected immigrants, and it is seen that as the degree of
screening increases, the infected population decreases. The results further show that increasing the screening
rate, decreases the severity of the epidemic. Once again this confirms that, screening can reduce the inflow of
infected immigrants into the community.
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Figure 3. Variation population under different values of 7 (education, health care and immunization).
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Figure 4. Variation of population under different values of = (screening).

4. Discussions and Conclusion

In this paper, a mathematical model of control strategies of HCV in a community with inflow of infected immi-
grants been established. Both qualitative and numerical analysis of the model was done. The model incorporates
the assumption that infected immigrants enter in the community. It is shown that there exists a feasible region
where the model is well posed in which a unique disease free equilibrium point exists. The disease free and en-
demic equilibrium points were obtained and their stabilities investigated. The model showed that the disease free
equilibrium is locally stable at threshold parameter less than unity and unstable at threshold parameter greater
than unity. Using Lyapunov method, endemic equilibrium is globally stable under certain conditions. A sensitiv-
ity analysis shows that the control based on education, health care and immunization 7 is the most sensitive
parameter on R, and the least is k; . A numerical study of the model has been conducted to see the effect of
certain key parameters on the spread of the disease. It was observed that the spread of the disease decreases due
to the presence of control strategies (screening, education, health care and immunization). As the control strate-
gies increase, the exposed, acute and chronic infective individuals also decrease in the population. Finally, from
the analysis, it may be hypothesized that preventive measures, through reducing rates of transmission of HCV
are therefore necessary to the community. Since reduced transmission leads to lower prevalence of the disease in

()
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the long-term, the national health care to HCV should therefore seek to ensure that all people at risk or that have
been at risk in the past, have access to and are supported in the use of HCV screening, education, health care
immunization, regardless of their social and economic status.
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